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Abstract: <span>Mathieu Moonshine is a striking and unexpected relationship between the
sporadic simple finite group M24 and a special Jacobi form, the elliptic

genus, which arises naturally in studies of nonlinear sigma models with

K3 target. &nbsp;ln this talk, we first discuss its predecessor (Monstrous
Moonshine),&nbsp;then

discuss the current evidence in favor of Mathieu Moonshine. &nbsp;We also

discuss extensions of this story involving “second quantized mirror

symmetry,' relating heterotic strings on K3 to type Il strings on

Calabi-Yau threefolds.</span>
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The subject of this talk: mysterious relations between
three beautiful and enigmatic classes of objects.

To be self-contained, | will have to “summarize” many
things. My outline is as follows:

| . Introduction to Moonshine
ll. Enter K3 and BPS States

lll. String duality, Calabi-Yau threefolds,
and modular forms
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|. Introduction to Moonshine

By the end of the twentieth century, mathematicians were
closing in on a classification of simple finite groups.

In addition to |8 infinite classes (e.g. cyclic groups), there
are 26 sporadic simple finite groups.

The two heroes of our story today will be two rather large
sporadics: the Fischer-Griess Monster, and Mathieu 24.
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Sporadic Groups

The 26 finite simple groups that don’t
come in co~-families. © ‘
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It has been speculated that these groups, as special sets
of symmetries, may play a role in physics. E.g.

“l have a sneaking hope, a hope unsupported by any
facts or any evidence, that sometime in the twenty-
first century physicists will stumble upon the Monster
group, built in some unsuspected way into the structure
of the Universe.”

- F. Dyson, Unfashionable pursuits,
Mathematical Intelligencer (1983).

In fact before the Monster was even fully constructed,
unfolding developments began to tie it to “physics,”
though of an esoteric sort.
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To understand this we need to introduce a second class of
natural mathematical objects: modular forms.

In mathematics as well as in physics, it is natural to consider
a special class of functions:

A modular form f(T) transforms “covariantly” under a subgroup I of SL(2,R).

upper half plane ~ C|
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A common example: consider SL(2,Z) acting on the UHP
via fractional linear transformations:

a_'r—}ﬁ: .
T—>CT+d_A T

Then a modular function is a meromorphic function which
satisfies:

f(A-1) = f(1)

while a modular form of weight k satisfies instead:

f(A-7) = (et + d)* f()
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These beasts pop up everywhere in string theory, for two
reasons: worldsheet modular invariance and space-time S-
duality symmetries.

eg. The SL(2,Z) symmetry of the partition function.
P

SL(2,Z
g-series \ (22)

modular under
SL(2,Z)
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A basic result says that any modular function can be
written as a rational function of

1
j(r) = + 744+ 196,884 ¢ + 21,493, 760 @+

. 2mT

qg=-e

John McKay, taking a break from hard work on sporadic
groups in the late 1970s, came across this expansion in a
number theory paper. He noticed:

196, 884 — 196, 883 ‘+‘ 1 dims of irreps
of Monster!
21,493,760 = 21,296, 876 + 196,883 + 1
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Why should there be a relationship between the j-function
and irreps of the Monster?

* A positive integer begs interpretation as dim(V) for some
vector space V.

* So suppose there exists an infinite dimensional graded

representation:
V=V_ioVioVeodVysd...

where

V_1=po, V1 =p1®po, Vo= p2®p1®po,...
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§(1) = 744 = dim(V_y) ¢~ 1 + Z:ﬁl dim(V;) ¢°

But if the Monster M has a natural action onV, this also
suggests that we can fruitfully study the McKay-Thompson
series:

cho(g) = Tr(p(g)), g€ M

To(r) = chv_,(9) a7 + 222, chvi(g) ¢

For each conjugacy class in M (there are |194), we get such
a series.
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Now the point is the following. Let us imagine the modular
function j is being generated by a partition function of a 2d
CFT on a torus. If we twist the boundary conditions:

hr!gr: ‘

gu hh

we should still get a modular form for a subgroup of the
modular group that preserves the form of the BC.

Thus, any conjecture for the decompositions is subjected
to many checks, because the spaces of these modular
forms are quite constrained.
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Technically, Conway and Norton found that the McKay-
Thompson series give “Hauptmodules of the genus O
subgroups of the modular group.”

Frenkel, Lepowsky,

The Monster CFT Meurman; Dixon,

Ginsparg, Harvey

In fact, there is a precise vertex operator algebra and an
associated chiral CFT which “explains” Monstrous
Moonshine. It is a Z2 quotient of string theory on the
Leech lattice (the unique dim 24 even self-dual lattice with
no points of length-squared 2).
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As the given compactification to 2d is rather peculiar and
has not played a role in further developments in string
theory, this has seemed to be a beautiful result, to be sure,
but a curiosity.

ll. Enter K3 and BPS States

A. Index computations

One can rarely solve a physical theory to complete
satisfaction. In supersymmetric theories, one can often
compute indices - data independent of certain
deformations of the theory.
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For instance, consider a SUSY QFT with 4 supercharges
(such as 4d N=1| or 2d (2,2)).

Take a Hermitian combination of supercharges with
Q*=H

Divide the states in Hilbert space into “bosons” and
“fermions’:

2T ) = [
| f) = —| f)
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Its conventional to define:

(_1)F — 6271'1'.12

Now, all states at non-zero energy are paired:

ey
b) & f= Z=QIb)

75

On the other hand, the E=0 states (which are the lowest
possible energy states, due to SUSY) could a priori exist in
arbitrary “unpaired” numbers:
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>

As you vary couplings, the finite energy states can move
around at will. But notice that states can join or |leave E=0
only in pairs! So:

TI‘(—l)F =np—Ng

is an invariant, the “Witten index.”
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The hero of this part of our story is a more refined
invariant that can be defined in 2d theories with at least
(0,2) supersymmetry: the elliptic genus.

Lets assume the left movers and right movers both enjoy
N=2 SUSY. The N=2 algebra requires:

{QE& Q}_z} - LO — HR

The one-loop partition function is:

Z(Qa YL, 'YR) = T?‘fH(—l)FqHLqHRei’YLJL-i-i'mJR
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