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Abstract: <span>&nbsp;In the first part

of this talk | will discuss how one can characterize geometry of quantum phases
and phase transitions based on the Fubini-Study metric, which characterizes the
distance between ground state wave-functions in the external parameter space.
This metric is closely related to the Berry curvature. | will show that there

are new geometric invariants based on the Euler characteristic.

| will also show how one can directly measure this metric

tensor in simple dynamical experiments. In the second part of the talk | will
discuss emergent nature of macroscopic equations of motion (like Newton's
equations) showing that they appear in the leading order of hon-adiabatic
expansion. | will show that the Berry curvature gives the Coriolis force and
the Fubini-Study metric tensor is closely related to the inertia mass. Thus |
will argue that any motion (not necessarily motion in space) is geometrical in
nature.</span>
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Outline

1. Geometric tensor, Berry curvature and the Fubini-Study
metric tensor.

2. Geometry of the quantum XY chain. Phase diagram.
Geometric invariants. Classification of singularities.

3. Emergent Newtonian dynamics and the geometric origin of
the mass.

4.Berry curvature and the Coriolis force. Dynamical (SU(2))
Quantum Hall effect.
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Geometric structure of the ground state manifold

Imagine a system at zero temperature
described by some manifold of
-\ parameters \

Eg X : {/I”.h“}

e Can we define the associated
... geometry of the ground state?
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Geometric structure of the ground state manifold
Hamiltonian: ‘H = 'H(/‘(). Ground state wave-function: vy = (_'[,(}\.).

Consider the following change A= A+ OX
1o(X) = Yo (X + 6X)|12 = 1 = [(¥o(N)[o(A + A))|? = XasdAadAg
Yas - gecometric tensor (Provost, Vallee, 1980)
Yas = (01Tad3]0) = (0]9210)(0105]0) = (Butbo|dstho)e:
Xap = (AaAp)e, Aq = i0a = iUT0,U,
U is the adiabatic evolution operator

A is the gauge potential (momentum operator). It is a generator
of translations of eigenstates in the parameter space.

... one is not interested in the local properties of the manifold of states. Indeed the
physically relevant quantities are the transition probability amplitudes which are defined
for any two states whatever be their relative distance (J. P. Provost and G. Vallee).
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Example: spin 72 in a magnetic field

H = —ho
\ | | \) ('()H( {)/2)
B Vo) = . 0 .
t ] Vi sin(0/2)e™*
I Ll . 5, P
X 00 1 X b Islll"t(!). X600 : ].‘*]]l'l”].
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Geometric invariants.

Chern number: measures the
effective ""'magnetic field’ flux

% FydAdp = 27n
JA

. L

/ dOdoFys = = / dfdo sin(0) = 27
Euler characteristic: measures
number of holes

l . .
X(M) = = / KdS + / x,-,,(//}
. _\/I . 1').\/

-
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XY - chain in the transverse field

™ l i "y I & -
— / H M H | Y 4y 2
H L 0,051 50041 h 2 o;
J

/

Maps to free fermions using Jordan-Wigner transformation.
(Lieb-Schultz-Mattis, 1961, S. Sachdev: Quantum phase transitions)

Fully polarized, asymptotically free
h=1 (vanishing instead of diverging
” ' susceptibility)

h

,Y
_11.

Y-FM
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[“/I ‘..rf) Z[{}f. r}‘f.] 1 /f.f‘.) '-Z(t'h"ﬂj‘ ”;'-I { /I,f'.) /IZ”./
/ /

J

, . cos(0)./2)e'?/= ‘ v sin( k)
) Dy, D) o o tan(¢;.)
v 1[ [Pk)s O] ( sin(fy./2)e= "%/ < ) o h — cos(k)

1
[
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H(h,~, d) Z[(TII T4 1 h.c.) ‘-Z(t'wr}j' rlll‘l +h.c.) /IZ”J
] ]

J

) 1[ [" ‘f; \ thus(”“'-’:z}““ ) tan( ;) ; ‘\‘i”(/‘.)
/ Fily YR/ sin(@y./2)e"¢/= o h — cos(k)

Gauge potentials.

g | «— . , | o .
A, e ~ th[ N rﬂ_’ A, ~ L*(.“H(”L )Ty + sin(0y )T

A A
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H(h,~. @) Z[”;I Tt h.c.) ‘;Z(t'wri; ”;.-I - h.c.) /IZ”J
J ]

J

) 1[ oK)y |Dk) t.] H[(}L'ﬂu'}vh ‘. , tan(¢y ) ysink)
v/ sin(fy./2)e™ "9/ h — cos(k)

1
A

Gauge potentials.

. ] P ! I "N . r
A, e : \ O, -0} r!k’ A = L}'UH(”;_}T’,‘ - sin(0y )7

’l—“
A
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H(h,~.0) Z[”;I T4 1 h.c.) ‘-Z(t'wn}' ”;'-I +h.c.) /IZ”J
]

] J
, . cos(0,./2)e'” < ~ sin(k)
4 ) : - ;e tan(t;. )
d 1;[ [Pk)s 10k, ( sin(6y./2)e™"9/< ) h — cos(k)

Gauge potentials.

% D) i , , | e : "
A e ‘ \ o, ~ 0, rj_l A ‘)L‘('()H(”;_).T'L - sin(0y )7

)
A

Metric components

o 1 e i
! a9\ I ()U; - I '-|Il h2) .hl < I

Lh ( v"'lh r s i ‘ P ‘ .2 .
ahl bl | ;Z ( Oh ) 16 { ) ki 5 |h| > 1

1)(h2—=14~2)3/2
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H(h,~. @) Z[”;I Oy 1 h.c.) ‘;Z(t'“'n; ”;'-I - h.c.) /IZ”J
]

] J
. \ cos(0,./2)e'?/= ‘ v sin( k)

LY. | v : tan(¢;.)

¥ 1’[ [ 7k ‘ k] ( hi]|((},_A.,.-"'_)]u V- ) o h cos(k)

Gauge potentials.

y | . , | «—, o .
A, 1), : N 00 Th Ay = L‘t'us(ﬁ,r,)r,‘ - sin(0y )1

) L
k

Metric components

0 1 ol ‘
” I\ ] (.)(); - I '-|I|. hZ) ./); < I

1h ‘.‘l..-“lh , —_— ‘- . 2 b 9 |
bl P 123_ (uh ) m{ TN

1) (h2 —14~2)3/2

What next?
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Try to visualize phase diagram (imbed into 3D space)

H(h,~., o) Z[(IJ' 01 h.c.) ‘_-X(t-“’u" rl."'l - h.c.) IIZ:UJ
] ]

1
h — ¢ plane - cylindrical symmetry
dz? + dr? + r?d¢? = gppdh? + gpedd?
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Try to visualize phase diagram (imbed into 3D space)

H(h,~,®) Z[(IJIUJ'I + h.c.) ‘,Z((-“'r}; ”,:l-| - h.c.) /IZUJ
} ]

. 1
h — ¢ plane - cylindrical symmetry
dz* + dr® + r°d¢® = gppdh® + gpedd?

Integrable singularity: shape is regular
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Try to visualize phase diagram (imbed into 3D space)

H(h,~, o) Z((IJ'UJ'! + h.c.) ‘,Z(t-‘"r}" ”,:Ifl - h.c.) /IZ:UJ
] ]

J

h — ¢ plane - cylindrical symmetry
dz* + dr® + r°d¢® = gppdh® + gpedd?

Integrable singularity: shape is regular protected (by geodesic
curvature) geometric invariants
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H(h,v,¢) = — Z{n_{ Oiprt h.c.) — 4 Z(v"‘"n" (T.{" , + h.c.)—h an
/ ]

/

v — ¢ plane - critical line piercing the plane

h : 1 t h Ij 1
i X-FM E
1 |
<Pm i \mei"h
VoY-Fm|
I 1~ 0
| } i
Al v cos(@), Ao v(sin @)
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H(h,v,¢) = —Z{n_{ 0yt h.c.) — 4 Z[(""'n" n_{" , + h.c.)—h Z(T}
/ /

/

v — ¢ plane - critical line piercing the plane

h

-

Ly
X-FM

I

oy =
(1)2 " >
e () a _ <=
\ ] [ | y
|"\ I’\:a;l /]
1 ) L @)

1P

/\]

Y-FM
|

v cos(@),

Ao v(s1n @)

;
9 —— ) ¢
# o '
\ = ' —— — 1
] (-0 . S --E)-(2 --"D--0 . .
\ pM } (o, : O \ I (=) ' P
P — - L ] C
| -
(4 )
(o |

N — 0 O oi+iqa ©O
N

(a) ds”® gijdA;dA;
9an ~ AAT, gaa, =B

const”

A

(@8}
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Try to visualize phase diagram (imbed into 3D space)

H(h,~.,d) Z[(Ij' Ojp1 1 h.c.) ‘,Z((-‘"n‘; ”,:I-l - h.c.) /IZ:UJ
} ]

J

h — ¢ plane - cylindrical symmetry
dz* + dr? -1- rédg® = .(]/,;,(//).,2 + f}(‘,;)(J,.-)(f(f.')B

Integrable singularity: shape is regular protected (by geodesic
curvature) geometric invariants
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H(h,v,¢) == (0f07,, +he) -1
/

~

Y

Bulk integral \,, !

Z{(”""n_" o1+ h.c.)

J

— ¢ plane - critical line piercing the plane

-

!

1 1 h lt
X-FM E
|
\mei"h
Y-EM| N
} I
Al v cos(@), A

h 1

{pm|

“.(Hillt.»‘)

Conical singularity

(a)

X\, ™ 1 ,\”.

| g
(1)

Py : (N

J |
ds”
A

Gaor, = B

M I —

(8}

¢

gijdA;dA; = const?

~ ;IZK‘I;

—— Universal (protected)

bulk Euler characteristic
Ay I = |h| <1
X buelh / KdS \

L1 |k >1

nan 0.9% 100

Transverse field

Page 23/60



H(h,v,¢) == (0f07,, +he)—1
/

v — ¢ plane - critical line piercing the plane

Z{(,h:’n_;l n_," ] - }).(‘.) — h Z fT;

J

f\',.‘ ‘\ ) ', /
/ |':"| " . ,"“ : - .
h = —d; 4 I =1 o WT P o S > O
L [X-FM| | © oY, © s &
I i : =1 N ) ¥
1 | ; G- SRkt > AR T RACE ) B2 SRl o B < SRER
<|pm pmph o i o A
: \L o, OpoO Y I
1 |Y-FM| '®, Ve O > >
I | 12— ) - @ & 9
I ! Pl | 1 e p— ' ~
7 (a) !/ A : I )
,\] y ('()h(u), ,\3 (s @) " ds ‘(;,I)(/,\,(/,\_’ = const-

(8}

A

g x, ~ AAY g, =B
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Bulk integral \,, !

Conical singularity

M

—— Universal (protected)

bulk Euler characteristic

Xbul =

] hdS ‘ '
i / 3¢ L1 Ik

1.00

Transverse field

I ‘ hl -

l
l
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~v — h plane - singular surtace, hard to visualize

Nonintegrable curvature singularity near anisotropic
transition and near the multicritical point.

No obvious geometric invariants.
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Universal metric near the fully polarized
(asymptotically free) state.

-

log(h — 1)

e

Locally flat (non-singular curvature) but singular mapping.
Divergent Ricci curvature.
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Why shall we care about the metric?
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Why shall we care about the metric?

Emergent Newtonian dynamics and the geometric origin of mass
(L. D'Alessio, A.P. arXiv:1309.6354)

Consider a dynamical macroscopic degree of freedom coupled
to an arbitrary system.

— — —

Hioi(N) = Ho(N) + H(N)
The Hamiltonian H,is just to build intuition, e.qg.

. P2 .
Ho(A) = 525 + U(X)

M — oo means A is an external field
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Go the moving frame of the Hamiltonian H(N)

f,-‘-‘> — ("(X) ‘;‘> — f()f‘f\‘> ((‘IAIA’H("T ' /\rl-Afl)|{'T'>‘ AN — ,'[,"liA('),\”(,r"

H = UVHU is diagonal, A\, A, - Galilean term responsible for excitations
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Go the moving frame of the Hamiltonian ’H(X)
Yy = UMY = idi|[0) = (UTHU = A A W), Aa =iUT0) U
H = UVHU is diagonal, ,.\,,A” - Galilean term responsible for excitations

Use the second order perturbation theory with respect to velocity

d(H)
dt

— /.\“<(.'),\”H> -+ (2

of 4
Q(/):)\,‘m/ (n’/ drAg(t — ) (O H(t)OsH(t —t' +iT)).
J () J ()

Classical limit: D. A. Sivak and G. E. Crooks, PRL108,190602 (2012)
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Go the moving frame of the Hamiltonian ’H(X)
W) = UMW) = id ) = (UTHU — Ao A)0),  Aa =iUON U
H = UVHU is diagonal. /\,,A,, - Galilean term responsible for excitations

Use the second order perturbation theory with respect to velocity

[ : .
‘ <?f> = A0 H) + O
(

of » (4
Q(/):;\”(f)/ (n’/ dr s (t — t") (O H(t)DsH(t — t' +iT))
J () J ()

Classical limit: D. A. Sivak and G. E. Crooks, PRL108,190602 (2012)
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Go the moving frame of the Hamiltonian H(X)

by = UMDY = idi|) = (UMHU — AaAa)|), Aq =iUt0N,U

H = UTHU is diagonal, \,A, - Galilean term responsible for excitations

Use the second order perturbation theory with respect to velocity

d(H)
dt

— /\“<(.'),\”H> -+ (2

of » (4
Q(l):)\“({)/ (n’/ drAg(t — ) (O H(t)OsH(t — ' +iT)).
J () J ()

Classical limit: D. A. Sivak and G. E. Crooks, PRL108,190602 (2012)
Perform the Taylor expansion and integrate over time

Ag(t —t') = Ag(t) — ' Ag(t) + ...
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(2 — /'\,,!/,,.-;/.\.-f -+ /.\”H,,,,';i,,’

Nab o) >_: D AT Oy Hin)(nlosH m;w\'( E, E..) drag (On She“)
n#n Berry and Robbins 1993.
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(2 — /'\,,.'},,.-;/.\.-f 3= /.\”H,,,,'X,,’

Nag = T \L: P m|O,Hn) (n|dgH|Im)O(E,, — E,,) drag (on shell)
nFEn Berry and Robbins 1993.
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(2 — /'\,,.'},,.A;/.\.-f -+ /.\”H,,,,';\,’

N3 (o) X P\ l‘),, }'{ r;\n f.}JH ”;;'{‘7( l"-n I'-‘rn) drag (On She“)
n#Em Berry and Robbins 1993.

KaB = / dr(An(—i7)A3(0)). +a < 3 mass (off shell)
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(2 — /'\”a’/,,l;'/.\l-f + /.\”h.“‘)’;&.‘j

Nab o) \L: D AT Hin)(nlosH m:ﬁ( E, E..) drag (On She“)
nFEn Berry and Robbins 1993.

KaB = / dr{As(—17)Az(0))c + @ & 3 mass (off shell)
)

> 0 = Aa(Mas + Kas)s + Aallas A3 + Aa(OaU + (O,H)) =0
(
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(2 — /'\”f},,.;'/.\l-f —+ /.\”H,,,,'x,,’

N3 7 [3 \L: pmim|OHIn) (n|0gH|m)o(E,, — E,,) drag (On She“)
n#m Berry and Robbins 1993.

KaB = / dr(An(—i7)A3(0)). +a < 3 mass (off shell)

'Hmr(/\‘) "H{)(/\‘) -+ 'H(/\‘)

(/l'.(,,f

7 0 = ,.\,,(m,,‘; F Ko )is ,\,,z/,, \ { ,\,,(r'),,(' (O H)) =0
(

One-component parameter — find dissipative Newton’s equation

(m + &);\ - 77/'\ = fx
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Can absorb H,into H, k is the total mass

l 3 |
Rag = / f/T(A”( -’T)A ;((]):], + ) < b
0

2
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Can absorb H,into H, k is the total mass

\

l Yo
RaB = / (/T(Ar:("'-"r)./d 3’((])>,» + & & b
0

Classical (high-temperature) limit

Kap = 5 ((AaAp) + a ¢ B) = Bgas

[

N | &

Mass is given by the Fubini-Study metric (times the inverse
temperature)
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Can absorb H,into H, k is the total mass

l 3
KRapg = / f/T(\A,,(---fT)A ;((l)},. +a & 5
0

)

Classical (high-temperature) limit

RaB —

(<AHA > +a & ) = [gas

N | ™

Mass is given by the Fubini-Study metric (times the inverse
temperature)

Free particles in space
A, = p., k= B(p?). is the equipartition theorem

Quantum limit: mass definition — quantum analogue
of the equipartition theorem
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Many degrees of freedom
‘ ;o _ . S
(h'(t-.')’ + ”.j))\n == (’]n,"f — }(1.i)A(1 — jn
n, F’ - dissipative (on shell), x, F' - non-dissipative (off-shell)

Most general form of the Newton's equations with dissipation and
the Coriolis force given by the Berry curvature

Fop = i([Aa, Agl)
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Many degrees of freedom
) -_1, . - — . o .
(h'(}-.')’ + ”.j))\n + (’]n,'} _ }(1.‘1)/\(1 — .](n
n, F’ - dissipative (on shell), x, F' - non-dissipative (off-shell)

Most general form of the Newton's equations with dissipation and
the Coriolis force given by the Berry curvature

Fop = i([Aa, Agl)
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Many degrees of freedom

( o3 + o i))\ == (Unff - El.‘f)/.\(l — .fn

n, F' - dissipative (on shell), x, F' - non-dissipative (off-shell)

Most general form of the Newton's equations with dissipation and
the Coriolis force given by the Berry curvature

Fop = i{[Aa, Ag])

Low temperature (non-dissipative) limit — standard Newton'’s
equations

Macroscopic (classical) Coriolis force can be used to extract the
quantized Chern number.
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Example: central spin model

L? . _
H -)/ n L A.fn_;'
)
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Example: central spin model
=5 T A,
Gapped system, non-dissipative dynamics

: ~ & OH
In=Lxn, L=iXx({(——)=1mn X A;{(F;)
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Example: central spin model
L? S ,
H 57 n 2‘ AT ¢
Gapped system, non-dissipative dynamics

L . ¢ bl
In=Lxn, L=nxX(- ) = 1 X Z Ai(d;)

on
Use expansion in 72

3 = - . . - . z tanh(3A;)
In=Lxn, L=Fyi—rkg(itxn) g = i A,

Fy, = 1) E{ tanh(5A;)
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Example: central spin model
2 . .
H 57 n L A0,
Gapped system, non-dissipative dynamics

L . - -
In=Lxn, L=nX(- ) =N X Z Ai(;)

on
Use expansion in 712
: — = . - . tanh(8A;)
Ii =L x#, L=Fyii— ko (7 x ) Ko = ) ik

Fo = _‘],Z{lnull(,fA,]
Equatorial plane 6=m/2 '

(I +1)0 — Fyb =0 Zero temperature — quantized Coriolis force
(I + f‘,)(;_; + Fyf=0 even if gaps are non-uniform etc.
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Example: central spin model
L2

H=o7 =) 85
Gapped system, non-dissipative dynamics

L, = - 1 e
In=Lxn, L=nXx(- ) =N X Z Ai(;)

it
Use expansion in 72

; = ‘_. . . ) tanh(/4A;)
In=Lxn, L=Fyn—~rog(nxn) ko = Zf‘ 1A,

Foy = __],Z{lemll(,fA,]
Equatorial plane 6=m/2 '

(I + K )0 l"“(,'.) ()  Zero temperature — quantized Coriolis force
(I + k )('_; +F 0 — 0 even if gaps are non-uniform etc.
T vy () =
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Dynamical Hall effect: through the Coriolis force.

] ~ L' . Velocity is like the current —
"\[!‘ ~ E*A U\ couples to the vector potential

Interpretation: dynamical quantum Hall effect in the parameter space. Related results
Thouless-Niu (1984), J.E. Avron et. al. (2011)
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Dynamical Hall effect: through the Coriolis force.

] ~ L' ., Velocity is like the current —
"\[N ~ E*A UX couples to the vector potential

Interpretation: dynamical quantum Hall effect in the parameter space. Related results
Thouless-Niu (1984), J.E. Avron et. al. (2011)

Standard (quantum) Hall effect is a particular example of the
dynamical Hall effect:

0A, _ OH
VA . 7
Ot Azr Jy

s
. 4

'\lu' ./-..'; l‘y.r‘“.r- l'.ff.!' (T;;.r
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Example: spin in a magnetic field

Berry phase

)

R h
& [ Asdo (]l — cos(0)) 18 ( | )
Jo h
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