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Abstract: <span>Transversal

implementations of encoded unitary gates are highly desirable for

fault-tolerant quantum computation. & nbsp;lt is known, however, that
transversal gates alone cannot be computationally universal. & nbsp;l will show
that the limitation on universality can be circumvented using only
fault-tolerant error correction, which is already required anyway. & nbsp; This
result appliesto ""triorthogonal" stabilizer codes, which were recently
introduced by Bravyi and Haah for state distillation. &nbsp;l will show that
triothogonal codes admit transversal implementation of the
controlled-controlled-Z gate, and then demonstrate a transversal Hadamard construction
which uses error correction to preserve the codespace. | will also discuss how
to adapt the distillation procedure of Bravyi and Haah to Toffoli gates,
improving on existing Toffoli distillation schemes.</span>
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Encoded computing

Fault tolerance
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Encoded computing

Fault tolerance
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Transversal computing

()
Theorem asinnii 2009 w

No quantum code admits transversal implementation of a
universal set of encoded gates.
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Transversal computing

-
Theorem asin nii 2009 P W

No quantum code admits transversal implementation of a
universal set of encoded gates.

State distillation

~10x cost of transversal gates
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Transversal computing

() ,
Theorem (asin il 2009) A J

No quantum code admits transversal implementation of a
universal set of encoded gates.
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Example: [[15,1,3]]

15-bit Hamming code

Parity checks
guacaeaaalr st

goatTl12 10008012111
3 il 10 Gl G B0 e ) 1 e
1191010701781 8 1
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Example: [[15,1,3]]

15-bit Hamming code

Parity checks Codewords
QRONCROROEONOT 1 11 111 O0O0OODOOOODOODODOD

ORONOSI 1807010011 11 IR TR TR R R R T
ORIETNOROS S H0R0 112070 101

AROERON0 010 1701 001
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Example: [[15,1,3]]

15-bit Hamming code

Parity checks Codewords
AXXXXXXX 0000000000000
NXXN. . . AXAN e e e T

XN  XX.  XNX. XN
N. X _X. X . N X X. XN
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Example: [[15,1,3]]

15-bit Hamming code

—Rarity-checks- Stabilizers Codewords
XXXXXXXX 0000000000000 0 0
EXXX. -  XxXxNX T 5111111121111

W XK. XN . XN
A X X XN X. X XK. X
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Example: [[15,1,3]]

15-bit Hamming code

—Rarity-checks- Stabilizers
....... AXXXXXXX

LN XN. .. XEXEXN
AN XK. NN KN
A K. K. X XN. X XK. N
AXXXAXAAAXAXXXXXX
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Example: [[15,1,3]]

15-bit Hamming code

—Rarity-checks- Stabilizers
....... AXXXX XXX

NN . - . XXX N
i b 48D B SR 1 Gy )
A. N X X.X. X X. X
XXXXXXXXXXXXXXX
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Example: [[15,1,3]]

2 7 4 PR <
Z iy Z
£ £ £ £
Z 7 i i
2. L £
22 EL.
b D 4 M G iy R A iy iy i
XXXEN X xxx . AR EE 222
XK XN AN XN B EEL Z2e. . 22
A X . XN. X X . X X X L2082 2 E.&. 2 2
AAXXXXXXXXXXX XXX LZLZZZZ 2222222
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Example: [[15,1,3]]

2 AR i
Z 2 7 Z
Z 2z 7
7 g
A 0 gl
Ay Ay A a
XEXXXXxX s s R G E R AER
NNXXX. - . . XXKXN - .. EZZ L. e
XX XX A2x = xx L G 2L &2
X. X X. X X XN X. X 2. 2. 2.2 Z. & 2. Z
AXXXXAAXXXXNXXXXX P47 A A 7 M A Ay G G A A G A A
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Example: [[15,1,3]]

CNOT and T are tran_sversal

T cne . B R
Tzi Z 22, Z

| Z 2 272

2 22 3

2222
XX XXX XXX . 22220
XXEN . NXEX . 2223 2222
XX, XX . XX WX 2> 23 A2 a2
. X . %X ¥ X X. X X 2.2 a2 » 2 2 2 2
XXXXXXXXXXXXXX X 2 5 Sy - 0 iy A b
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Example: [[15,1,3]]

Fact 2. 3
CNOT and Taret?nsv?r?ﬁl s
Tz*::_\ Z Z Z Z
| Z PR AL
What about Hadamard? 72 727 7
S s
XX XXXXXX F B iy A A iy il i
AXXN. . .. XXX ... 2222. 2222
X XX . xXxx 2 22X 2E. . 22 Z2
X X X. % X N X X 2 & 2 2 2.2 2 2
AXXXXXXXXXXXX XX LZ2222222222222
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Example: [[15,1,3]]

L AR Y
H: X - HXH = Z Z i
7 HZH =X .2 22 .z
Z P
What about Hadamard? > 77 7
£ 2 L L
XX XXXXXX L . A AR
XXX . . . 3Xu¥xnx L EEEE 2222
XX XX A2x XX S Gy iy A (R R i -
X X X. X X X X N il il A s A A
AXXXXXXXXXXX XX X 2222222222222 22

Pirsa: 13090069 Page 21/64



Example: [[15,1,3]]

Z £ . £
H: X - HXH = Z : 0
7 HZH =X . 222 2
Z PN Y
What about Hadamard? 7 727 7
PRl A
XX XXXXXX e L EEE RS RS
XXX Xx . XXX x i B E sl A7 A0
XX XX  NXx @ XX o 2x.  ZE.. 2E. B
X X X X X X X X g s 7l A i e s B
XXXXXXXXXXXXN X XX AT G P S 7 A G G AT AT A A -
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Example: [[15,1,3]]
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b D
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Example: [[15,1,3]]

) T
b D
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Example: [[15,1,3]]

p D
b A
b SR
X X
NN
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XXXXXXXX
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& G D
Mo XN
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Example: [[15,1,3]]

T8 7y £ 2
T =2 2 s
n 3 2 s 2
2 ‘. Pl 7
= a2 gl 2
nz Py AL <P il
XX XXX xxXx SNy A i 4 7 A
AR . . - XXXN .. £Z22 2. EEnEE
XX XX XX XX bl o Bl 24 Z2
X X X_. X X X X X 2. 2. 2. 2. . £ £. 2
XXXXXXXXXXXXXXX p 7 Al S 7 ALY A A G S A A Y A A

Pirsa: 13090069 Page 26/64



Example: [[15,1,3]]

Result - oo
CNOT, T, H are transversal S
Z AL 4 £
Z A
P e i
P A i A
XX XXXXXX G iy 1 Y sy A A iy
¥R @ XXxEX MR i iy il 2222
XN A XX XX - 21X A E FR. . AE. AZ
X N N X X X X N 2. 2 2 2 2 2 &. 2
AXAXXAXAXAXXXXXX XX 2222222222222
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Example: [[15,1,3]]

Result
CNOT, T, H are transversal

Universality!

....... XXXXXXXX
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Triorthogonal codes

Triorthogonal matrix
| f:-f;|=0mod 2
If,f,fA | =0 mod 2

/< 1 N\

- 7 .
G - :
\ e f ' m .'/_r‘f

/i
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Triorthogonal codes

Triorthogonal matrix
If;'f_,—lzo mod 2
|f:f ;- f«]|=0 mod 2

/000000011111111 \
/[ 000111100001111 |
G=| o11001100110011 |
|\ 101010101010101 |

\
NIt ra Nt
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@ Triorthogonal codes

Brayvi, Haah 2012 Triorthogonal matrix
Stabilizer code =
) | f:f;|=0mod 2
G G L )
even-weight row X stabilizer Z stabilizer If ;f ,f k | =0 mod 2

odd-weight row  logical X, Z
/000000011111111 \

0001111000011 11 \‘-al

G=| o011001100110011 |
\ 101010101010101 |
N111111111111111 /

/
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@ Triorthogonal codes

Brayvi, Haah 2012 Triorthogonal matrix
Stabilizer code e =
) | fi-f ;|=0mod 2
G G L e
even-weight row X stabilizer Z stabilizer |f ;f ,f k I =0 mod 2

odd-weight row logical X, Z
/000000011111111 \
f 000111100001111 \
G =| o11001100110011 |
| 101010101010101 /
\'\111111111111111/
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@ Triorthogonal codes

Brayvi, Haah 2012 Triorthogonal matrix
Stabilizer code b A
) | fi-f ;|=0mod 2
G G Ll
even-weight row X stabilizer Z stabilizer |f ;f ,f k I =0 mod 2

odd-weight row logical X, Z
/000000011111111 \
/ 000111100001111 \
G=| o11001100110011 |
\ 101010101010101 |
C111111111111111
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@ Triorthogonal codes

Brayvi, Haah 2012 Triorthogonal matrix
Stabilizer code A ]
: | fi-f ;|=0mod 2
G G o e
even-weight row X stabilizer Z stabilizer If ;f ,f k | =0 mod 2

odd-weight row  logical X, Z
/000000011111111 \
[/ \‘\

[ 000111100001111
- [149.1.,9]] G=| o11001100110011 |
- [[3k+8,k,2]] (k even) \ 101010101010101 |

\

\ETREITIRTRERT 11T

Explicit constructions
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@ Triorthogonal codes

Brayvi, Haah 2012 Triorthogonal matrix
Stabilizer code g e AL
: | f:-f;|=0mod 2
G G L
even-weight row X stabilizer Z stabilizer |f ;f ,f k | =0 mod 2

odd-weight row logical X, Z

/000000011111111 \
Explicit constructions / 000111100001111

- [[49,1,9]] (G=| o11001100110011

- [[3k+8,k,2]] (k even) | 101010101010101 |

SR CRERREREREEREEE

/

Theorem

Any triorthogonal code admits transversal T,
up to (diagonal) Clifford corrections.
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Triorthogonal codes

Claim
For any triorthogonal code:
:
H - error —— = .’ '
— »  [cormrect 1 } '
— — s l :
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Triorthogonal codes

Claim
For any triorthogonal code:
. e
H — oy —— = .\i
. = orrect " it
v |
— . -

m

Theorem [shi 2003]
Toffoli and Hadamard are universal
g for quantum computation
5
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Transversal Hadamard

encoded

error
correct
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Transversal Hadamard

X stabilizers Z stabilizers

/ N / . \
- / G™*/even-weight rows of G \

| even-weight rows of G }i "‘ even-weight rows of G

\ odd-weight rows of (G / \ odd-weight rows of (7 ,’f

encoded
error
- correct

X
|
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Transversal Hadamard

X stabilizers Z stabilizers
;z'/ \.‘\ /i | G+ /even-weight rows of G \'\\
\ /
| even-weight rows of ¢ "‘ "‘ even-weight rows of G
\ odd-weight rows of GG / \'\ odd-weight rows of f/'f
\‘~. / \ .f;’
For each generator of G / even-weight rows of G H
1)Measure the generator H
2)If the outcome is -1, apply an X correction error
. correct
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Transversal CCZ

Theorem

(—1)%|abc) =
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Transversal CCZ

Codewords

/ G \ Theorem '
span of i
| even-weight rows of GG : (—=1)%¢|abe) -= = It
\ [+ odd-weight row of G /' =) ‘ |
b / .
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Transversal CCZ

Codewords

/ \ Theorem ’
/ Go \ s T
span of [ |
| even-weight rows of G : (-1)®¢|gbe) = —— = It
\""-..\ f+: odd-weight row of G / — - =]
\: ’

Gi={fx +9:9 € Go}
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Transversal CCZ

Codewords
/ \ Theorem '

/ Go \ iy
,. span of ‘ |
| even-weight rows of (7 | (—1)%¢|gbe) = - —+¢
| | | |
\"'-.\ f,: odd-weight row of G /‘j S ; .

N /i |

Gi={fx +9:9 € Go}

‘(_’-) = \/|IgT| Z{;EQ., |.‘]>
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Transversal CCZ

Codewords
/ \ Theorem ’
span of I
| even-weight rows of G '| (—1)%¢|gbe) = =
I"‘-\ f.: odd-weight row of G f SR e
: Proof
Gr={fx +9:9 € Go}
CCZ®" |a, b, c) = ¥ CCZ®" |g, h, i)

la) = \/|lc}—| Z_qeg” 19) 9EGa,h€Gs,i€G.
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Transversal CCZ

Codewords
Theorem ;

,-'/" g[) \\. ..
span of ]
| even-weight rows of G '| (—1)%¢|gbe) += £ s
\ f.: odd-weight row of G ‘]

\\ / =
b ! _/. & /

: Proof
Gi={f«+9:9€ Go}

@) = e 3 1) CCZ®" |a,d,¢) = Z (=1)lo il g p 4)
0 V1Yl 9€Ga 9€Ga,h€QG i€C.
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Transversal CCZ

Codewords
/ \ Theorem '

/ g[) \'\,. B oo
span of i
| even-weight rows of (G '| (—1)%¢|gbe) = =
f.: odd-weight row of G / g o

\ / |
)\ / = /

: Proof
Gi={fx+9:9€ Go}

ST CCZ®"[a,bc)= Y (-1)688 g p q)
i \/m g€EG, | 9€Ga,heG) i€G,

g-hei = (afitg')- (bfsth')-(cf+i)

g, i € Go
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Transversal CCZ

Codewords

/ : Theorem X
f'/’ g[) \\ —— . i
span of i
| even-weight rows of (7 '| (—1)2%¢|abe) = = [+
I'\\ f: odd-weight row of G / SR S

\ L L )

, Proof
Gr={fx +9:9 € Go}
(ﬂ(cZ'Z'ZH h‘ Il), (.> e Z (_ l )I."}-h-l-l ‘.{J"' h1 j)

|(_l> - \/|L—| deg.. |_(}> 9E€Ga hEGy ,i€G,

Triorthogonality g-hi = (aftg)-(bfs+h')-(cfoti')
[.f',-'_f'j|=0m0d2 (}’./l,’,i’ [
| £ f ;£ «|=0mod 2
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Transversal CCZ

Codewords

/ Theorem ‘
span of \V-.‘ | |
| even-weight rows of GG '| 11%ahel — & = —F
". I\I ey
I"\\ f.: odd-weight row of G / - =}

\ / = /

: Proof
Gr={fxc +9:9 € Go}
CCZ®" |a, b, r'> = Z (—1) - \g, h,1)

|a) = \/|L—| deg“ 19) 9€Ga,hEGH i€G.
Triorthogonality g-hei = (afu+q')- (bfe+h)-(cfoti’)
| fi+ f ;|70 mod 2
| fiof ; f«|=0mod 2

= abe( fy - fo - [+) + even-weight terms
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Transversal CCZ

Codewords
Theorem :

.. \ e -
span of ]
| even-weight rows of G '| (1) by = oo
| | Tt

\ f.: odd-weight row of G -

\\ , ‘ |
\ / i /

: Proof
Gi={fx+9:9€ Go}

. : (c(oszﬁn (;T.('> o Z (_l)l"fh!t ‘q‘ h1 j}
la) = ﬁ deg” 9) 9EGa,h€Gy,i€G.

 oRRIOgana Ry g-hei = (afitg')-(bfst+h')-(cfuti’)
| fi* f ;1=0 mod 2
| fi" f ;[ |=0mod 2

= abe(fy - fr - fi) + even-weight terms
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Outlook for triorthogonal codes

* [[15,1,3]] threshold error rate ~0.01%
» Performance is worse under locality constraints
» Thresholds unknown for other codes

T

error °
|correct

!...
+
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Outlook for triorthogonal codes

 [[15,1,3]] threshold error rate ~0.01%
» Performance is worse under locality constraints
» Thresholds unknown for other codes
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error AU
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State distillation

Goal
Prepare the state |+)— T
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State distillation

Goal
Prepare the state |+)— T
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State distillation

Goal
Prepare the state |+)— T

=
encode |+) | | de;zc;tcgg:rs
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State distillation

T
Goal
Prepare the state |+)— T }f — encode |+> T dthzZCt el;ors
. ecode A
17
A
less noisy
noisy
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Toffoli distillation

Goal

Prepare the state | )-
I+) }
D

0)
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Toffoli distillation

Goal

Prepare the state | )
| )i — Cliffords +

0) 7 T gates
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Toffoli distillation

Goal

Prepare the state | )

1400
1200
1000
800
600
400
200

Number of T gates

1+) —

0)

Average cost to produce one Toffoli

10°° 10° 102 105 1018

Target error rate

Cliffords +
7 T gates
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Toffoli distillation

Goal

Prepare the state | )
|+) — Cliffords +
10) 7 T gates

Average cost to produce one Toffoli

1400t - 7 T circuit _;--J E
3 1200 Eastin/Jones(1) —]' """ |
?,J e omest ) e |
[; 1000 [ |
s 800 — T
5 600 J
£ o
£ 400{—7
Z g, ) ST e

10° 10° 1002 105 1018

Target error rate
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Toffoli distillation

Goal [[3k+8,k.2]]

Prepare the state | ) ?
— e |
+) = - HIB
[0Y—D i R
e T |detechE
. P | R
Average cost to produce one Toffoli ol
1400} — 7 T circuit J_.J E ok . H
@ Eastin/Jones(1) o i [+) : 5
2 1200 |
g - Jones(2) — | . H
1000 f |
‘s 800 — '
5 600 _J
£ 400{—7
2 200} e

10° 10° 102 105 1018

Target error rate
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Toffoli distillation

400
g, DRI e

Goal [[3k+8,k,2]]
Prepare the state | 4) 8
+) — - BB
B!
0)— s
|+>®k 1T aetect&y
Average cost to produce one Toffoli ' | . G
1400} - 7 T circuit J-.J E ok . H
% 1200! — Eastin/Jones(1) J' E +) ; ;
s |-—Jones(2) !'“ T o =
- 1000
= 800
g 600
e
5
Z

10° 10° 102 10 1018

Target error rate
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Summary

» Triorthogonal codes admit transversal 1]
CCZ & Hadamard (with EC) K . [EC

* Improved Toffoli distillation

HE

1400t = 7 T circuit _;-J
] 1200 Eastin/Jones( 1) J
'-5: i - Jones(2) |_
= 1000 _[[3k+8.k.2]) code__]|
‘s 800 e
-:é 6HOO! T
E 400~
Ty, R

10 10 'ln 10 10
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Summary

 Triorthogonal codes admit transversal L1 %

CCZ & Hadamard (with EC) = : [IE8
8 ] H]
* Improved Toffoli distillation .
O ) [
oo ik e |
» Thresholds for existing triorthogonal codes? % 200 s
» More (and better) triorthogonal codes? 0610 10 10 10
» Other ways to eliminate distillation? e

* [Bombin, Martin-Delgado 2007] Q}
* [B, Chhajlany, Horodecki, M-D 2013] Qe

* [Jochym-O'Connor, Laflamme 2013] ! »"
g n
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