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Abstract: <span>We discuss a partition function of 3d supersymmetric gauge

theories on the (p, -1) Lens space.<br>

In 3d the partition function is directly used to check dualities though the normalization is not seriously treated, especialy, the phase is usually
ignored. However, when we consider the partition function on the orbifold the partition function consists of the sum of factors labeled by
holonomies

and their relative

phases& nbsp;become crucia. We stress that the known formula for the partition function is incorrect and some relative phase factors are needed to
identify the partition functions of

dual theories.</span>
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Outline

® Orbifold partition function is a partition function defined on Lens
space S°/Z,,.

@ Due to the non-trivial fundamental group m (5°/Z,) = Z,, there are
degenerate vacua specified by holonomies i and the orbifold

partition function is obtained by summing up all the contributions.

Zg3/z7, = Zh=0*+ Zh=1+ ' + Zph=n—1

@ Naive orbifold partition function = x

@ We used it for the check of mirror symmetry
= Not agree !!

@ The relative phase factors are needed.

ZS"‘/%” e Cwnzhz{] i (3%9' Zh,='l S AR il fj?lg""_l Zh,z'n,—'l

® We discuss the origin of the phase factors.
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Outline

o Orbifold partition function is a partition function defined on Lens
space 5'/Z,,

@ Dua to the non=trivial fundamental group = (/2 = Z,, there ara
degenerate vacua specified by holonomies /i and the orbifold
partition function |s obtained by summing up all the contributions.

Zgr iz, = Zyati+ Ly 4+ Zhymn~1
o Naive orbifold partition Function = x

o Wa used It for the check of mirrar symrncfr-y‘
= Not agree !!

@ Thae relative phase foctors are neaded.

Zaprfz, = 0" e b €Ny ez

@ Wa discuss the origin of the phase factors.
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Criterion

Determine
phase factors

ZSS/Zn = CL()Zh:O == a1 Zh=1 e af’r),—th:n_l

ZS3/Zn — Z,
[

Gauge theory Non-gauge theory

|

Page 4/59



Pirsa: 13080044 Page 5/59




irsa: 13080044

Contents

@ Naive orbifold partition function
® Numerical check for dual theories
@ Classical ambiguity of CS term

@ Orbifolding procedure and improved orbifold
partition function

@ Conclusions

Page 6/59




@ Naive orbifold partition function
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Supersymmetry

Isometries Supercharge

SU(2)., x SU(2)x )
(1,2)

SU(Q)LXU( )9« 20
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Background geomeftry

Images Isometries Parameters

SU(Q)L X SU(Q)R
[Kapustin et al ‘09, Jafferis 10, Hama et al 10]

SU(2)r, x U(1), D e

()

[Imamura, D.Y. ‘11]

SU(2), xU(1),/Z, UV and (n,h)

[Benini et al ‘11, Imamura, D.Y. ‘12]
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Squashed partition function

Z = /de'-“"'szl-lnop(’\J

SU(A) = ik tr(A?)

z:mWM-Ilu(mu_%)

ael

ﬂmWMﬂ/H“@m_m:My

MER

= B (ted) ol (o )
o () m T 2Nt o ) e e
..,Iu!"l"*}}+F|'|(.,+“.H, it e v |
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Squashed partition function

7z = /d)\e—Scl()\)Zl—loop(A)

S°N) = imk tr()?)

By @ — 1] e (aw 3 )

(Y

zier ) =1/ T] b (o) - 52

(%
PER
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sz, partition function

o Holonomy

4——51

@ Due to the non-trivial fundamental group m(5°/Z,) = Z,
one can introduce the Wilson line along the circle.

@ Holonomy changes the boundary conditions (AB effect)
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Orbifold partition function

o Holonomy

n

h A

h=0,1,---\n—1

@ One can introduce holonomy not only for gauge symmetry but
also global symmetry.

@ Holonomy for global symmetry becomes a parameter

@ Holonomy for gauge symmetry should be summed up in
the path integral.

; rankG
r o ,—So(Ah) r71—loop 1 Xy
Z(hglopait E / [d)\]e A (A, h) D W ””I i

n

h‘]n:‘.‘l.l
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Z., orbifolding

o Classical part (CS term)

k
e dig IH(2) el E
2T Jg3/7., n n

tr(A?%)

Due to the non-trivial topology of S%/Z,, the CS term gives
non-vanishing contribution even for a flat gauge connection.
ik

[ B tr(AdAY— ST

47r n

5% 5 = T4 (02) = Ty (2)

n n
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Z, orbifolding
« Classical part (CS term)
1k

5 d'r to(A) = Lge i (&%)
=T Js\ 1z, Ve m

= — 1ir
n

Due to the non-trivio” topology af §'/2, , tha €S ferm gives
nan-vanishing contr’ ation even for a flat gauge connectian.

v
ijd":r lr(.-l/:‘j = -ﬁ tr(h®)
dm /s i

r

wll S Lk ik ;
S 4 =ty (A%) = - (%)

[Gang '09]
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Z., orbifolding

e Squash

DetDp.  1:2) — Zimu — o)

Zl—loop 2 ’
DetDp 27 + 2 + 2imu + wa ()

o0

1l b(g+3)+bv t(p+
b(p+3)+b-1(g+

8, ()58

p,q=0
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Z., orbifolding

o Orbifold " i
@ (w + —) = T B (y)

n

d(y) = Z @, 2m =p—q = p(h) mod n
meZ/2

e.gi n = 9'Case
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Z, orbifolding
« Orbifold

i (‘!- + dr—.:r) = Q::"‘AEJ' Deh)

M) = Z Put™ Sm=p-q=plh) modn
meZ/a

e.g N =dicasg Double sine function
h=0 —x

| W
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Z., orbifolding

o Orbifold " i
@ (w + —) = T B (y)

n

d(y) = Z @, 2m =p—q = p(h) mod n
meZ/2

e.g. n = 3 case Double sine function
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Z(1

11 \
\lbprlab
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@ Numerical check for dual theories
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Numerical evaluation

b(p+3)+b g+ 3)—iX
bip+3)+b (g + 1) +iX

b2 + ph—2 ___/2;00
a0 )](q x; q)

12 (—=4"/%%; )

L
[ (i2ﬂ-b)\ e?frb A

x : Ti=

7

called g-deformed Pochhammer function.

Page 23/59




Numerical evaluation

. -2 g% =1
- (:Q.r,'.rrb ; = (i2‘n'(')/\ : T = eZTrb A ’

(T q)ee N H (1 —q*z) called g-deformed Pochhammer function.

k=0

Point is that Mathematica knows this function !
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QED with tw
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Dual theories

@ SQED and XYZ model Global symmetry

@0, q e 1 g )
U(l)p 0.0 1 =1 1 -1 0

@ SQED with two chiral multiplet ¢, ¢ v, 11 0 o -1 -1 2

@ XYZ consists of three chiral multiplets @, @ and S
with superpotential W = QSQ

/'OO e2m€)vr.\c:/'rr.(q—27ri};Thc;/n (i)\(;

ZS(“)'N])(’)(* h’[’ h/l) v (
TR (1—A) ST
—00 Sb,ha+hgldd + Ag — )S5 AR\ ) T

v

1

ZXYA(h"IWh’/\) o A iA
y 1 y 1
8b,—ha+hp(TAA + AP B)gpty | _hp(—A4 = A —"S=0805h .

(214 — =280y

n—1
ZXYZ(}LTah’A) =y Z ZSQED(h’GahTahA)

ha=0
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Dual theories

@ SQED and XYZ model Global symmetry

qg q m

Pl)r 0,07 1

@ SQED with two chiral multiplet ¢, ¢ v, 1 1 o

@ XYZ consists of three chiral multiplets @, @ and S
with superpotential W = QSQ

SQED
P (ha,hr,ha) =

/-OO e27r1i)\1~.\c:/'rr.n—27rz'h,T ha/n (i)\(;

i(1—=A) )S

ST
—00 Sb,hA+haldll T+ AG — = JS MR )\ ¢~ —r——s) T

1

_ W iA
8b,—ha+hp(TAA + AP B)gpty | _hp(—A4 = A —"S=0805h .

ZXYZU)"W]”/\) o ] 0
; (2x4 — =28,
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Dual theories

o Numerical check

N =2 SQED XYZ model
n =3 case

Z 2B 804

779D = 0,298

SQED
Znoy T =1 —0.125 T

ZSQEDE g —  Not match 1?7
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Dual theories

o Numerical check

N =2 SUER XYZ model
n = 3 case

77950 = 1+ (70.304 )

Z29MP = _(£0.298)

7,20 = —(-0.125) (4

ZSQED 4 P Appropriate signs
lead to coincidence !
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Dual theories
N =2 SQED XYZ model

n-=1 n-—1

ZXYZ(p QEDTE b ha) # 2% hr,ha) = Y alha,hr, ha)Z5¥P (ha, hr, ha)

h,”:(} h(-,-:O

Trivial case

O'(hg, hT, 0) =]

Non-trivial case (ex.)

O'(h,(;, hT, h,A) = (O'}(:;))h.g,hqw

General formula (proposal)

o(hg, hr,ha) = (-1 ).I'(h.f-x)Jr_uUm.h,c.')Jr.«f(h-AJw'J

f(h) = min(|h + nZl|), g(h,h'") =min(f(h), f(h'))
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Dual theories
N =2 SQED XYZ model

n-=1 n-—1

ZXYZ(p QEDTE b ha) # 2% hr,ha) = Y alha,hr, ha)Z5¥P (ha, hr, ha)

h,”:(} h(-,-:O

Trivial case

O'(hg, hT, 0) =]

Non-trivial case (ex.)

O'(h,(;, hT, h,A) = (O'}(:;))h.g,hqw

General formula (proposal)

o(hg, hr,ha) = (-1 ).I'(h.f-x)Jr_uUm.h,c.')Jr.«f(h-AJw'J

f(h) = min(|h + nZl|), g(h,h'") =min(f(h), f(h'))
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Dual theories

o 83/Z2k+1 case
Define the following function
gp = (-——]_)[h]n([h]n_(_l)(n—l)/z)/z

Then, the general formula can be rewritten as follows.
(_1)f(h) = o9, (_1)g(fa,h’) —ioh
o(h, v, ha) = Oh a4 hOha—hO—hadhy O—hs—hy 02k,

Phase factor can be absorbed into the definition of the orbifolded double sine
function !

S, LR =0 9 ()
n—1

ZXY2(hy, ha) =

h=()
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@ Classical ambiguity of CS term
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Classical ambiguity

o Niarchos duality (Seiberg like duality) [Niarchos *08]

® U(2); vector + an adjoint X with W = trX?3
@ Trivial theory — Z =1

2n2
h] hg—o

% St —hy (A1 = A2 — i) Sb,—hy+hy (_)\1 + Ag — f;)

Sbihi—hy (A1 = A2 — 25) Sb—hy+hy (A1 + A2 — 35) 8p,0 (—

@ Numerical result says

h :odd = h

even = h +n or, needs minus sign

i\ 2
30)
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Classical ambiguity

» Niarchos duality (Seiberglike duality) [Niarchos ‘08)
o [/(2); vector + an adjoint X with W = trx®
o Trivial theory — Z = |
B nel jruzzil'l:\:‘_tlufu\}u -,:(ft:_nh

[ i
A=hg (A = Aa= ) ahh g (=R Ao = 4]

2 iy =iy (A= Ag =814 L v (= A0 = ) (=)
" I

y

@ Numerical result says
I ¢ odd — h
= likn /in eads minus sign
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Classical ambiguity

o CS term gives minus under the gauge transformation

Ik d @(h 4+ n)%= & (h? + 2hn + n?) ~ i + imkn
n n n n

This means that the CS term is not well-defined.
It should be altered somehow.

o |Instanton calculation on spin manifold whose boundary is
the Lens space.
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Classical ambiguity

o Correct CS term for holonomy
/AdAsz/\F M=0X =82,
M X

X ~ C?/Z, (n-centered Taub-NUT)

S:—k—/ F/\F=?l'rrk1_nh2

47TX n

n=3,k =1 case ) oo =2
(f-:l?ri-:h,g/-u P E - ({fﬁ/:‘} edin/3

eimh?/3

= €

with appropriate signs ' —etn/S gdin/3

(Ti.rr!.:h.“(l ) M e 2imh=/3 . (3-—21,1r/.'3 455 _L“'a.'rr/.'i e -8im/3 ({-'1-a‘.7r/.'i
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Classical ambiguity

« Niarchos duality (Seiberg like duality) (Niarchos ‘08)
o [/(2); vector -+ an ncjoint X with W = tr.x*
@ Trivial theory — Z = |

n=|
e j’ rl.\.dhr_{nuf.”;»gmusl
ipd

hingmtd

Mhhog ey (A=A = L) Ah gy (=i g = 4]

5 =g (M = Ay = ) apmnnhy (= A1+ s = ) o (=)

/
@ dumerical result says

I todd = h
evan = li+n or, needs minus sign
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Classical ambiguity

o Niarchos duality (Seiberg like duality) [Niarchos *08]

® U(2); vector + an adjoint X with W = trX?3
@ Trivial theory — Z =1

2n2
h] hg—o

% St —hy (A1 = A2 — i) Sb,—hy+hy (_)\1 + Ag — f;)

Sbihi—hy (A1 = A2 — 25) Sb—hy+hy (A1 + A2 — 35) 8p,0 (—

@ Numerical result says

h :odd = h

even = h +n or, needs minus sign

i\ 2
30)
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Classical ambiguity

o CS term gives minus under the gauge transformation

Ik d @(h 4+ n)%= & (h? + 2hn + n?) ~ i + imkn
n n n n

This means that the CS term is not well-defined.
It should be altered somehow.
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Classical ambiguity

o Correct CS term for holonomy
/AdAsz/\F M=0X =82,
M X

X ~ C?/Z, (n-centered Taub-NUT)

S:—k—/ F/\F=?l'rrk1_nh2

47TX n

n=3,k =1 case ) oo =2
(f-:l?ri-:h,g/-u P E - ({fﬁ/:‘} edin/3

eimh?/3

= €

with appropriate signs ' —etn/S gdin/3
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Classical ambiguity

« Correct CS term for holonomy

2 = ! 1l ] = “
.[” 1A er F M = 0X =S¥Z

X~ C%Z,  (n-cantered Taub-NUT)
s

“ s=ifmﬁ=mk -
an Jx i
Uz (=n)h?

) em

s

= A k=] cnm o () hoe ]

e N S

r - h 1 g
e it nppropelste signs 1 i
AN a2 \ P Ty

ww

- - M g
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Classical ambiguity

o CS term gives minus under the gauge transformation

Ik d @(h 4+ n)%= & (h? + 2hn + n?) ~ i + imkn
n n n n

This means that the CS term is not well-defined.
It should be altered somehow.

o |Instanton calculation on spin manifold whose boundary is
the Lens space.
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@ Orbifolding procedure and
improved orbifold partition function
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@ Orbifolding procedure and
improved orbifold partition function
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Orbifolding procedure

o Orbifolding of a double sine function

Sy ()\ et 3) ST Sb.h ()\ o E)
(V) v

il
o Replace A as A — z ()\+z'bp+?lb_1q)

o Take a product over 0 < p,g<n with ¢g—p=h mod n

H S} ( + ib{k)p + b (k + h),,,) (m)n % ([m] + %) ¥5

k=0

o The same procedure for the CS term

. L) 2 ik 2 ek gl
gim e AT (A +[h]n(n [h]-,..))
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Sy ()\ et 3) ST Sb.h ()\ o E)
(V) v

il
o Replace A as A — z ()\+z'bp+?lb_1q)

o Take a product over 0 < p,g<n with ¢g—p=h mod n
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Orbifolding procedure

= Orbifalding of a double sine function

(- = o

« Roplace A as A — 3—'(,\+sbp+|b"q)

« Take a product aver O£ p,q < n with q-; p=h modn

el e
sle) = [ ..{§+ T U 1 R (TR
bl

« The same procedure for the CS tarm

ermhat R (A =[]
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Orbifolding procedure

o Fractional CS term from fermion 1-loop

UMr U()r

S h 3 [ee-aniar - an

47

b(p+3) +b g+ 3)—iA
D)+ b g+ 3) +iA

o0

12

b° + b‘zﬂ (—4'%%; @)oo

(—G1%%; §) oo

o~ 3= (A2 +[hln(n—[h]n))

Tetrahedron theory (Single chiral multiplet with the bare CS term)

I/ZA(A, hf) o 1/ (6%()\2—*—[’)4]-”,(’”;—[h]’n))sbjh’(ﬂl (i ?}Q/Q))
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Orbifolding procedure

o Correct orbifolded double sine function

k=k + Khare —  used to cancel the fractional CS term

l

must be integer

= ik (324 (n—1)h? ZA(Aasha)
Z )\,h _— n (A +(n 1)h )]-_-[A A ’
( ) HI ZA()\IahI)

<y e—"",,LL""’()\z—F(fn.—l)hz) ]._.[A O-”(hA)Sb,hA (AA)
]___[] O-'H,(h‘f)sb,hj ()\I)

LA ot 2 irm e
O'n(h) =g 2-::,(”' 1)h e2n [h]n(n—[h]n) -\

Son(N) = on(h)spn(r)  Origin of the sign factor !
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Orbifolding procedure

s Correct orbifolded double sine function

k=k +kiae —— usedtocancel the fractional CS term

|

must be integer

ZOh) = e= = (W n-1n?) LIg Za(Aa, hia)
I—I; J&f,\;.h]]

A (A4 (n=108") “ A Tn “‘,i.l-"‘h_h,‘ (Aa)

[1; an(hr)sun, (Ar)

an(h) = e~ (=10 o 5% (h]n (n—[h]n) ﬂ
Origin of the sign factor !

Sk (/\] — rr,,(ffj,‘.;JJ'(,\}
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Dual theories

@ SQED and XYZ model Global symmetry

@0, q e 1 g )

0000 L =1 Iy =1 0
LA LGu0 0 =1l =1 2

/00 e27ri>wr,\c/ne—2m'hq~ hea/n d)\G

i(l=A ) L(I—A ) n

SQED
759 (hg,hr,ha) = —
200 ‘Sb,h A +ha (A4 AG ST J8h kS h AL SR — e

Ly 1
ZXY%hr,hg) =

: - W(1—2A
Sb—hathe(=Aa +Ap — BYgy g pi(=ha = A= B)g, gy, (204 — H1=28))

n—1

ZXYZ(h’TahA) o Z O-n(hGahTahA)ZSQED(hGahTahA)
hag=0

(Tf,,,(—hA —+ hT)O‘n(—hA — hT)On(QhA)
on(ha + hg)on(ha — hg)

U*H,(h’Ga h’Ta h’A) o
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Conclusions

@ We found that the relative phase factors
become very important on Lens space.

@ We understood the origin of the phase
factors.

@ Factorisation of the orbifold partition
function

@ Relation to the 4d Lens space index ??
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