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Motivation

Canonical LQG Covariant LQG

T(A) = T[T H.(A) T,
) [H i )1:[ ] Zl) =Y J[AJ[Ar xB
c v f

ka’n — @Hkin.j. Iy
vEY How =~ %kin.*,

Is it possible to merge covariant and canonical LQG? |
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A “rigging” map for LQG

Heuristic ldea

\v/

StH) = / exp (itH) dt «~ Z Z[K]

. Feynman
w7 N diagrams

[Reisenberger, Rovelli]

“Physical Scalar Product”

Ts) N[ Ts(Ts) = Z (Ts|Z[~]

(Ts|Z[K] Ty)
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{)fl.: AfsUA‘;Sf s
[Engle, Pereira, Rovelli, Livinc-]/[rrt'-ide-l_ Kr.:z-‘.nuv]
[Kaminski, Kisielowski, Lewandowski]
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Spin foam operator

We need:

Z[R) : Hiin~y = Hiiny

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 4 /12

Pirsa: 13070086 Page 5/122



The general idea A Rigging map for LQG A

Click on Sign to add text
' and place signature on a
PDF File.

A “rigging” map for LQG

Heuristic ldea

d(H) = / exp (itH) dt e~ Z Z|K]
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. Feynman
1) Py diagrams
/'/ /l [Reisenberger, Rovelli]
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Ts) NTs)(Ts) = Z (Ts|Z[~]
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Ol = iy Uy

[Engle, Pereira, Rovelli, Livinc-]/[Frt'-i(ie-I_ Kr.:z-‘.nu\.r]

[Kaminski, Kisielowski, Lewandowski]

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 3/12

Pirsa: 13070086 Page 6/122



The model Spin foam operator A

Click on Sign to add text
' and place signature on a
PDF File.

Spin foam operator

We need:

Z[R) : Hiin~y = Hiiny

EPRL-FK Model (Eucl.)

r dual to simplicial triangulation,
~~ 4-valent boundary graphs
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Spin foam operator

We need:
Z[K] : Hiin~y = Hiin~

EPRL-FK Model (Eucl.) But ...

r dual to simplicial triangulation, Need n-valent vertices

~~ 4-valent boundary graphs 3-valent v generated by H (Thiemann]
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Spin foam operator

We need:
Z[K] : Hiin~y = Hiin~

EPRL-FK Model (Eucl.) But ...
r dual to simplicial triangulation, Need n-valent vertices
~~ 4-valent boundary graphs 3-valent v generated by H (Thiemann]

Tight relation:
triang. <> topology <+ geometry
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Spin foam operator

We need:
Z[R) : Hiin~y = Hiiny

EPRL-FK Model (Eucl.) But ...

r dual to simplicial triangulation, Need n-valent vertices

~~ 4-valent boundary graphs 3-valent v generated by H [Thiemann]
Tight relation: Geometry, topology hidden in set
triang. <> topology <+ geometry of all holonomies
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Spin foam operator

We need:

Z[H] > ka,?_~: r— kaﬂ.“;-’

EPRL-FK Model (Eucl.) ... then suppose
r dual to simplicial triangulation, Abstract foam: k = {f, e, v}
~ 4-valent boundary graphs Boundary graph:

Tight relation: Y= 1(e,v)|e in only one f}

triang. <> topology <+ geometry Technical restriction:
r p.l.-homeomorphic to convex
2-complex
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We need:

Z[H] : Hkin.", — kaﬂ.‘;-’

EPRL-FK Model (Eucl.) ... then suppose
r dual to simplicial triangulation, Abstract foam: k = {f, e, v}
~ 4-valent boundary graphs Boundary graph:
Tight relation: 7 = {(e.v)[e in only one f}
triang. <> topology <+ geometry Technical restriction:
r p.l.-homeomorphic to convex
2-complex

Induced boundary space: H,
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Spin foam operator

We need:

Z[H] : Hkin.", — kaﬂ.‘;-’

EPRL-FK Model (Eucl.) ... then suppose

r dual to simplicial triangulation, Abstract foam: k = {f, e, v}

~ 4-valent boundary graphs Boundary graph:

Tight relation: 7 = {(e.v)[e in only one f}

triang. <> topology <+ geometry Technical restriction:
r p.l.-homeomorphic to convex
2-complex

Induced boundary space: H, Hox < Heiin o
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Spin foam operator

EPRL-FK Model (Eucl.)

r dual to simplicial triangulation,
~~ 4-valent boundary graphs

Tight relation:
triang. <> topology <> geometry

Induced boundary space: Ho,

Antonia Zipfel (FAU Erlangen)

The model

We almost have:

Z[""] : /Hkin.*;. —p Hkt’n.j.’

Spin foam operator A
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KKL-Model
Abstract foam: x = {f, e, v}

Boundary graph:
v = {(e. v)|e in only one f}

!

Technical restriction:
1 p.l.-homeomorphic to convex
2-complex

Hf‘)u — ,Hkin.r'h.' \/
Barbero-Imirzi Parameter: 3 € 21N + 1

[Kaminski, Kisielowski, Lewandowski]
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Spin foam operator

We almost have:

Z[""] : fHkin.j. — Hkin_j.’

What is missing?

A better Rigging Map

ITTe) = Y Meaistaliste With Wspars1a = > ZIK]

[s']aENA KAISH—SA

and L[s’]A — f/[sf]A Z (Tg . >

§€[S’]A

[s]a abstract equivalence class, in the following: Molg = 1
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Properties of Z|[x] LA

Mslafs'1a(F) = (Ts|Z[K]| Te)

L ]:[Af H Qe H »A ./f H j[_}f! H (an..'e”

eEhint VEHRnt €K nedr

[Kaminski, Kisielowski, Lewandowski], [Ding, Han, Rovelli],[Bahr, Hellmann, Kaminski, Kisielowski, Lewandowski]
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Properties of Z|x] BE e

”[S]A.[S’]A(H) L= <TS|Z[HHT5’> —

L HAf H Qe H »A ./f H j[_}f! H (an.!e”

eEChint VEHRnt €DK neor

[Kaminski, Kisielowski, Lewandowski], [Ding, Han, Rovelli],[Bahr, Hellmann, Kaminski, Kisielowski, Lewandowski]

Can be defined s.t.

@ The map Z[r] is cylindrically consistent
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Properties of Z|[x] LA

Mslafs'1a(F) = (Ts|Z[K]| Tsr) =

L ]:[Af H Qe H »A ./f H j[_}f! H (an..'e”

eEhint VEHRnt €K nedr

[Kaminski, Kisielowski, Lewandowski], [Ding, Han, Rovelli],[Bahr, Hellmann, Kaminski, Kisielowski, Lewandowski]

Can be defined s.t.
@ The map Z[r] is cylindrically consistent

[e] V D 3 HS_} 8.L. Z[ﬁ?] . ijn‘«; — Hk,’n_-; Wlth Z[f\?] — J']-".-
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Gluing

|
y :
A\ f |'| /|
U o : "
/ N
/

Suppose k1 N k2 = dk1 N IKo = 7 then

Y (Ts|Z[ra]| Te)(Tsl Z[R2]| Ter) = (Ts|Z[rafik]| Tor)
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Spliting

ldea: Use this to split big complexes to get a better control on

N Ts)(Ts) = | Z (Ts|Z[K]

Te)

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 A )
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Antonia Zipfel (FAU Erlangen)

RN CECTCEGL TS Time order

Definition
@ V E Kjp s.t. An € v; and Je € Kjp
with s(e) = n and t(e) = v
~+ vertex of first generation
o Inductively: Vertex of nth generation
@ Only final graph = count backwards

@ dr = () all v € k of first generation

Waterloo, July 2013
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Time ordering

Definition
Q@ VvV E Rint s.t. 3” = Yi and E‘e = Rint
with s(e) = n and t(e) = v

~+ vertex of first generation

o Inductively: Vertex of nth generation

@ Only final graph = count backwards

@ dr = () all v € k of first generation

Theorem
(K, {Jr}, {Qe}) can be uniquely split into (ki{,js}. { Qe }) containing

only vertices of ith generation with respect to the original foam

Kk = Kif---Kk, where n is the maximal generation of k.
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Factorization of the Rigging map

The Rigging map

N Ts](Ts;) = Z (Tsey £(K) Ts;)

NEKy (1), v(s)
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Factorization of the Rigging map

The Rigging map

"/[TSf](TS;) = Z <T5f' Z(kifl - HEn) Ts,‘)

KEKy(s1),7(sf)
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Factorization of the Rigging map

The Rigging map

"/[TSf](TS;) = Z <T5f' Z(k1fl - HEn) Ts,‘)

KEKy(s1),7(sf)

Spin foam transfer matrix

f(: set of “one time step” foam and P, : Hin — Hiin~

Note: Z is symmetric
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Factorization of the Rigging map

The Rigging map

T (T, Z Ts)

N=0

Spin foam transfer matrix

Kﬁ.’,r set of “one time step” foam and P, : Hy;, — i~

Z_ZP [Z Z(R)]

IFK

Note: Z is symmetric
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Is n a Rigging map?

ssue |: 1) and Z very likely diverging
Cut-Off: K, . finite
Weight: w st. w(kir) = w(k)w(K):

NZ' TP =" D1 Y wdN Ty Z(R) Ty ju) [ < o0

il H AT A S
I J ! fI.EK_,_‘ _..f

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 10 / 12

Pirsa: 13070086 Page 27/122



Time ordering JEETSGCHFEY] A

Click on Sign to add text
' and place signature on a
PDF File.

Factorization of the Rigging map

The Rigging map

T (T, Z Ts)

N=0

Spin foam transfer matrix

K, - set of “one time step” foam and P, : Hy;, = Hin~

Z_ZP [Z Z(R)]

REK

Note: Z is symmetric
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Is n a Rigging map?

ssue |: 1) and Z very likely diverging
Cut-Off: K, . finite
Weight: w st. w(kir) = w(k)w(K):
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Factorization of the Rigging map

The Rigging map

T (T, Z Ts)

N=0

Spin foam transfer matrix

Kﬁ.’,r set of “one time step” foam and P, : Hy;, — i~

Z_ZP [Z Z(R)]

IFK

Note: Z is symmetric
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Is n a Rigging map?
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Is n a Rigging map?

ssue |: 1) and Z very likely diverging
Cut-Off: K, . finite
Weight: w st. w(kir) = w(k)w(K):

NZ' TP =" D1 Y wdN Ty Z(R) Ty ju) [ < o0

il H AT A S
I J ! fI.EK_,_‘ _..f

Issue |l: Not a projector

N=0

Formal identity; but holds rigorously on suitable subspace if exist semi analytic extension

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 10 / 12
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What is going wrong?

Option 0:  Z itself a projector, e.g. BF-theory

[Dittrich, Hellmann, Kaminski],[Alesci, Thiemann, A.Z.]
Option I:  Wrong assumption on the weight!
Option II:  Vertex amplitude too local
Option Ill:  Necessity to restrict to one Plebanski sector?
Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 11 /12
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What is going wrong?

Option Ill:  Necessity to restrict to one Plebanski sector?

.T . .T . .
216(C) = lim e = |im [eC 4 e /t€]
=02 Ji T T— Jo
B . I
— |im lim E : [{eJCT,ﬂ’n]k 3 [e—tCT,‘n]k}

T—ooc N—o< n

Antonia Zipfel (FAU Erlangen Waterloo, July 2013 il Je i
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Conclusion and outlook

What is going wrong?

Option Ill:  Necessity to restrict to one Plebanski sector?

) — K . o iICT/mk 4 [1.—iCT/mk
2n6(C) = fim, Jim, 2, T+ 5T
= lim lim }i‘ T(u“ L (L))
T—o0 n—r-x-k 1 n

A

But: Z is symmetric =~ 2=
= ¥ ZF = ¥ (U4 UK 2 8{H)

keN keN

Solution: Proper vertex [engie)?

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013
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Summary

Technical Aspects
@ Single time step ~~  better control on the sum

@ Formalism to design single time step foams;

[Kisielowski, Lewandowski, Puchta]

Regularization
@ 1) very likely divergent (infinite sum)
o Regularize Z

@ Connection to GFT, coarse graining?
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Technical Aspects
@ Single time step ~~  better control on the sum

@ Formalism to design single time step foams;

[Kisielowski, Lewandowski, Puchta]

Regularization
@ 1) very likely divergent (infinite sum)
o Regularize Z

@ Connection to GFT, coarse graining?

Is 1) a Rigging map? — No!
Possible Causes: Weight? Too local amplitude? Plebanski sectors?

Antonia Zipfel (FAU Erlangen) Waterloo, July 2013 12 / 12
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Thank you for your attention!
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Melonic phase transition in group field theory

Aristide Baratin
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Loops’ 13 — Perimeter Institute

based on arXiv:1307.5026
with S. Carrozza, D. Oriti, J. P. Ryan, M. Smerlark.
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Group field theory formulation of spin foam models:

Boulatov, Ooguri (1993), Di-Pietri, Freidel, Krasnov, Rovelli (1999)

spin foams <= Feynman diagrams

Aristide Baratin Melonic phase transition in group field theory
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Group field theory formulation of spin foam models:

Boulatov, Ooguri (1993), Di-Pietri, Freidel, Krasnov, Rovelli (1999)

spin foams <= Feynman diagrams

Possibility to define the continuum limit in a way analogous to matrix models

Key analytical tool: 1/N expansion

o Intensely exploited for tensor models:

| Rivass 1, Gurau, Bonzom, Ryan, Dartol

e Critical behaviour at leading order giving continuum polymer phase
o Progresses towards the definition of double scaling limits

Aristide Baratin Melonic phase transition in group field theory
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Our results

Context: Boulatov-Ooguri models

©@ Combinatorial formula for the (melonic) amplitudes

in terms of a two-dimensional analogue of the Symanzik graph polynomials

@ Bounds on the amplitudes and existence of a critical point

Aristide Baratin Melonic phase transition in group field theory
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@ Variable: collection of [) + 1 fields on [D-copies of a Lie group ("

_(u>l)_.

with shift invariance:

pe(hgt, - -hgp) = ¢el91,:-9gp) Vh €G.
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@ Variable: collection of [) + 1 fields on [D-copies of a Lie group ("

(l)l)_.

with shift invariance:

pe(hgt, - -hgp) = ¢el91,:-9gp) Vh €G.

@ Interaction with a simplicial combinatorial structure:

. D
Him. = A / H ‘lfh'j H r”r(m} + cC.cC.
J i<s

=0

and “trivial" kinetic term 5~ , |p¢|?.
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@ Variable: collection of [) + 1 fields on [D-copies of a Lie group ("

(l) l) S
with shift invariance:

pe(hgt, - -hgp) = ¢el91,:-9gp) Vh €G.

@ Interaction with a simplicial combinatorial structure:

. D
Him. = A / H ‘lfh'j H r”r(m} + cC.cC.
J i<s

=0

and “trivial" kinetic term 5~ , |p¢|?.

@ Feynman expansion:

Aristide Baratin Melonic phase transition in group field theory
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Regularization

Heat kernel regularization:

(”T — A]I\-T =
3g) — K+ (9) lim K (9)

T —

Aristide Baratin Melonic phase transition in group field theory
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Introduction
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1 Regularization
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Regularization

Heat kernel regularization:

. =AY, =
0(g) — Kr(9) lim K (g)

T—0

Feynman expansion of the free energy

with graph amplitudes:

/ H dhe TT Kmyr | T hett

ecE\ JeF ecdf

= 41 the face-edge adjacency matrix

number edges of the face f.

Aristide Baratin Melonic phase transition in group field theory
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Colored Boulatov-Ooguri models

Regularization
The limit » — 0

The limit 7 — 0
upon rescaling the coupling constant
-3

(PD=-1)
i N; = (47T)

. ) =2
'(lillll(-'llj ’

A/N,

Gurau

i C)(.’\";li”l”)

the expansion of the free energy can be organized as:

‘.\.;{-diln(.')(!)— 1) !r-(i)
A

I‘T./\:\T

Melonic phase transition in group field theory

Aristide Baratin
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Colored Boulatov-Ooguri models

Regularization
The limit » — 0

The limit 7 — 0
upon rescaling the coupling constant
-3

(PD=-1)
i N; = (47T)

. ) =2
'(lillll(-'llj ’

A/N,

Gurau

i C)(.’\";li”l”)

the expansion of the free energy can be organized as:

‘.\.;{-diln(.')(!)— 1) !r-(i)
A

I‘T./\:\T

The dominant contribution comes from melonic graphs

@ maximizes the number of faces

@ dual to triangulated spheres

Melonic phase transition in group field theory

Aristide Baratin
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As a result:

where:

,\,—(tl'nn(.'){l)— 1)

~|'r(g} :
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As a result:

where:

. . = (dim G (D -1 -
G) = lim N7WMENP=D 4 (G) < +o

T—()

Melonic amplitudes can be evaluated in terms of a Laplacian matrix:

_dim &
9

J'H'r

[, = submatrix of L with rows and columns indexed by &\ 7.
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Regularization

Heat kernel regularization:

r —AYK, =
“(.’a’) = I\T(.’J’} lim K, (g)

T—0

Feynman expansion of the free energy

with graph amplitudes:

/ H dhe TT Kmyr | T hetr

feF ecdf

= 41 the face-edge adjacency matrix

number edges of the face f.
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As a result:

where:

. . = (dim G (D -1 -
G) = lim N7WMENP=D 4 (G) < +o

T—()

Melonic amplitudes can be evaluated in terms of a Laplacian matrix:

_dim &
9

J'H'r

[, = submatrix of L with rows and columns indexed by &\ 7.
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A tree-matrix theorem

1st Result: The melonic amplitudes a(G) may be expressed as weighted sums over
their spanning 2—trees:

dim &
L )1t R
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A tree-matrix theorem

1st Result: The melonic amplitudes a(G) may be expressed as weighted sums over
their spanning 2—trees:

dim &
- Gl

)P [T my

f¢T

@ Homological definition: 2-subcomplexes T C G containing all edges and all
vertices of G and such that: Adin, 92: Duval, Klivans, Martin '00

ter o 00

Ho(T,Z)=0 and |Hi1(T,Z)| <

@ T has enough faces to avoid “holes”, but not too many, so that they do not form
higher dimensional cycles.

The proof relies on Cauchy-Binet formula and homological computations.
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Two simplifying facts:

Q 1-1 correspondence between spanning 2-trees of § and spanning trees of the dual
triangulation Ag

/i

@ Trivial homological factor I/ (T,Z) = 0 for 2-trees in 3D melons.
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Two simplifying facts:

Q 1-1 correspondence between spanning 2-trees of § and spanning trees of the dual
triangulation Ag

/i

@ Trivial homological factor I/ (T,Z) = 0 for 2-trees in 3D melons.

Melonic amplitudes = Kirchhoff polynomials:

agp(¥) = Z H Mg (l)

T€Ti(Ag)lET™
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Critical behaviour

Bounds on a(Gp)

Calling N (Gp) the number of 2-trees in G,, one has:
I I

. =D . rre \—4
(k1etPN(Gp) T < a(Gp) < N(Gp)™

for some k1 > 0 and ¢1 > 0.

Bounds on the series
The melonic contribution to the free energy satisfies the bounds:
: (0) :
k> FpcP(AX)P < 1-;’\ <D (AN
peN peN
1 ((”+|}v+l

(D+1)p+1 P
the number of melonic graphs with 2p vertices.

for some k > 0 and ¢ > 0, where [} = ) is an exact counting of

Aristide Baratin Melonic phase transition in group field theory

Pirsa: 13070086 Page 58/122



~

Melonic 7 .c.l- ' Click on Sign to add text

s p and place signature on a
Critical behaviour PDF File.

Critical behaviour

2nd result: At leading order in the 1 /N —expansion, the free energy of topological
group field theories possesses critical behaviour.
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o To analyze the properties of this graph polynomial: new computational tool for
GFT amplitudes Toy models: abelian group field theories

e To extend the analysis to quantum gavity models

@ lo go beyond the melonic sector
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