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Motivation and basic idea

Is gravity just another Yang-Mills field?

“Electromagnetism is, as we have seen, a gauge field. That
gravitation is a gauge field is universally accepted, although exactly
how it is a gauge field is a matter still to be clarified.”

Shiing-Shen Chern
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Motivation and basic idea

Similarity with electroweak theory

Cartan gravity provides a precise answer to Chern's question: gravity in
the mathematical formulation of Cartan is a symmetry broken SO(1.4)
Yang-Mills gauge theory.

As such Cartan gravity mirrors the structure of the electroweak theory of
the standard model.

In the electroweak theory we have:

» a Yang-Mills field valued in the Lie-algebra of SU(2) x U(1)

» a Higgs field ® that breaks the SU(2) x U(1) gauge symmetry down to
U(1), i.e. the gauge group of electromagnetism.

» The electromagnetic gauge group is the subgroup of SU(2) x U(1)
transformations that leaves the Higgs field ® invariant.

In Cartan gravity we have:

» a Yang-Mills gauge field A?F valued in the Lie albebra of SO(1.4)

» a Higgs field VA that breaks the SO(1.4) gauge symmetry down to
SO(1.3), i.e. the gauge group of General Relativity in the tetrad
formulation.

» The local Lorentz group is the subgroup of SO(1.4) transformations that
leave the Higgs field VA invariant.
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Motivation and basic idea

Motivation and basic idea

A glaring difference between these two theories is that, while the Higgs
field & of the electroweak theory is treated as a genuine dynamical degree
of freedom, the Higgs field in Cartan gravity V* is not treated as a
dynamical field satisfying non-trivial field equations. Instead, V* is
typically required to satisfy V2 = VAV5 45 = const.

The idea here is to generalize Cartan gravity in a straightforward way and
propose a simple way to provide dynamics to the Higgs field V4.
(Stelle&West 1980, Randono 2010).

In doing so we introduce an additional scalar degree of freedom |V/| into
gravity.
At the same time we know that cosmologists frequently introduce, by

hand, such scalar fields in order to model quintessence, dark matter, and
inflation.

In this generalized dynamical Cartan gravity such a scalar field comes as a
part of the Cartan geometric package and it is then reasonable to expect it
to have direct applications for cosmology.
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Motivation and basic idea

Results

Indeed, by applying Cartan gravity with dynamical symmetry breaking to FRW
cosmology we will see that that this theory yields:

L. The extensively studied Peebles-Ratra rolling quintessence model for a
very simple action.

Signature change for the MacDowell-Mansouri action: the universe starts
out in a timeless 4D Euclidean state, then undergoes a smooth transition
from Euclidean to Lorentzian signature and time emerges. This is similar
to Hartle-Hawking no-boundary proposal.

Recovery of General Relativity at late times with positive non-zero
cosmological constant by adding a ‘kinetic term’ for |V/| to the
MacDowell-Mansouri action.
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atio | : Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
t Reconstructing the metric tensor
Reconstructing the affine connection
Cartan geometry with non-fixed size of balls

An introduction to Cartan geometry
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i Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
t Reconstructing the metric tensor
Reconstructing the affine connection
Cartan geometry with non-fixed size of balls

Basic idea of Cartan geometry

A waywiser measures the traversed distance by keeping track of how much the
wheel has rotated.
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: Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
Reconstructing the metric tensor
Reconstructing the affine connection
Cartan geometry with non-fixed size of balls

Physical waywisers vs idealized waywisers

» ldealized waywisers, on the other hand,
are Platonic creations of the mind where
all irrelevant features, inherent in their
material incarnations, have been stripped
and abstracted away.

The ‘wheel’ of an idealized waywiser we
take to be the two-sphere. One point on
that sphere will be singled out as the
point of contact between the the sphere
itself and the manifold.

» In addition to a contact point we need also a prescription for how the
idealized waywiser rotates when rolled along some path.
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Mathematical representation of the contact point

» The wheel of the idealized waywiser is taken to be a sphere of some radius
¢: Sj — {X' - ;P.BIX{X{J” — 1'2}, {=1.2 3

» Since the contact point is also a point on the sphere we can
mathematically represent it by a contact vector V' satisfying
V'V/§; = (?. This contact vector breaks the SO(3) symmetry to that of
the tangent space SO(2).

» We note that the contact vector V'(x) at some location x, points in the
same direction (it is normal to the surface) regardless of how the waywiser
ended up at that point. Thus, we can specify without loss of generality a
field of contact vectors V'(x), with x” (a = 1.2) coordinatizing the

two-dimensional embedded surface.
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Cartan geometry with non-fixed size of balls

Mathematics of rolling without slipping

» When we roll the idealized waywiser along some path on the manifold it
undergoes a succession of infinitesimal rotations and the point of contact
changes.

» Since we are dealing with a two-sphere these rotations belong to SO(3).

» An infinitesimal SO(3) rotation associated with moving from point x; to
x> on the manifold is given by

ol «| a i
SR = 5 — dx’A,);

;

where dx” = x5 — x{’ and A,

is an so(3)-valued connection.
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: Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
Reconstructing the metric tensor
Reconstructing the affine connection
Cartan geometry with non-fixed size of balls

Calculating the change in contact point

Let us now mathematically quantify the change in contact point when the
idealized waywiser is rolled.

To do this we denote V'(x;) the contact vector at x; and similarly for
VF‘(X;})‘

In order to compare these two contact vectors we roll the contact vector
V/(x;) from the point x; to xo. This yields the vector V/(x2) given by:

Vi(x2) = 6Q1V/ (x1) = (8] — dx’A, )Vi(x) = V(x) — dx’A,  V (x1)
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Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling

Reconstructing the metric tensor

Reconstructing the affine connection

Cartan geometry with non-fixed size of balls

Calculating the change in contact point

Let us now mathematically quantify the change in contact point when the
idealized waywiser is rolled.

To do this we denote V'(x;1) the contact vector at x; and similarly for
VF‘(X;})‘

In order to compare these two contact vectors we roll the contact vector
V/(x;) from the point x; to xo. This yields the vector V/(x2) given by:

Vi(x2) = 6QV/ (x1) = (8] — dx’A, )V (x) = V'(x) — dx’A,  V (x1)

p

— —

e
\
—
=
¥

—

Matias RodriguezT. Hans Westman*. and Tom Zlosnik™ Exploring Cartan gravity with dynamical symmetry breaking

Pirsa: 13070077 Page 17/133



Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling

Reconstructing the metric tensor

Reconstructing the affine connection

Cartan geometry with non-fixed size of balls

The change in contact point and the metric tensor

» The change of contact point is then represented by the object sV' given by

V' = Vi) - V(x)= V()= (V' (a)-dA  V/(x))
= dx*(9,V' + A, ; V) =dx°D,V'".

» An ideal waywiser deduces the traversed distance ds by quantifying the
change of contact point. Thus we have:

ds® = 6;;0V'sV/ = dx*dx"8; D,V Dy V.
» We can now identify the metric tensor as
g.;h — ’ii,{ D_; Vbe Vf.

and e = D,V’ as the (co)-zwei-bein since §;; V'e) = 0 which notably no
longer appears as a fundamental variable.
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: Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
Reconstructing the metric tensor
Reconstructing the affine connection
Cartan geometry with non-fixed size of balls

Reconstructing the affine connection

What about the rate of change of the contact point?

D.DpV' = 8,D0,V' + A, ; DpV’

The component which is normal to V' is again just the metric. But from
the orthogonal component we can read off the affine connection:

P':(D:DyV! —=T5,D V') =0

where and P'; = 5} — 5 V'V, is a projector.

/
We note that the affine connection is not a fundamental object but
something we can construct from the basic variables {V'. A"} if we need it.

We have now showed how to mathematically characterize geometry using
the variables (V'. A”).
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Cartan geometry with non-fixed size of balls

Cartan geometry with arbitrary size of the spheres

The glaring difference with the electroweak theory suggests a
straightforward generalization of Cartan geometry: why not allow for the
spheres to have different size at different points on the manifold?

From a geometrical point of view it seems like an unwanted new degree of
freedom, the norm |V/|, has been introduced.

However, within cosmology researchers frequently introduce additional
scalar fields to model dark matter, quintessence and inflation. Instead of
being a nuisance, such a scalar degree of freedom comes with the Cartan
geometry package and does not have to be introduced in addition to
gravity.

We shall see below how the well-known Peebles-Ratra quintessence model
pops up naturally, as well as a signature change resembling that of the
Hartle-Hawking no-boundary proposal.

Matias Rodriguezf. Hans Westman*. and Tom Zlosnik™ Exploring Cartan gravity with dynamical symmetry breaking

Pirsa: 13070077 Page 20/133



: Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
Reconstructing the metric tensor
Reconstructing the affine connection

Cartan geometry with non-fixed size of balls

Cartan geometry with arbitrary size of the spheres

The glaring difference with the electroweak theory suggests a
straightforward generalization of Cartan geometry: why not allow for the
spheres to have different size at different points on the manifold?

From a geometrical point of view it seems like an unwanted new degree of
freedom, the norm |V/|, has been introduced.

However, within cosmology researchers frequently introduce additional
scalar fields to model dark matter, quintessence and inflation. Instead of
being a nuisance, such a scalar degree of freedom comes with the Cartan
geometry package and does not have to be introduced in addition to
gravity.

We shall see below how the well-known Peebles-Ratra quintessence model
pops up naturally, as well as a signature change resembling that of the
Hartle-Hawking no-boundary proposal.

Matias Rodriguezf. Hans WestmanT. and Tom Zlosnik™ Exploring Cartan gravity with dynamical symmetry breaking

Pirsa: 13070077 Page 21/133



: Mathematical representation of the contact point
Introduction to Cartan geometry Mathematics of rolling
Reconstructing the metric tensor
Reconstructing the affine connection

Cartan geometry with non-fixed size of balls

Cartan geometry with arbitrary size of the spheres

The glaring difference with the electroweak theory suggests a
straightforward generalization of Cartan geometry: why not allow for the
spheres to have different size at different points on the manifold?

From a geometrical point of view it seems like an unwanted new degree of
freedom, the norm |V/|, has been introduced.

However, within cosmology researchers frequently introduce additional
scalar fields to model dark matter, quintessence and inflation. Instead of
being a nuisance, such a scalar degree of freedom comes with the Cartan
geometry package and does not have to be introduced in addition to
gravity.

We shall see below how the well-known Peebles-Ratra quintessence model
pops up naturally, as well as a signature change resembling that of the
Hartle-Hawking no-boundary proposal.

Matias Rodriguezf. Hans WestmanT. and Tom Zlosnik™ Exploring Cartan gravity with dynamical symmetry breaking

Pirsa: 13070077 Page 22/133



Relativistic generalization

Relativistic Cartan geometry and polynomial actions for gravity a:;;::]it'::lli :;”:“’:i’::“ —
General Relativistic limit

Relativistic Cartan geometry and polynomial

actions for gravity
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Relativistic generalization
Standard notation
Polynomial actions for gravity
General Relativistic limit

Relativistic Cartan geometry and polynomial actions for gravity

Relativistic waywisers

To accommodate spacetime geometries and relativistic theories we must
adapt the above waywiser formalism accordingly.

From a mathematical point of view the obvious change to make is to make
use of symmetric spacetimes, rather than spaces, as idealized waywiser
wheels.

In the literature the symmetric spacetimes, representing relativistic
waywiser wheels, go by the name model spaces or model spacetimes.

Although we can choose both a flat Minkowski spacetime or an
anti-DeSitter spacetime as model spacetimes we will consider here only the
De Sitter spacetime which exhibits the symmetry group SO(1.4)

2
“

_T) L XE + YE s Z:‘_ L W: s [ VAVHUA}-.‘ - :t“E

If the contact vector V* is spacelike V> > 0 the subgroup of
transformations that leaves the contact vector V* invariant is then by
construction the Lorentz group SO(1.3).

Similarly, if the contact vector VA is timelike V2 < 0 the remnant
symmetry group is SO(4) and we are dealing with 4D Euclidean manifolds.
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—T24+ X2+ Y2+ 22 W2 =

A B .2
V'V nag = £
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Relativistic generalization
Standard notation

Polynomial actions for gravity
General Relativistic limit

Relativistic Cartan geometry and polynomial actions for gravity

How to translation to more standard notation

» In this talk we treat the waywiser pair { V. A*®} as the basic variables
and think of all other variables as constructed out of these basic variables.
This difference will be important when we consider action principles.

» It is anyhow helpful to establish the relation with the more standard
notation used in Einstein-Cartan theory. This is achieved by fixing the
gauge so that VA = ¢4} (0.0.0,0.0)

DVA = dvA + A% VE = (. do)

A e
AB L y
A J

% (TI N dl.:.er')
~1 (77— 42e) 0 |

D

» Note that V? = +¢° is not assumed to be constant here.
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Relativistic generalization
Standard notation
Polynomial actions for gravity
General Relativistic limit

Relativistic Cartan geometry and polynomial actions for gravity

A class of polynomial actions for gravity

» The basic variables of Cartan waywiser geometry are {V". AAH}.

» The list of possible actions is, of course, infinite, but if we restrict
ourselves to actions which are polynomial in the variables {V*, A*f} and
their gauge covariant derivatives the list is rather short.

S = / 215 FA8FP 4 bapep DVADVEFP 4 canep DVADVEDVE DVP

where the wedge product between forms is implicitly understood and

=

AABCD a1€ascpe V- + a2VaVenep + asnacnsp
E

basco = bieagcoe V- + baVaVensp + banacnso
&£

CABCD C1€aBcpE V

The equations of motion are first order partial differential equations,
something which follows from the fact that the action is polynomial in all
variables and gauge invariant.

If ai, bi, c1 do not depend on V? then a3 term is topological and the a»
and bz terms are topologically equivalent. Thus, we have five topologically
different possible terms.

Matias Rodriguezf. Hans WestmanT. and Tom Zlosnik™ Exploring Cartan gravity with dynamical symmetry breaking

Pirsa: 13070077 Page 27/133



Relativistic generalization
Standard notation
Polynomial actions for gravity
General Relativistic limit

Relativistic Cartan geometry and polynomial actions for gravity

MacDowell-Mansouri action and propagating torsion

» By writing out the MacDowell-Mansouri action, the a; term, in the gauge
VA =

N

' 1 pKL dl | JpKL , 91 | J K _L
Svum = /31‘”,’”\1 (R R —=2—¢'e’R™ + aeee\e>

H* D

we see that the contorsion one-form C” defined by T' = D¥e' = C"e,
does not appear algebraically the the first term. Specifically, the
contorsion one-form appears with a derivative which can be removed by
partial integration only if ¢» = const.

This means that a non-constant /2 awakens new dynamical degrees of
freedom that are dormant in Einstein-Cartan theory or general relativity.

» This might lead to new interesting phenomenology.
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Relativistic generalization
Standard notation
Polynomial actions for gravity

Relativistic Cartan geometry and polynomial actions for gravity
) General Relativistic limit

The General Relativity limit: V? — const.

» Any new theory must yield old tested physics in some well-defined limit. In
fact, the polynomial action yields General Relativity for spacelike VA in the
limit V2 — const.

This can be seen by assuming V? = const. > 0 and rewriting the
polynomial action in the gauge VA = 00y vielding

' )
£d] I _JpKL a1 by I J K L
5>/(b1“0 )'umeeR t i - = C1¢0 | €ykLE € € €

1}0. rlO (IO

I3 (32 bg)r;é@]@[R“

where boundary terms have been discarded.

Here we recognize an Einstein-Hilbert-Palatini term, a cosmological
constant term, and the Holst term.

This understood let us now explore the applications of Cartan gravity with
a dynamical symmetry breaking field V* to cosmology.
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Peebles-Ratra quintessence
MacDowell-Mansouri action with dynamical symmetry breaking field
1 Signature change in Cartan gravity
Applications to cosmology Adopting a suitable gauge for signature change
Imposing FRW symmetry

Peebles-Ratra type inflation

Since Cartan gravity comes naturally equipped with such a scalar field
V?(x) it is reasonable to ask whether well-known scalar tensor theories of
cosmology are hidden in the polynomial action.

Indeed, the extensively studied Peebles-Ratra quintessence model is in fact
just the by — by action

Spr = /(blffwng V= 4. b ValV, HH())DVADVHF{ &

but here disguised in 1st order language.
To see this we make use of the fact that contorsion one-form C" appears
algebraically in the action which allows us to solve for it

b>

‘ i i 2 Kt oy L
Ciy e[,re’,'ld,, log & + 1b €1IKLE “rf,; Iogue

1

Then we plug the solution back into the action and after a Weyl rescaling
yields a Peebles-Ratra action of the form

f)lj

3

Spr = / d*x\/—g (ulR - 8" 0, 00,0 —

()
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Peebles-Ratra quintessence
MacDowell-Mansouri action with dynamical symmetry breaking field
Signature change in Cartan gravity

Applications to cosmology Adopting a suitable gauge for signature change
Imposing FRW symmetry

The MacDowell-Mansouri action and signature change

» Let us now explore the MacDowell-Mansouri action corresponding to the
a; term

' E ~AB -CD
SMM — /JﬂAHc'[;EV &

» In order to explore its consequences for cosmology we impose FRW
symmetry, i.e. homogeneity and isotropy of space.
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' E ~AB ~CD
Svum = /éhfnm:nsv il

» In order to explore its consequences for cosmology we impose FRW
symmetry, i.e. homogeneity and isotropy of space.
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Peebles-Ratra quintessence
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Imposing FRW symmetry

Signature change

» If the Higgs field V* is spacelike then the SO(1.4) symmetry is broken
down to SO(1. 3).

» However, it V* is timelike the remnant symmetry is SO(4), i.e. we are
describing a 4D geometry with Euclidean signature.

» Since we have now allowed V* to be a dynamical variable we simply have
to be open to the possibility that the dynamics implies a transition from

spacelike to timelike Higgs field VA = (T7.0.0.0. W).
T
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Peebles-Ratra quintessence
MacDowell-Mansouri action with dynamical symmetry breaking field
ty Signature change in Cartan gravity
Applications to cosmology Adopting a suitable gauge for signature change
Imposing FRW symmetry

FRW reduced form of VA and AAB

» In this better suited gauge the contact point V* and connection A*f takes
the form

0 ' nE®
—BE' J :

" cot ¥
w® = — £ —CE
r

where K(r) = /1 — kr? and (A.B. C.®.¢'. n) only depending on t and

B . E’=rdf E’ = rsinfd,
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t Signature change in Cartan gravity
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The FRW-reduced MacDowell-Mansouri action

» The FRW reduced MacDowell-Mansouri action becomes
Lerwmm = (AY + Bo)(k + B* — A — C*) — CC(¢B + v'A)

— n(¢vB + ¢A)(k + B* — A* = C%)

» A typical solution to the equations of motion looks like

» Here we see a perfectly smooth well-behaved process of signature change.
The purple line is V2 which changes sign. The scale factor
2> = (Ao + Bu)? exhibits expontial acceleration. Importantly we do not
see V2 settling to a constant value and this means that we do not recover

General Relativity at late times.
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Peebles-Ratra quintessence
MacDowell-Mansouri action with dynamical symmetry breaking field
Signature change in Cartan gravity
Applications to cosmology Adopting a suitable gauge for signature change
Imposing FRW symmetry

Adding the 'kinetic' term b,

» Adding the by term to the MacDowell-Mansouri action

' E~AB ~CD A B ~CD
Smm+ /JIfA.!»'(UﬁV F*°F"" + byVaVengpDV DV F

yields the typical FRW solutions

- e T et ———————

» The signature change survives this modification but more important is
that V? stabilizes to a constant value at late times so that General
Relativity is recovered.

» We note that the Cartan geometric matter actions exhibited in
arXiv:1209.5358 are polynomial in all variables. Therefore, degenerate
metrics do not pose a problem for matter fields.
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Peebles-Ratra quintessence
MacDowell-Mansouri action with dynamical symmetry breaking field

Signature change in Cartan gravity

Applications to cosmology Adopting a suitable gauge for signature change
Imposing FRW symmetry

The FRW-reduced MacDowell-Mansouri action

» The FRW reduced MacDowell-Mansouri action becomes
- (AY) + Bo)(k + B? — A* = C?) — CC(¢B + 1A)

— n(¢B + ¢A)(k + B* — A* — C?)

» A typical solution to the equations of motion looks like

Lrrwmim

» Here we see a perfectly smooth well-behaved process of signature change.
The purple line is V2 which changes sign. The scale factor
2> = (Ao + Bu)? exhibits expontial acceleration. Importantly we do not
see V/? settling to a constant value and this means that we do not recover
General Relativity at late times.
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» Adding the by term to the MacDowell-Mansouri action

' E~AB ~CD | A g 1B 0D
Smm+ /Jlumtnf\/ F"F" 4+ boVaVengpDV "DV F

yields the typical FRW solutions
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» The signature change survives this modification but more important is
that V/? stabilizes to a constant value at late times so that General
Relativity is recovered.

» We note that the Cartan geometric matter actions exhibited in
arXiv:1209.5358 are polynomial in all variables. Therefore, degenerate
metrics do not pose a problem for matter fields.
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Conclusions & Outlook

Conclusions and Outlook

We saw how the extensively studied Peebles-Ratra quintessence model was
hidden in first order form within the simple polynomial class of actions.
We also saw how the MacDowell-Mansouri action leads to signature
change instead of a big bang singularity, resembling the Hartle-Hawking
no-boundary proposal.

Finally, we saw how we can recover General Relativity at late times by
adding a ‘kinetic term’ to the MacDowell-Mansouri action.

These are qualitative results and it remains to determine if this Cartan
geometric cosmology can be made in quantitative agreement with
cosmological data.

It is not unreasonable to expect that the singularity inside black holes
could also be replaced by a signature change, but this remains to be
investigated.

Cartan geometric matter actions are polynomial in all variables and are
therefore robust against degenerate geometries such as signature changing
ones. In fact, all field equations, both matter and gravity, are in a Cartan
geometric formulation first order partial differential equations rather than
of second order.
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Preface: Quantum s/(2) in a nutshell

The standard or Drinfel'd-Jimbo quantum deformation of U(s/(2.R)):

@ Deformed commutation rules:

[J3,Js] = £y [Je. )]

sinh(2z J3)
Z

@ Deformed coproduct compatible with them:

AB)=h@1+10 Lk A(Je) = Ji @ ¥ + e
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Preface: Quantum s/(2) in a nutshell

The standard or Drinfel'd-Jimbo quantum deformation of U(s/(2.R)):

@ Deformed commutation rules:

[J3,Ji] = £y [Je. )]

sinh(2z J3)
Z

@ Deformed coproduct compatible with them:

A(Ji) J3 o | J:‘. A(J ) J] [._-Il, !
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Preface: Quantum s/(2) in a nutshell

The standard or Drinfel’'d-Jimbo quantum deformation of U(s/(2.R)):

@ Deformed commutation rules:

[J3. Ji] = +£Js (o J ] = sinh(2z J3)

@ Deformed coproduct compatible with them:
A(S) = h s O AUr)=Jr: e +e @ Uy,
@ The coproduct map A can be expanded as a formal power series in z

2

A — Z A(A) — Zzi\r‘l‘(;\) — AO T Z'S(l] T O[Zh]
k=0 k=0
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Preface: Quantum s/(2) in a nutshell

The standard or Drinfel'd-Jimbo quantum deformation of U(s/(2.R)):

@ Deformed commutation rules:

[J5, Js] = £y (oo J ] sinh(2z J3)

@ Deformed coproduct compatible with them:

AB)=hR1+1R 4 Alde) = Jp @ +e~2 g UL,

@ The coproduct map A can be expanded as a formal power series in z
b}

N _ _k 2
A -ZAU«} S z 0y = Do + 2 (1) + o[Z”]
k=0 k=0

@ The Lie bialgebra associated to the deformation is given by the
cocommutator map defined as (the skewsymmetric part of ) dy):

01(5) =0 o1(Jx) = Jx N A5,
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