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Introduction

* Spin Foam models : non-perturbative candidates for quantum gravity

[Barret, Crane, Rovelli, Reisenberger, Livine, Speziale, Engle, Pereira, Freidel, Krasnowv,...

* Microscopic description of space-time
* Regularization of the path integral based on a discretization of space-time:
—> lattice (two-complex)

* No (background) lattice constant: Generalized lattice gauge theories

* Lattice regularization in general breaks diffeomorphism symmetry

* Q: Large scale physics of spin foams?
Limit with many building blocks and small discretization scale?

- Do they flow under renormalization to a continuum space-time?
* The complexity of the models has prevented an explicit study

* First step to answer this question :

—> to analyze simplified models which capture essential features of SF’s
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Introduction

Simplifications :

- Lie groups —> finite groups: baby spin foams (Banr, Dicrich, Ryan, 1103.6264
- General two-complex ——> regular lattice

- Dimensionally reduced models (one-complex) ——> spin net models

Spin Net models : retain kcy ingredient of SF’s

—> Simplicity Constraints

[t is doable to analyze their renormalization flow by using coarse graining

techniques from condense matter and statistical physics

L 1 . .
I'ensor network renormalization
—> Behavior under coarse graining

—>» Restoration of symmetries in the continuum limat
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Outline

1. Spin Foams basics

2. Spin Nets

3. Tensor network renormalization group approach
4. Spin nets based on S3

5. Outlook

6. Conclusions
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Spin foams basics

* Generalization of lattice gauge theories

i. Standard lattice gauge theory

face weight : (W ( (,l’) = Wy ( .f,f’.f].f[" I )

/
Z~> Jwr(ger - gen)
Je |

S

[ face holonomy

rroup elements attached to edges
g 2

In dual variables (group Fourier transform)

!

P4

Z~Y (1o I1P-(psts 2 e)
ot ¢
' T

Haar Projector (intertwiner)

projects on the inv. subspace of (< ) ( | Py ® Py )
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Spin foams basics

ii. Spin Foams in Spin representation

* Background independence : wy = 1

* Replaces Haar projector by a projector in a smaller subspace

Z ) E H ( r,.( { Pf }f Ye ) simplicity constraints
{J.‘f' [

£

FPe({pr}r .1‘ I[ ! :fz‘:l“/‘,(ff':'}l e)
’ l

‘e . different from Haar projector in general
Fixed points and phases :

+ Those of lattice gauge theory :
- BF = weak coupling limit:

e

is the Haar projector

- degenerate = strong coupling limit : all pf frozen to the trivial rep.

+ Any additional fixed point ?
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Spin Nets

* l-dimensional reduction of SF’s:
2-complex

P2 | l-complex

1
, 2 P
m / L

4 4

/~ZH( erdoe) = Z~) ]G ede>r)

P3

local gauge symmetry —— global symmetry

Similarity between lattice gauge theories in 4D and corresponding “edge”
models in 2D. [Kogut, Rev. Mod. Phys. 51 (1979)]
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Spin Nets as vertex models

P({pe}esw)

Z~> T Co({pe}esw) Co({Pe}eow) fTw.-}.- )| 11 f-Tw
e U

4 v Vv Haar projector weights for intertwiners
H , = & . : i i
¢ 1 Pe ( pe & Vpz ) (determine dynamics of models)

* Regular square lattice

/ \ 2 (Cy)1234 € @) He
Z ~ tlr :{ ‘

\ /

!
Pey Mgy M,

l .‘ - I‘\ - ' * *
]ﬂ'" Me, M, ) In this basis : (( r‘)mlm’lmgm.ﬁm;;m;lm ey (f’l s P25 P34 f’l)

Global gauge invariance ——>» 01 & po D o1 C p3 X P4

In the recoupling basis the tensor diagonalizes per blocks
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Spin Nets as vertex models

P({pe}esv)

Z~> T Co({petesw) Co({Pe}eow) ft’uw.-}.- |11 f-Tw
Pe v

. v Vv Haar projector weights for intertwiners
— '. ) '_‘ o . . .
‘;i" 1 Pe ( P G ¥p2 ) (determine dynamics of models)

* Regular square lattice

/ \ 2 (Cy)1234 € @i He
Z ~ t1r :{ ‘

\ /

/
Pey Mgy M,

l .‘ - I'\ - ' * e
]n“'" Mey 11, > In this basis : (( :')m1m’lm-_lJ;r{zmggmflm.lm’l (f’l s P25 P34 f)l)

Global gauge invariance ——>» 01 @ po D o1 C p3 X P4

In the recoupling basis the tensor diagonalizes per blocks
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Spin Nets in recoupling basis

p1ymy,my) @ |pa,ma, ms)

m - . !/ !
I'o recoupling basis : |pr, pfp.mp, miy) Z

] '
LU LD Y LLE Y LY

1

my MY 1

! |

Clebsch - Gordan coefficients

’
my

)

! ’ . " v ’ 12 * /
Cylp1y P2, P35 P4y PT PT) Co(p1s P2y P3y PLs PSy PS)

~ . . / .
Global gauge invariance = blocks labelled by (o7, 07) independent on (17, m7)

T

Intertwiner chanel
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e —~) ’_\
Relation between (' and ,l,

§ -‘”fr u

2 2

A ! A
1 L PSS P4 P1 Ps Pa P11 1]
( v T3 E : { PT P2 P3 } { J ( v

P P2 P3
f”f“:“:.]‘

]

6j - recoupling symbol
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Coarse graining via tensor network methods

* Blocking procedure

- Can deal with complex amplitudes
- Direct access to structure of fixed points

("‘ff
t

| |

summarize pairs of edges truncation retaining relevant d.o.f.
(range of indices grows exponentially)

n

| m
’ —— .o
Embedding map: coarser «—— finer ( ) m,m’ =1, ,d

1
. m L, -
T 1

bond dimension

* 'To retain relevant d.o.f —— singular value decomposition
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Tensor Renormalization Group

[Levin &Nave, Gud&Wen, Vidal, ... 00’s+]

1. Regard 4-valent tensors as matrices : diagonal per blocks

A —p il A!‘_.) S L
Cy(p1,p2,0%, 0%, 01, P7) = (METPT) 4 B Cy(p1s P2, P3: Pis PS5 P5) = (ME*PS) 4
{p1.p2}  {p3spi) {p2, P53}  {pis;1}

2. Singular value decomposition for each block : symmetry preserving algorithm

X X
(Miy)a.B Z(‘L"l),"\‘111('5'2)13.:” (M2)a.g = Z(HZS)A.m.('g-l)!i,m
m=1 m=1
2 e 2
- T(51)a {1,2},m 2 (55) {-.'.:n‘m‘

| / »> A

3 > e > ;i o I 3 » m
: (Mi)a,B 3 g m b 1 ! I
A 3 -

52) Bef3,4},m (M), y
(52)B=(3,4) A A - & (51) B=(a,1},m
1 4 1

Pirsa: 13070055 Page 14/81



Tensor Renormalization Group

3. Lattice splitting in 3-valent tensors

| ] L -~ - - -
Sy S1 Sy 51
P A > > ¥ >
\ n \ -
- * > . » L] » \ » /
A .'1 N I-_g -""l Sh S4 .'5‘-_!
- . - - - -
S 1 .H"; .‘1‘] Sy
. > » | > ] ; > >
My | M o b " b
A A » ) i T
So g4 Sy 94
- L] - s - -

4. Contraction to get effective tensor (rotated lattice)

\/ ¥
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Flow equation

2 x - S X So(b,a;m)
i i < Si(e, bymsg)
== E (& A T (A Y Aa T
X 91 LN
(¥} ’f £ l']l ; ; ( )
y d | q/ d i X Sy(a,d;my)
(CHYL, (o1, phym, - , 5, oy ma)

T |

L, -+, x1(p1, 01)

PT Pec Pa
i { Pb 1 /"..’}

PT P3 P4
ying { Pa Pa Pe }

Hilbert space on each edge: H, = Dpe.p,s Xe(Pes Per ) (Vp, @ V(p{. v+ )

under coarse graining we obtain an enlarged space of models
e d g g bt larged sp f lel
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Intertwiner dynamics

(pr, /J-’r) Intertwiner chanel

‘H" x IE',I". (llﬂr &) \‘,”,‘} tHl 'E';J, Pal \i'{f’r'- Pe’ }(\,U, -4 \'(I,IJ" g )

2 . ! *
* Standard lattice gauge theory: p = p
s - . / * . *
* Simplicity constraints : p° # p* , some representations are forbidden

\ . . /
* Factorizing models : p and p’ decoupled

- we can consider just one copy: anyon models (in condensed matter)

He =0,V J'

Particles coupled to Chern Simons
Continuum limit : critical phase (massless excitations)
Hamiltonian topologically protected against perturbations
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Spin Nets based on S;

* Group of permutations of three elements
* Simplest group with intertwiner degrees of freedom (non-abelian)

Formed by 6 elements: identity, three odd permutations (two-cycles), and two
even permutations (three-cycles)

* Irreducible representations:

- Trivial representation

p=1 22 =1
- Sign representation p=2 203 =3
- Standard representation (two-dimensional) p=3 3®3=192603

* Definition of our models: C,({p.}cy0) = P({pe}esv)

E(1)

E(2) PRS- E(g) = E(hgh™) Vh e Z,
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Phase diagram

P l4+a—[F—7 0
E(l])=14+a+28+ 2 E2)=1-a-28+2y E(3) ( 0 PRy )
e Lattice gauge theory models : @« = 3  «—> E(g) = E(¢'99'™") V¢ € Sy
+ BF (Sgorder): a=p=v=0 A=11n (pr,pp) =(1,1),(2,2),(3,3)
+ HT (disorder): a==v=1 A=1 in (pr,p7) =(1,1)

* BFon S3/Z3 (Zy order):a=£=0,v =1 A=1in (er,pr)=(1,1),(2,2)

K L]
05
BF on 7y
04 .
03l
-~ I . M
/ H'I
0.2
. .
.
0l
L
| BF :
i P T S |
0.0 ol 0.2 03 0.4 0.5
o €]

16
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Phase diagram

- : - l4+a—[F—7 0
E(l)=14+a+4+ 23+ 2 E2)=1—-a-28+ 24 E(3) 0 I—adB—1

¢ Non-standard models : o # [3

+ Barret-Crane analog: p# 2, a=1,=7=0 — F(g)

/ dho(gh

For low bond dimension it flows to a non-standard fixed point with p = 21

[t flows to BE, but very close to the phase transition

g 0 B=0
1.0 10 .
o o8- BFon Zg e
0.6 0.6
HT r
3 Y
)4 0.4 l[']'
P e
L] L]
) . [ T 0 o
. ™ L] L ] L ] » ® .
BF PO At o O O80T e o o o aufnd
0.0 ‘ 1 : 1 b El . . ’ ’ b Rl 1 . i’ 1 ’ J lH]I 1 ‘ " 0 1 . b 1 i " 4 . ‘ 1 i ‘ " 4
00 0s 1.0 .5 0 00 0s 1.0 1.5
x X

BC analog

Pirsa: 13070055 Page 23/81



BF-HT phase transition

* Fine tuning to go away from dominating phases (BF or HT)

- similar for BC spin foam model: need to fine tune face weights

[Khavkine & Christensen Class. Quant. Grav. 2007]

* Important to move away from standard LGT: linearizations around the fixed
; B g
points of LG'1 ()nly allow for p = p

N ' . ' . / *
- Migdal-Kadanoff-like approximations never consider p = p

* Near a phase transition line the number of iterations to reach the fixed points
increases

- The model looks the same over a range of scales (iterations)
- BC analog spin net is near this regime!

* The phase transition line might have more structure: additional fixed point
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Non-standard fixed point

A=1 in (or,pf) =(1,1),(1,3),(3,1),(3,3)

p# 2 ——>»  signrepresentation forbidden, simplicity constraint of BC analog
. - / *
® QOutside the range of original models: p ?é P

¢ Factorizing form: Co({pe}- {P.}) = t{pe Ht({p.})

(3) . . . .
e ' defines a triangulation independent model : inv. under 2-2, 1-3, 3-1 Pachner moves
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Outlook

* TRG keeping a single singular value per block
- Most relevant d.o.f : reproduces phase diagram

- Semi-analytical approximations for dynamics of intertwiners

* Other contraction schemes feasible for higher dimensions

-c.g 2 1 ;
L
VA={1.2}.4 Ug (3,44
= == ™
A Up=(aa}i ( |
: | ] St g
3 i
} } | a{ I \ /
tested for the lsing model in 3D [S. Steinhaus, private communication]
- Corner transfer matrix renormalization [Baxter (1978), Nishino & Okunishi (1996), ...]

20
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Outlook

* TRG keeping a single singular value per block
- Most relevant d.o.f : reproduces phase diagram

- Semi-analytical approximations for dynamics of intertwiners

* Other contraction schemes feasible for higher dimensions

-c.g 2 1 ;
o
VA={1.2}.4 Ug {3,4).4
= =D By
__\" Be={3.4},i [ |
, | ] 34
3 i
} } | ;{ | \ /J
tested for the lsing model in 3D [S. Steinhaus, private communication]
- Corner transfer matrix renormalization  [Baxter (1978), Nishino & Olunishi (1996), ...]

20
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Outlook

* Enlarge space of models:

H,. — (])!h- ( “";u‘ (039 ‘f},:_* ) Ea— richer phase diagram

* Quantum groups SU(2), with ¢ root of unity [s. Swinhaus’s talk]

- study analogs of BC and EPRL

* Define observables and analyze their flow under renormalization

* Apply the lessons learnt with spin nets to spin foams!
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Conclusions

* Non-abelian spin net models retain essential features of spin foam models:
—> simplicity constraints

* In vertex-model form we can analyze their renormalization flow under coarse-
graining by using tensor network techniques

* Symmetry preserving algorithm : blocks labelled by intertwiner d.o.f.

* Approximation method to track these degrees of freedom: truncating SVD
(the bigger the bond dimension the better the approximation)

* BC analog flows to BF but it 1s close to the phase transition

* Non-trivial fixed point detected, respecting BC simplicity constraints
* It defines a triangulation invariant model

* Need to fine tune to go away from lattice gauge theory fixed points

* The biggest singular values in each block seem to retain the most relevant

physics
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Introduction and motivations

Field theory interpretation of spin foam models: Group Field Theory (GFT).
@ Main advantage: organizes the sum over foams.

e Main drawback: GFTs are poorly understood QFTs. In particular: renormalizability?

Challenge

Construct a renormalizable GFT for 4d quantum gravity.

Recent perspectives: significant help from tensor models — Tensorial Group Field
Theories (TGFTs).

See plenary talks by Gurau and Rivasseau + parallel session on GFTs and tensor models.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field Tl 23/07/2013 2/15

Pirsa: 13070055 Page 35/81



Introduction and motivations

Field theory interpretation of spin foam models: Group Field Theory (GFT).
@ Main advantage: organizes the sum over foams.
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Introduction and motivations

Towards 4d spin foam QG models:

e First TGFTs, of a purely combinatorial nature:

-6

e U(1) model in 4d: just-renormalizable up to " interactions, asymptotically free

4 interactions, asymptotically free

e U(1) model in 3d: just-renormalizable up to ¢

e even more renormalizable models

@ Reintroducing the connection degrees of freedom:

o U(1) toy-model in 4d . super-renormalizable;
e U(1) toy-models in 5d and 6d: Just-renormallzable

asymptotlcally free
e SU(2) model in 3d: just- renormallzable

e Simplicity constraints: future...

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Structure of a TGFT

@ Dynamical variable: rank-d complex field

p gd)S«Gdr—MC.

with G a (compact) Lie group of dimension D.

@ Partition function:

Z= /(l/rc(g. up)efs(*\"*ﬁ).

o S(p,p) is the interaction part of the action, and should be a sum of local terms.

e Dynamics + geometrical constraints contained in the Gaussian measure dyu ¢ with
covariance C (i.e. 2nd moment):

/'cigrc-(¢.;)¢(gf)¢(g:> = Clgri g))

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Structure of a TGFT

@ Dynamical variable: rank-d complex field

p gd)BGdr—MC.

with G a (compact) Lie group of dimension D.

@ Partition function:

Z= /(l/rc(p. up)efs(*ﬁ'";).

o S(yp, ) is the interaction part of the action, and should be a sum of local terms.

e Dynamics + geometrical constraints contained in the Gaussian measure dyu ¢ with
covariance C (i.e. 2nd moment):

/'ducw.w(gf)p(g:) - C(gri )

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Gaussian measure

We would like to construct TGFTs with:
@ a built-in notion of scale i.e. a non-trivial propagator spectrum;
@ a notion of discrete connection at the level of the amplitudes.
Particular realization that we consider:

e Gauge constraint:

@ supplemented by the non-trivial kernel (conservative choice, also justified by

)

-1

m2 o ZA{-‘

£=1

This defines the measure dyc:

d

. 00 4 .
/ duc(p,?) p(ge)p(gr) = Clgeige) = / doe™" / (th K.(gehg, ™),
: . ! =1

where K, is the heat kernel on G at time «.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Gaussian measure

We would like to construct TGFTs with:
@ a built-in notion of scale i.e. a non-trivial propagator spectrum;
@ a notion of discrete connection at the level of the amplitudes.
Particular realization that we consider:

e Gauge constraint:

@ supplemented by the non-trivial kernel (conservative choice, also justified by

)

-1

m2 s ZA{-‘

£=1

This defines the measure dyc:

d

. 00 4 '
/ duc(p,?) p(ge)p(gr) = C(gei ge) = / dae™*" / (th Ka(gehg, ™),
' -~ y £=1

where K, is the heat kernel on G at time «.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Feynman graphs

@ The amplitudes are indexed by (d + 1)-colored graphs, obtained by connecting
d-bubble vertices through propagators (dashed, color-0 lines).

Example: 4-point graph with 3 vertices and 6 (internal) lines.

@ Nomenclature:

o L(G) = set of (dotted) lines of a graph G.
o Face of color / = connected set of (alternating) color-0 and color-¢ lines.
o F(G) (resp. Fext(G)) = set of internal (resp. external) i.e. closed (resp. open) faces of

G.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013 W/LAB
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Amplitudes and gauge symmetry

@ The amplitude of G depends on oriented products of group elements along its faces:

Ag H /“hl'ee_”g”e /‘:lhe H Ka(r (ﬁhe'E()

ecL(Q) ) fEF(G) ecdf

____> .
[I Koy | 8o | IT 1e™ | &

feEFext(G) e€ Of

H /(lfre P { Regularized Boulatov-like amplitudes }

ecl(Q)

where o(f) = > cor e, 8s(r) and gy(r) are boundary variables, and ¢, = 41 when
e € Jf i1s the incidence matrix between oriented lines and faces.

o A gauge symmetry associated to vertices (he > gy(e) hegszel)) allows to impose
he = 1 along a maximal tree of (dotted) lines.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field Tl 23/07/2013 8/15
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Amplitudes and gauge symmetry

@ The amplitude of G depends on oriented products of group elements along its faces:

Ag H /“hl'ee_”g”e /‘:lhe H Ka(r) (ﬁhe'“)

ecL(G)" ; fEF(G) ecdf

____> .
[I Koy | 8o | IT 1™ | &

fEFext(G) ecOf

1_[ /(1(\“98'”2”9 { Regularized Boulatov-like amplitudes }

ecL(G)"

where o(f) = > cor e, &s(r) and gy(r) are boundary variables, and ¢, = 41 when
e € Jf i1s the incidence matrix between oriented lines and faces.

o A gauge symmetry associated to vertices (he > gy(e) hegszel)) allows to impose
he = 1 along a maximal tree of (dotted) lines.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013 8/15
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Amplitudes and gauge symmetry

e The amplitude of G depends on oriented products of group elements along its faces:

Ag H /“hl’ee_”g”e /‘:lhe H Ka(r) (ﬁhp'“)

ecL(Q) : fEF(G) ec€df

____> .
[I Koy | 8o | I1 1e | &t

fFEFext(G) ecOf

H /(lfre P b { Regularized Boulatov-like amplitudes }

"

ecl(Q)

where o(f) = > cor e, &s(r) and gy(r) are boundary variables, and ¢, = 41 when
e € Jf i1s the incidence matrix between oriented lines and faces.

o A gauge symmetry associated to vertices (he > gi(e) hegszel)) allows to impose
he = 1 along a maximal tree of (dotted) lines.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013 8/15
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Classification of just-renormalizable models

Abelian power-counting theorem

The degree of divergence of a graph H is given by
w(H) = =2L(H) + D(F(H) — R(H))

D{d —2)—2

D(d —2) — ;

N

Vimax /2

> [D(d —2) — (D(d — 2) — 2)k]nax

3p(H).

D | Vmax w

6 3—N/2—2n2—n4+3p
4 4 — N —2n + 4p

4 4 — N —2n 4+ 2p
6

4

3—N/2—-2m—ns+p
4—N—2n2+;)

Table: Classification of potentially just-renormalizable models.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013

9/15
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Classification of just-renormalizable models

Abelian power-counting theorem

The degree of divergence of a graph H is given by
w(H) = =2L(H) + D(F(H) — R(H))

D{d —2)—2

D{d —2)— -

N

Vmax /2

> [D(d —2) — (D(d — 2) — 2)k] s

3p(H).

D Vmax w

6 3—N/2—2n;)—n4+3p
4 4 — N —2n + 4p

4 4 — N —2n + 2p
6

4

3—N/2-2nm—ns+p
4—N—2n2+;)

Table: Classification of potentially just-renormalizable models.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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The ¢° just-renormalizable model: G = SU(2) and d = 3

>

-

7N, AT T A
(&\ /J \\ )4}/ %>

Figure: Possible bubble interactions.

Zp = /(IHC/\(L;.\;)E—S,\(;.@)‘

Sh = t£\54 + t(?.lsb.l - ré\,gso.z <+ CT,/;\;Sm -+ CT:_}S, y

Sm(e,P) = /[‘lg]3¢(3'1«g'z.

Se(#:P) _/l[flg']a v(&1, 82,

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Divergent graphs

Degree of divergence:

() =3— =

5 — 2N — ng + 3/J(H/T)

&

S R NS B

Table: Classification of non-vacuum divergent graphs for d = D = 3.

2-point divergences = mass and wave-function renormalization.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013 11 / 15
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Coarse-graining high scale faces

Goal: reabsorb the divergences into the coupling constants, the mass, and the
wave-function couter-terms.

Necessary condition: divergent high subgraphs must be quasi-local, i.e. look like
(connected) tensor invariants.

Example: scales i < j

This is not automatic in TGFTs — traciality:

o flatness condition: the parallel transports must peak around 1 (up to gauge);

@ combinatorial condition: connected boundary graph.

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013
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Results

@ Perturbative renormalizability at all orders

traciality of the divergent subgraphs (melonic);

multiscale expansion in a non-Abelian setting;

counter-terms indexed by face-connected subgraphs;
adaptation of the notion of Zimmermann forest to this context;

BPHZ theorem...

e Renormalization group flow

o effective field theory a la Wilson;
e truncated flow equations;
e asymptotic freedom?

Sylvain Carrozza (Albert Einstein Institute & UniversitRenormalization of an SU(2) Tensorial Group Field TI 23/07/2013 13 / 16
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On the renormalization group flow of the
cosmological constant in causal dynamical
triangulations

Joshua H. Cooperman

])('l);ll‘l ment of |)|l_\'.~«"|{'.~\‘
University of California, Davis

|,lJIi|)H 2013

Perimeter Institute for Theoretical Physics

23 July 2013
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An introduction to causal dynamical triangulations

(ellilllllllll;Illll)lillld{‘ A“ Z‘ //('77-)"5' -T_ S1UIm over ;ll[t‘;lllh:l|
. triangulations 7.
y
rf-|'r!,. I
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An introduction to causal dynamical triangulations

Quantum amplitude Al L u(To) eS17e]  Sum over all causal

T triangulations 7.
rr|'r!,. ["

e Simplicial manifold possessing a global foliation ".‘
|}.\' >-|1:ll'<‘|i1\'|‘ ||.\ |lt‘|'HI|i'I.:I('|‘>< all of the same

topology /;/ a /” aa’
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An introduction to causal dynamical triangulations

Qll:lllllllll;|l|)[)|i|||(1t' ,A[[ Z //(‘77.){’5‘.7_": Sum over all causal

T triangulations 7,
rf-|'r!,. ["

e Simplicial manifold possessing a global foliation ".‘
|}.\' %\|l€ll'('|”\'l‘ ||.\ |l('|'."\'||l'I..'I('l‘."§ all of the same

topology /;{ a /!, aa’

Sum over all Wick
) i v . ; \ y ._,‘-ff'.']'or
Partition function Z[I'] E pll-le™ el rotated causal

T triangulations 7.
T.. OTa |
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An introduction to causal dynamical triangulations

Quantum amplitude A“ X /[{T_)‘,,w Te] Sum over all causal

T triangulations 7.
rr|'r!,. ["

e Simplicial manifold possessing a global foliation ".‘
by spacelike hypersurfaces all of the same

[(Jl}tlli)gl\'

/;{ (1 /” rm

Sum over all Wick
il - £ : g 5 L“-{I'_']-.T
Partition function Z[I'] E ull)e™ e/ rotated causal

T triangulations 7.
TeloT.=I"

e Run Monte Carlo simulations of representative
causal lt'i.‘lllglll;lliunr& at fixed T, .\‘|. and bare

couplings
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An introduction to causal dynamical triangulations

Quantum amplitude ATl Z‘ u(T2) STl Sum over all causal
T triangulations 7.

rf'|1f.l',- I

e Simplicial manifold possessing a global foliation ".‘
by spacelike hypersurfaces all of the same

[(Jl}tlli)gl\'

/;{ (1 /” rm

Sum over all Wick
., » . . . \ 9 ._.‘-{l'.']"T
Partition function Z[I'] E u(Tz)e™> "U'el  rotated causal

y * triangulations 7.
T.. '.’f.‘ I

e Run Monte Carlo simulations of representative
causal triangulations at fixed T°, N4, and bare

couplings
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An introduction to causal dynamical triangulations

AT = 3 u(T)efsTl  Sum over all causal

T triangulations 7.

e TOBA

e Simplicial manifold possessing a global foliation
/'._’ 2
!/ cxYa

(1

by spacelike hypersurfaces all of the same
S

[(Jl}tlli)gl\'

Sum over all Wick

rotated causal

' . G(BE) (1
= Y p(l)e” 7
triangulations /.

Partition function Z
T
TeloT, =1
e Run Monte Carlo simulations of representative f
- . . - - = c I
causal triangulations at fixed 7", N4, and bare d b A
. 02 .
couplings & /
. !I
e [instein gravity with positive cosmological B
~3 v LS‘] s i : 3
Ao
[Ambjorn et al 2012

constant for spacetime topology &
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An effective description of phase C on large scales

Dynamical variable N2 (1)
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1 effective description of phase C on large scales
An effective description of pl C on larg |

Dynamical variable N3 (1)
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1 effective description of phase C on large
An effective description of phase ( o

Dynamical variable N2 (1)

.................................

scales

e S (0 S S S 0 (e e i e e
L] 20 10 0 10 20 0

IEEE (e e essan

ss====x/faag==s!

—,—’:'Lf“, f A I =

1 "l!_,ll_ [ N ‘-:l | | — \‘ Vo
| e ] 1 A A
'.‘f;‘f'.'i(‘t\.T“**“‘_L._l.‘.*.:

. . . . . _vﬂ"
Numerically measured effective action for N; i'(T) [Ambjgrn et al 2005, 2008, 2012
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Aim and method

Aim
® L[xtract the renormalization group flow of the c'nslllulugi{':l| constant
L ] |“(H'11.“\ On |]11' 1|i[||t'||,-;iu||h'&-¢h |ll‘|>¢|11('| (r’\

e Measure effective length scales in units of the Planck length (p
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Aim and method

Aim
® [xtract the renormalization group flow of the c'nslllulugi{':d constant
L ] |‘.(H'1l.“\ On |]11‘ 1|i|||t'||,-;iu||h'&-¢h ||l‘|n|11('| (r,\

e Measure effective length scales in units of the Planck length (p

.\li‘l ||{N] Ambjprn et al 2008
- . - ~ o B} G . .
@ it the effective action S, ‘.\..‘._H'r‘(r)‘ to numerical measurements of
<\H/ [F)> and <!i:/'{ F}I#}?/ (T")> to determine the effective couplings ¢,

EDy €y o o s
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Aim and method

Ailm
® [xtract the renormalization group flow of the cosmological constant
® |‘.(H"ll.“\ O1 |]11' 1|i[||t'||,-;iu||h'&-¢h |ll‘|n|11('| (r,\

e Measure effective length scales in units of the Planck length (p

.\l('l ||U(l Ambjern et al 2008

- . . . ofl 195} - . .
® F'it the effective action 'Hc-u ‘.\..‘.?'r‘(rj‘ to numerical measurements of
<\H/(F)> and <H5\;/'{F}H}?/(T’P)> to determine the effective couplings ¢,

EDe €y o o o

® Finite size scale the effective action 'H:‘H ‘.\;'?!'( )] towards the continuum
limit to relate the effective couplings ¢y, ¢2, ¢3, ... to the gravitational

couplings G, A, . ...

@® Analyze many different ensembles of causal triangulations to probe many

different effective scales.
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Aim and method

Ailm
® [xtract the renormalization group flow of the cosmological constant
» |'.(){'11>- O |]11' 1|i[||t'||,-;iu||h'&-¢h |ll‘|n|11('| (r,\

e Measure effective length scales in units of the Planck length (p

.\li‘l II{NI [Ambjgrn et al 2008

- . . . (E) rQ . :
@ it the effective action S, ‘.\..‘._H'r‘(r)‘ to numerical measurements of

N2E(r)) and (nSL(mnSE (1)) to determine the effective couplings ¢ .
< e ] .} o) l o |

CDy €y o o oo

® Finite size scale the effective action S g’ [N5%(7)] towards the continuum
limit to relate the effective couplings ¢y, ¢2, ¢3, ... to the gravitational

couplings G, A, ....

® Analyze many different ensembles of causal triangulations to probe many

different effective scales.
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Fit of the effective action S((\III‘.’)UV:*;”*(T)]

‘ ‘ 1 1 A l rS = . Y P |
]‘lxlm“(l the effective action ".’ftl')“’\":'?!'(f")] 1n powers of H_‘-?,I‘(F') about <.'\-';3.H{‘(T)>

©
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Fit of the effective action LSY((\”-)[N;?L(T)]
Expand the effective action .";((‘[l,'-‘)‘-’\":':w'(r)] in powers of H":‘I‘( ) Wi (\”(T)>

® Zeroth order in NE‘:!'(T)

e it discretization of V3(n) for Euclidean de Sitter spacetime to <\;I(T)>

1400
1200

1000

{800 b i r(l,4)y 1/2 1/2
# \ r S '\" ] En 3 Co
Y a0 4 . <‘.\.:§ !(T)> < 1 1 / 3 ('t)H, ( ,.I{ r)

400

200

L ittt e it PO PP (O s e i e
0 20 10 0 10 0 10

e Determines 2 in terms of ¢3 and constrains c3

Page 69/81



Pirsa: 13070055 Page 70/81




Fit of the effective action S((\lll?)[N;'L(T)]

Expand the effective action ,"a(f‘”.)\;\-f:'?"(_r)] in powers of ny () about (N5 (7))

® Zeroth order in N}?’!'(T)

e it discretization of V3(n) for Euclidean de Sitter spacetime to <.-\-";';I'(T)>
............... s, s Aot

1200
1000

{800

%, f ‘ i N ¢ l\lil\'.llp-: ) w.l, 2
v 0 A | <‘\;:'§ !('T)> ( | : /€n Cl )}-‘,‘,' "I{ r
400 _‘ '_ i

i
200 y

e Determines 2 in terms of ¢3 and constrains c3
1. . ‘l"
O l'irst order in n3 L)

i 5Sope [N L (7)) . S L :
e [xpect 0 = -,Hf-'.'r.'; = since (N3 (7)) is an extremum
OTL o T

: :
e Constrains ¢1 and c3
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o : . : ; AE :
Fit of the effective action LSY((\”.)[N;‘;’]’(T)]
Expand the effective action ,"a'(f‘[lll.‘)\.-'\-":'?"(_ r)] in powers of n3 () about (N3 (7))

® Zeroth order in NE‘:!'(T)

e it discretization of V3(n) for Euclidean de Sitter spacetime to <\;I(T)>

1200

1000

{800 b i (1,4)y 1/2 1 /2
[ \ rS L N /€n 3 Cao r
Y oo r L <\\§ . (T)) < : i - COS ( { )

400

200

ooz e T

e Determines 2 in terms of ¢3 and constrains c3
™. . ‘l"
® First order in n3 (1)

- 48, e [NSL (1)) : S L, .
e [ixpect 0 =~ ”'.--,r" T sice (.-\-;, (r]) 1S an extremum

Ine )
; :
e Constrains ¢1 and c3

® Seccond order in HETI‘(T)

r S 1
7 ] SL (..t SL (.1 | \ 0° Saff[Nq ' (1)]
[ ] [..\])(([ (U_; (r‘ }N} (T }) h m”:ll-f,[rrm”g‘z\‘l,(ru] Z'J‘-!’[r"J 0

. :
e Constrains c¢1 and c3
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Fit of the effective action b [NS[( )

Expand the effective action ,"a(f‘”.)\.:\-‘:'?"(_r)] in powers of ny () about (N5 (7))

® Zeroth order in u,’ (7]

e it discretization u[ Va(n) for Euclidean de Sitter spacetime to <\;I{T)>

..............................
1400

1200
1000

{800

%, f \ P .\"[[‘l"‘,,l,'ﬁ ¥ w.l, 2
vV 0 { \ <(\"‘-I§ !('T)> < | 1 /] Cn ('()}-‘,‘,' "I{ r
00 _‘ ‘_ '

i
200 y

] i

e Determines 2 in terms of ¢3 and constrains c3

® First order in n3“(7)

05

'- off [N ™ (7)] . N SE f._\\
Fxpect 0 ST since (N3 (7)) is an extremum
= nSL(+1Y=0
e Constrains ¢1 and c3
1 . ‘H' y ot
® Second order in H_-,.! (7)
2 o -SE
ST SE N T I | | 0% Seff|Ng ™ (7))
* Expect (n3™(7")ng™(7")) K dng“(7)ong “ (") [ nSL(+")=0
3 3 Ny

: A
e Constrains c¢1 and c3

Pirsa: 13070055 Page 73/81



~ o . . . . . . . 1(/2‘ &
Finite size scaling of the effective action b("”.)[f\':?/‘(’rﬂ

Scale 7 and .\;'?‘r‘( r) to find continuum limit of the effective action S_4 \.\;?"(r)\
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Finite size scaling of the effective action b(;”-)[f\';?/‘(’rﬂ

1 rS§ ' . . . . . . . ,(/'_‘j - &
Scale 7 and .\;'?’r‘{ r) to find continuum limit of the effective action S 4 ‘.\:'?/'(T_)‘

e Naive continuum limit  Vj = limy, 00 C4Nya®
(l »()
° |‘:N|H‘t‘[ T — T - |I to scale into ] \ 11’.'1
! !
: NS L(r) : < Va(n)
) |‘_\|)¢‘t‘[ ,\;; !'(T] — .\--,"(7') '\::{ | Tnh{',‘lh‘lHln\;a'(,rH _{|;;1
V4 1
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Finite size scaling of the effective action b('\”-)[f\';?/‘(’rﬂ

Vi
o [ixpect

1 . ‘ M . . : ‘ () rQ
Scale 7 and N2 (1) to find continuum limit of the effective action Soff \.\;'?i'(r)\
e Naive continuum limit lim

O (‘l.\l“fL
a—0)
[ T "'_ to scale into 7 1.8
\‘]|_| / \11.1
: NS L(r) g ‘ Ve iy}
. I"Nl“‘“[ -\.": !'(T] — \ " {7} : :{I| to scale into \:‘.(H’) “:'.H’Jl
.\l ‘11
e [vidence for the naive continuum limit
Scaled correlator <‘\';‘L_‘f'(r].\'-‘;_‘/'{ T’]}
: A

Scaled spectral dimension Dg(a)

\

Ambjprn

et al __‘HII.‘.:

alN"
Benedetti and Hens«

n 2009
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Finite size scaling of the effective action b('\”.)[f\':‘?/‘(’rﬂ

Vi
o [xpect

1 ' . i . . . . . (£) rq
Scale 7 and N2 ( r) to find continuum limit of the effective action O off ‘.\:',’”'( T)‘
e Naive continuum limit lim v,

o 's (rl.\l“fl
(l »()
I} T ~— to scale into 7 4
\]l_l / ‘11.1
\ NS L) : : Val(n)
e Expect N3“(t) — N3"“(7) 3 to scale into V3 () Tt
.\l ‘l1
e Kvidence for the naive continuum limit
Scaled correlator <\"I‘f (7 ].\'-“-_‘/ (T,D
' N

Scaled spectral dimension Dg(7)

\

Ambjprn

et al __‘[}IIJ.:

alN"
Benedetti and Hens«

mn 2009
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Renormalization group flow of GA
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Continuing research

e Probe more of the renormalization group flow by generating more

ensembles of causal triangulations
e Consistency checks of the method
e Validity of the expansion of the effective action

e [nclusion of higher order terms in the effective action

e Determine regimes of validity of the Einstein-Hilbert truncation
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