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Lee Smolin
after the lecture on LQG by Jerzy Lewandowski

The canonical LOOPS

Pirsa: 13070053 Page 5/155



Plan of the talk

The tools provided by LQG: the Hilbert spaces, quantum
representations, infinity free regularizations of quantum operators of
geometry, of the constraints, of the matter hamiltonians, the habitat...
Pure GR:

#» anew scheme,
& anew ('®(r)

GR coupled to a real scalar field:

» normalizable solutions to the quantum constraints

» accomodating all the cases:
= 0,
— “v
= V.afl ‘,h‘/”h‘fs
T = ‘.h"f”h‘f-

& observables
®» Outlook
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The holonomy-flux variables Lie algebra

Eq=Y[f E} €pdx"Adx‘
S

A, = Pexp(-JA)

{ALE. }=Y A
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Cylindrical functions, cylindrical consistency

Quantum states:

— |! y.
L) = (,\,»{......\,r”’]

!

with some graphs I' = {¢,...}, and respectively I"" = {¢]

\

e

..} embedded in

Cylindrically consistent measures define | /(A

el .

/ .'_':I/il' = / :’"c/j.';«, = /‘I’:.‘:'rr"_;.vl_]ij
Jsu(2)" Jsu) :

-H.ul‘ = l,z(f//! )

Cylindrically consistent operators define OW:

Ort(Ae, s Ae, Optr(Agy s

example: Eg pW(A) == 2{ W(A). Eg )
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Cylindrical functions, cylindrical consistency

Quantum states:
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The unique state
The quantum *-algebra (abstract), defined by:

Af— A, Esy — Esy, {.:} — E[‘..}

and the natural relations satisfied by L s,
admits a unique Diff(1/) invariant state

1

. / -‘:e "
w . .‘ll‘:l‘,l......1!::,,“"!”.{1"-

[.;-.- - I’I‘ -

10/mMant

It is defined as follows:

u.(]‘-.’) = (), .....‘,.” )) = //(llr//:{l]

‘ {/‘.‘_q_f./‘.‘_u."_/'f: = 0

® diffeo covariant representations of the QHF algebra which do not

admit a diffeo invariant state?
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The unique state
The quantum *-algebra (abstract), defined by:

-“14 = lil% Esfp — FEsy. {} — —=[.]
ih
and the natural relations satisfied by g /,
admits a unique Diff(\/) invariant state

. ® ‘T "':e ) X n .
o . ".Hﬂ R .1,:”, " I‘-.‘"lnh‘ 14\'”“.’“_

10/mMant

It is defined as follows:

W(.Egyr) =0, W(f(Aey. i Ae,)) 1= /,/'(.-lar/,:{.ll.

{ /‘.‘_sc_,". [-_‘H._/-, : = 0

diffeo covariant representations of the QHF algebra which do not
admit a diffeo invariant state? R
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The unique state
The quantum *-algebra (abstract), defined by:

Ab— A Esy — Esy (o) — L[]
ih
and the natural relations satisfied by g /,
admits a unique Diff(\/) invariant state

.- Ay Ay - - ‘
oo ".Hﬂ R .1,:”, " I,Ik,’l"'[ 4 seen 14\'1”‘.,“_

101mMant

It is defined as follows:

W(..Egyr) =0, wW(f(Aey.ooon Ae,)) 1= /,/'(.-lar/,:{.ll.

{ /‘.‘_sc_,". [-_‘H._/-, : = 0

diffeo covariant representations of the QHF algebra which do not
admit a diffeo invariant state? e
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The Ashtekar’s canonical gravity

® The canonicaly conjugate coordinate and momentum variables
defined on a 3-manifold X.:

» (ALE®) a.b=1.2.3.i=1.2.3-the gravitational field, the
Ashtekar-Barbero variables

® (o7, 7)1 =1...-the matter fields

® N(t.ar). NUt.x) the laps and shift functions

® the constraints
(" r) = " 4 ("% = () scalar constraint
("'°'(r) = 0  vector constraint - Diff(¥) generators

Ct () =0 the Gauss contraint - the frame rotation

Gauss

generators

"', other matter constraints (for example the generators of the
Maxwell/Yang-Mills field gauge transformations)

® Dirac observables: (7 such that
1O.C =0
restricted to the solutions to the constraints. No natural dynamics.
Extra input needed.
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The unique state
The quantum *-algebra (abstract), defined by:

-“14 = lil% Esfs — FEsy. {.} — —=[.]
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Infinity free regularization of quantum operators

‘.)(l: ‘1. ]'] — C)‘-'\:]( ]:‘I"“I-Jrf' .1,{. ‘1’,. — (‘l“ )*]}
— ON(Eg, 4,. Ae,, Al - (;-ih 1)
— limn— O™ (Es, gy, Aoy Ay = (Ag)7Y)

=: O(F.A.F)

The condition: the existence of the [imit, or of the dual limit:

Cdiff inv [ON(Eg, 5,0 Ao, A = (A)7 1)) - )

the diffeomorphism covariance of the result.
Additional (Thiemann’s) tricks: express \—lﬁ by {. /"]

The advantage: no ¢, no l no infnities, generalises to coupled matter:

O(A E.op.wl)
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Infinity free regularization of quantum operators

OE.AF) — ONN(Eg, 1. Ae,. A, — (A1)7h)

— c){\]( l'.-h';.f:‘ . .'L L -'1,‘. o t‘lli )_] }

— iy — OW) Es; f1,Aes Al, — (,V.l,r_ ):1 )

=: O(F.A. F)

The condition: the existence of the [imit, or of the dual limit:

—

Cdiff inv (O (Eg, . Ao, A — (A)=Y)] - )
the diffeomorphism covariance of the result.
Additional (Thiemann’s) tricks: express \—E by {./"]

The advantage: no ¢, no l no infnities, generalises to coupled matter:

O(A E.op. 7!
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Infinity free regularization of quantum operators
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Quantum Geometry

A convenient generalised spin-network decomposition:

’Hm' = @ ’HLl]'.l\
-

AreagW =4nyj (j,+ 1)V

S/ ‘ h
L
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Pure GR: The YM gauge transformations

The Yang-Mills gauge transformations:
Ao — gletarget ]_l.l, glesource),

I"‘H-.f = ]'--.'ﬂ"u fg

The invariant elements in ‘H,, are defined by the invariants of the product
of the representations p;, ... = p,. . : the spin networks

Inv(VJ ®...®Vj)
1 5
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Pure GR: The YM gauge transformations

The Yang-Mills gauge transformations:
A, — gletarget ]_l.l, glesource),
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Inv(VJ ®...®Vj)
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Pure GR: The Diff(}.) gauge transformations

® Hag - solutions to the diffeo constraint.
w s DIt (X) — U(Hygy)
The diffeomorphism averaging map (As/
Hdiff - ’Hur D Cyl — ('.\'l'
”['lIJ:] — / H’/i( T"]”‘I’.H[r'l-.
JDiff
and a new, averaged scalar product
(W) [ (")) aigg = (). D7),

and the resulting Hilbert space H,. difr.

Habitat: the span of the states IV averaged with an extra weight factor
f which depends smoothly on location of the vertices of I in X,

n(f.w) = / di ()" fU*u(e)* Cyl”
JDiff
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Pure GR: The Diff(}.) gauge transformations

® Hag - solutions to the diffeo constraint.
w s Ditf(X) — U(Hygy)
The diffeomorphism averaging map (As/
Hdiff - ’Hur D Cyl — (‘.\'l'
”['l]J:] — / H’/i( T"]”‘I’.H[r'l-.
JDiff
and a new, averaged scalar product
(W) [ (")) gigg = (). D7),
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The tools provided by LQG

the kinematical Hilbert space for the geometric degrees of freedom
H.,., the polymer Hilbert space of hon-gauge fields, and the loop
Hilbert space of the gauge fields

the quantum operators of the geometry of ¥ and of the matter fields (
no divergences )

the quantum operators of the Gauss constraint and the Hilbert space
Hor.anss Of the invariants (the same with matter)

the unitary action of the diffeomorphism groups Diff(Y) and the
Hilbert spaces H,, 4iff of the invariant distributions (the same with

matter).

the quantum scalar constraint operators (" defined in 'H,, qig ( NO
divergences - the same with matter) (Thiemanr

the quantum scalar constraint operators defined in ‘H,, within the
AQGR (and discretized matter) (G
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Quantum ('*" operator

Progress in understanding Thiemann's operator

—

i ok
lui.

R AL
|ofy ok

.i
“h

Vi

7 1 M4 2
Zipfel, Alesci 2013

® A new simpler proposal for the Lorentzian case:
» use Barbero’s 1991 formula :

g’f ,‘f.' ~a b
Ck ]nhi‘f ]‘;'

V4

J(::”( r

C®(r) = — () = 2\/qli

—

» construct the 3-Ricci scalar operator | /417(3) Alesci Assanou
2013 (see Assanoussi's talk).

—

® The resulting ('er(.r) contains terms adding / anihilating a loop, and
not changing a graph, similarly to the scalar constraint in the LQC
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Pure GR: The scalar constraint

® Starting point: the space of solutions H,, ¢auss.diff 10 the Gauss and
to the vector constraint.

® Pass the Gauss and diffeo invariant operators defined on the
kinematical H,, into H,; Gauss.diff -

In 'H,r Gaunss.dif consider the scalar constraint operator (', (.r).

Problem: we want to consider a self-adjoint operator, but any (', (.r)
will map us out of Hyy canss.diff | Possible ways out:

—

» define an operator [ /*,/—/qC"*" and look for the zero eigen
value subspace (Rovelli-Smolin, 1994 see later)

—
(rer2

Vi

subspace (Thiemann, 2003, the master constraint program)
New: define for each .r a Hilbert space H,, ;auss.diff, 1IN Which a

define an operator [ I3 and look for the zero eigen value

self-adjoint operator ("*"(.r) can be well defined, solve therein
C'® ()W, =0,
use the solutions W, to construct W < H,, Gauss.diff SUch that
C'® ()P = 0 (see Domagala, Dziendzikowski, L 2012) -
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Quantum ('*" operator

Progress in understanding Thiemann's operator

——

i ok
lui.

Qa1 b
EoR!

.i
Ck
Vi

ZIpfel, Alesci -

® A new simpler proposal for the Lorentzian case:
» use Barbero’s 1991 formula :

g’f ,‘f.‘ ~a b
Ck ]nhi‘f ]‘;'

V4

J(::”( r

C®(r) = — () = 2y/qli

—

» construct the 3-Ricci scalar operator | /g[?(%) Alesci Ast
2013 (see Assanoussi's talk).

—

® The resulting ('er(.r) contains terms adding / anihilating a loop, and
not changing a graph, similarly to the scalar constraint in the LQC
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Gravity coupled to a potentialless scalar field

A. I - gravitational dof, ¢. 7 - a real scalar field
The scalar constraint can be solved:

m(e) = h(A(e). E(r)).,  where

® for non-rotating dust
h(x) = C9(x)

®» for massless scalar field

( / — oy — S iery2? abys Bl BT
V —VICE T a(CRT)T = g Ca Gy

f

\/J]_\.r—/( or \ﬁ\/(( ',LLI']2 _ {’,ui';( rfL'LI'( ':L:‘".

/

I v! -\ -G( er L

fr o ~ f oy \D ab g 18T BT
—\/=VaCe = g /(C)2 — g CT Y

N ﬁ \/(( er )'_’ — f!rrh( f[T'I( ,;:‘I.l

Kuchar-Romano 199.
'hiemann 2006, Domagata
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Quantum scalar field compatible with LQG

Scalar field defined on X_:
-{r (). T[!]} = (. 1)
The polymer variables compatible with LQG

Naz(0) = exp(ido(r)),

The quantum *-algebra:
[‘\.,\“,.. T /‘r
A unique Diff(Y) invariant state:

wla) = 0 unless a = 1

H, — Hll.‘lll(:|.\]..!'|: ...,\,,..J'”I. i € XN ER.neE(N))
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GR+scalar field: quantum solutions

® The diffeomorphism constraint:
There is in the LQG framework the well defined diff-averaging

=

My = Hy > |0) — - / s
JDift

for & from suitable domain. It gives:
(Hgr = Hp)aife

® the scalar constraint:

—

® In(Hy o Hy)aig we define ¢ d*zé(x)h(x) (in the physical
subspace )
# The general solution to the quantum scalar constraint is:

—

ll;{'( J-) - 1 F ;!'&J'rp(_r]f”_,-}’ '

€ Har diff -
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® The diffeomorphism constraint:
There is in the LQG framework the well defined diff-averaging

=

My = Hy > |0) — - / DA (WU,
JDift

for & from suitable domain. It gives:
(Hgr = Hp)aife

® the scalar constraint:

—

® In(Hy o Hy)aip we define ¢/ d3xé(x)h(x) (in the physical
subspace )
#» The general solution to the quantum scalar constraint is:

—

ll; {'( J.) — i F ;!-t.f'rp(_p]]” -f'.“., )

€ Hor diff -
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GR+scalar field: all the sectors

Actually, we have to consider 1 operators:

—

) | dxdp(x)h4 4+ ()

and the physical states of the 1 types:

—

et Ero@he () € (Hyr @ He)aig

The scalar product between the solutions is still that of (H,,,
An operator L in (H,, -~ Hy)aigr defines a Dirac observable:

—_ i | d?xd () hy ‘:'”Li‘
Those observables form an algebra
O(L)O(L") =

(suppose the operators /. are bounded).
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GR+scalar field: (=" =7

The operator we need is

——

I=7 ’ 4,'1\ 7\;"?{ 'gr :t \'dﬁ\. (¢ T |_'_' 7’,”!;( 1I‘.r! ( -:.'_I

(

What do we do with the terms ('%"? Assume the consistency with first
solving the constraint classicaly, gauge fixing and next quantising. In the
+— and —— case, the “first solve” case is the Rovelli-Smolin model. For
the consistency we need

—

<+ 5] TN L ./ ter\2 _ qabg Rl oI
‘Alfl.\ \,r{( j’:vl‘i\‘ \_fL‘ ) ) f”fr’ "

This is equivalent to the ordering “C'%" to the right”, because ¢ is diff invari-
ant. For the other sectors we need to perform “ first solve next quantise” to

guess the consistent quantization.
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GR+scalar field: all the sectors

Actually, we have to consider 1 operators:

—

p J dbrp(a h4+ (x)

and the physical states of the 1 types:

—

ct) dro@hes(0)yy € (Hyr @ He)aig

The scalar product between the solutions is still that of (H,,,
An operator L in (Hy, -~ Hy)air defines a Dirac observable:

(){ [, :I'r i [ dPrgp(r) iy = i | d3xdp(x)hy L) L"
Those observables form an algebra
O(LYO(L") =

(suppose the operators /. are bounded).
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Gravity coupled to a potentialless scalar field

A. I - gravitational dof, ¢. 7 - a real scalar field
The scalar constraint can be solved:

) = /f{;l[.i'].f’.’{.r'}']. where

® for non-rotating dust
hir)=C9(r)

®» for massless scalar field

( / o er fes /(€ BT )2 ab( 'if'r*—‘:';
V oVvaesT T VIV I ICE)T = q a “p o

[

\(ﬂ]_\.,‘_/( or \ﬁ\/“f ‘;_;1-]‘_) — "[”L( ';’;‘r( 'IL:‘".

/ —
— vi _\-q( er L

N ﬁ \/(( er )'_’ — f!rrh( f[T'I( ,;:‘I.l

ab BBt

fr ~ oy ~ Yoy \ 9D
=\ ~VACE = g (CR)E = g0 Gy

Kuchar-Romano 1995 Markopoulc 996. Rovelll-<Smolin 19¢
Thiemann 2006, Domagata. Giesel. Kaminskl. L. Dz '

2010. 2012, Pawtowski. Husain 2011. Giese
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et Ero@he () € (Hyr @ He)ain
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GR+scalar field: all the sectors

Actually, we have to consider 1 operators:
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GR+scalar field: (5" =7

The operator we need is

——

1 ’ l,'l\ 7\;"?{ ‘g :t \'dﬁ\. (¢ T |_'_' 7’,”!;( 1I‘.r! ( -:.'_I

(

What do we do with the terms ('%"? Assume the consistency with first
solving the constraint classicaly, gauge fixing and next quantising. In the
+— and —— case, the “first solve” case is the Rovelli-Smolin model. For
the consistency we need

o —

£ by | — [ ey = S reEr 2 _ qab g B pRT
‘Alfl.\ \,r{( j’:vl‘i\‘ \_fL‘ ) ) f”fr’ "

This is equivalent to the ordering “C'%" to the right”, because ¢ is diff invari-
ant. For the other sectors we need to perform “ first solve next quantise” to

guess the consistent quantization.
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GR+scalar field: (=" =7

The operator we need is

——

I=7 ’ l,'l\ — \IJ'E{ ‘g :t \'dﬁ\. (¢ T |_'_' 7'1"”'( 1I‘.r! ( -:.'_I

(

What do we do with the terms ('%"? Assume the consistency with first
solving the constraint classicaly, gauge fixing and next quantising. In the
+— and —— case, the “first solve’ case is the Rovelli-Smolin model. For
the consistency we need

—

€L ! Y Tal =/ Ter\2 _ abg &N R
‘AI || 1,!\ \,r{( j’: V"\‘ \_f ) ) ( a { b "

This is equivalent to the ordering “C'%" to the right”, because ¢ is diff invari-
ant. For the other sectors we need to perform “ first solve next quantise” to

guess the consistent quantization.

Page 47/155



Pirsa: 13070053

What diff invariant observables [.?7

Observables can be constructed by quantising diffeo invariant kinematical
observables L(A. E). In LQG there are available quantum operators of:

"B (3 L[ g3 xC ab = [ ~=n(3)
’ d”a V- I d*am, E.} > 7a + O a®pq"” V- I \_‘r{]fl :

Can we do better? See Jedrze) Swierzewski's talk. Just briefly:
Suppose there is an observer at a fixed .y < X.; the observer has his
sphere of directions parametrised by angles 0. .-.

Forevery (A. E.o. ) use the geodesics of the corresponding ¢, to

introduce in a neighborhoud of .y in ¥ coordinates s' = 1. 0. »:

r(ar) = distance(r..rg).  O(r). o).

Using the coordinates (s')(F) define for example:

QY (r.0.2) = ¢0 .0 4(x(r.0.0))

etc. Q"(r. 0, ) is invariant with respect to the diffeomorphisms preserving
the observer: ., and it's sphere of directions. We can take it for L:
L=Q"8(r.0, ).
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Closing remarks

advantage of the massless scalar field against the Husain-PawlowsKi
scalar field

Is the conclusion of the AQG correct?

The relational observables: innocent mistakes in the literature, read
Dapor, Kaminski, L, Swiezewski 2103

[C'(N).C'(M)] see Madhavan'’s talk
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The unique state
The quantum *-algebra (abstract), defined by:

Ab— A, Esy — Bsyo () = L[]
ih
and the natural relations satisfied by g /,
admits a unique Diff(\/) invariant state

. ® ‘T ":e ) X . .
. .‘l““ R .1,:”, " I‘-.‘"lnh' 14\'1”‘.’“_

10/mMant

It is defined as follows:

W(.Egyf) =0, W(f(Aeyoooon Ae,)) 1= /,/'(.-lar/,:{.ll.

{ /‘.‘_s‘_f'. [-_‘H._/-, : = 0

diffeo covariant representations of the QHF algebra which do not
admit a diffeo invariant state? R
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PENNSTATE
[Tim)

Quantum matter in quantum
space-time

/

Mikhail Kagan

in collaboration with

M. Bojowald, G. Hossain, C. Tomlin
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Motivation

What we learned about quantum corrections:
- Anomaly free quantum corrected effective equations exist
Non-trivial deformations of constraint algebra

Gauge cannot be fixed prior to quantization

Can't guantize matter without quantizing space-time
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Motivation

What we learned about quantum corrections:
Anomaly free quantum corrected effective equations exist
Non-trivial deformations of constraint algebra
Gauge cannot be fixed prior to quantization

Can't quantize matter without quantizing space-time

Conservation laws and space-time (ST) symmetries
- Hamilton equations (classical or guantum)
p= —ihV and E = ihd/0t
- Local energy conservation = local ST symmetries =
general covariance
- Quantum corrections may affect structure of ST or form of

energy conservation
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Outline

Energy conservation in covariant form
Canonical gravity
« Stress-energy tensor components
 Space-time symmetries
Energy conservation in canonical form

Deformed energy conservation

Conclusions

Page 59/155



Energy conservation in covariant form

VTt =8, + T4 T8, —T06, T8, =0

! — 2 éslllcll ter
I'LV

/I detg] 09"

oxVv oxH ox°

re, = 1geo (agw 4 990v _ Bg;w)
pv :
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Energy conservation in covariant form

VTt =0, + T4 T8, =T, T8, =0

_2 581[] atter

\/|detg oghv

oxVv oxH ox°

e, = lgeo (agw 4 990v _ Bguu)
pv :

For v=0

V—det gV, T#o = 8, (v/—det gT+p) — 1 2%ueTwe
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Toward canonical formulation. Strategy

3+1 (ADM) decomposition

« Metric
g¥ —> N, N°<, hao

« Action

S — Constraints + Poisson Brackets
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Toward canonical formulation. Strategy

3+1 (ADM) decomposition
» Metric
gl - = AN, N2 Jo2
« Action

S — Constraints + Poisson Brackets

E.g. for scalar field

Smattcr — f d*x ((prI — NHmattcr e Na’Dglattcr)

Hmatter [N') Na] —_— f d3z (NHmatter T Nap(r;natter)

8
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Toward canonical formulation. Metric components

Covariant

goo _N2 )1 hf(:,bNaNb
b
B0a - — hfa,bN

Jab ha,b
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Toward canonical formulation. Metric components

Covariant Contravariant

00 1
9 5

goo _N2 )1 hf(:.bNaNb _ﬁ
Joa = habNb g NG

2
Jab ha,b N

Determinant

det g, = —N?det hy
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Toward canonical formulation. Metric components

Covariant Contravariant

00 1
g 5

goo _N2 ) hf(:.bNaNb _ﬁ
fa - — ha,bNb g NG

N2
Jab ha,b N

Determinant

det g, = —N?det hy
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Toward canonical formulation. Metric components

Covariant Contravariant

00 1
g =

goo _N2 2 h(:.bNaNb _ﬁ
g - — hfa,bNb g NG

N2
Jab ha,b N

Variations Determinant

20N
;00
B

oa _ ON® 2N%N
N2 N3

1
8g® = R — (N“ﬁN” 4+ NI N*=

det g, = —N?det hy

dg
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Canonical formulation. Stress-energy components

Variation of matter action

1 ¥
OSmatter = _5 /(l4lf7\/ —det _I’J'T#V()giw

1
) /(14;17N\/dct h (TUU(S_(}OO + T.0bg®’ + Tob('ig()b -+ Tab(f_q"'l’)

_/(14;1'.\/(10t h (?—Vj\é (Too = INOT o + NaNbTub)

SN®

N _
+T (‘Ta() e Nb]:tb) + E()h'"'bTab)

Pirsa: 13070053 Page 68/155



Canonical formulation. Stress-energy components

Variation of matter action

1 ¥
0Smatter = _5 /(14?FV —det .")'T#V()g"w
1 X ’ .
35 /(14;17N\/dct h (TUU(S_(}OO + Po0866%° + TopdaR® + Tab()g"‘b)

_/(14;1'.\/(10t h (% (Too 0N L P NaNbTub)

SN®

+T(

N
7—101() e Nb]:l.b) + E(ShabTab)

Stress-energy tensor components

N (N 58111atl;cr 5Smatl;er NaNb (Ssmattcr)

—_— —— +2N° + 2
vdet h ON

SNa N2 dhab
N <5Smatter 2 Nb (Ssmatter )

vdet h ONa 2 N2 §hab
2 5Smatter

7 N+v/deth Ohat
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Canonical formulation. Evolution equations

f—" o = {f Htotal[N Na]}

where

Hotal [Na Na] T2 Htotal[N] + Diotal [Na]

Pirsa: 13070053 Page 70/155



Pirsa: 13070053

Canonical formulation. Evolution equations

f“ o = {f Htotal[N Na]}

where

Hotal [Na Na] T2 HﬁOtal[N] + Diotal [Na]

Constraint algebra

{Diota1[M ], Dyoral[N“]} —Diotal[N°0,M * — M°3,N°]
{Ht.otn] [AI]: Dtutu.l [Na]} = _Htutul [Nbab AI]
{Htotu.l [AI]a Htutul [N]} Dtuta] [hﬂb(ﬂ'fvbN o NODAI)]
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Energy conservation in canonical form.

U.‘f,up 6Hmatter
ot (Sgup

NVdethV,T#, = 8,(NVdethT!)+

_U()Cmat.tur[N«, Na] R Nb(’)bcmat.ter [N- N“] 5" (UbNb)cnmtt.er[Nn Na]
ON ON?® Ohap 0H matter

+WHnmtter ic ot D:mt'ter +

+Ub (N‘zh.“bi}_{m + ZN{Ehbaé‘M)

Ot  Ohgp

()'Na (Sl.l."'f“
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Energy conservation in canonical form.

U.‘f,up 'SHmatLer
ot (Sgup

NVdethV,T*, = 8,(NVdethT!)+

“U()Cnmttur[N«, Na] T Nb(’)bcmat.ter [N- N“] 5" (UbNb)cnmtt.er[Nn Na]
JON ON*® Ohap OH matter

+W?{nmtter i ot D(I;'lﬂ.t.ter +

+Ub (N‘zh.“bi}_{m + 2N(§hba M)

ot ()-h'a.b

JNa (Sl.l."'f“
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Energy conservation in canonical form.

NV det RV, TH

Uﬂ,up 'SHmatLer
ot 0Gup

_U()Cmattur[N«, Na] T Nb(’)bcmat.ter[N-. Na] . (UbNb)Cnmtter[Nn Na]
JON ON*® Ohap 0 H matter

25 W Hmatter + 7 D{I:mt.ter i}

+Ub (N'zh,“bm s 2Nnhba§M)

Ou(NVdet KT§') +

ot ()-h'a.b

()'Na (Sl.l.m“

Time derivatives & constraint algebra
Hmatter — {Hmattcra Htoml [N] ar- Dtot.al [Na]} = {Hnmttera Htotal [N]} o 'CN' Hmutt,er

| )
ND(L(N2 'D::mttcr) + {habg ngav [N]}

%nmt ter

Lz matter
T = NH £t
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Energy conservation in canonical form.

U.‘f,up hHuther

NvVdethV,T", = 0,(NVdethlI§)+ — 3
ot OGup

_UOClllatt{a:‘[N1 Na] T Nb(’)bcmat.ter[Nw. Na] T (UbNb)Cl'rmtt.er[Nn Na]
ON ON?® Ohap 0H matter

e W Hmatter + 7 D(I:l&t.ter ik

+Ub (N'zh,“bm o anhban)

ot ()-h'a.b
JNa (Sl.l.m“

Time derivatives & constraint algebra
Hmutter — {Hmattera Htoml [N] ar- -Dtot.al [Na]} - {Hnmttera Htotal [N]} A 'CN' Hmutt,er

1 %nmt ter

a matter 6
ND (N2D(z P ) + {ha.bs HI{T&V [N]} dhfub + 'CN'lemtjter
rD:‘;m.tt.cr o {ngtmr«Htota‘l[N] + Dtotn][N“]} = {D:Lnattcr, Hmattor[N]} _+_ Eﬁpzlattcr
(SHmatter[N]

()‘hab

HmatterOa N + QDb Al -CND::latLer

i"ab - {hab-p Htotnl [N] =¥ Dtutal [Na]} — {hab: ngﬂ.v [N]} T o QD(aNb)
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Canonical formulation. Evolution equations

f" o = {f Htotal[N Na]}

where

Hotal [Na Na] T2 HﬁOtal[N] + Diotal [Na]

Constraint algebra

{Diota1[M ], Dyoral[N“]} —Diotal[N°O,M * — M°3,N°]
{Ht.otn] [AI]: Dtut.u.l [Na]} = _Htutul [Nbab AI]
{Htota.l [AI]a Htutul [N]} Dtuta] [hab(AIVbN = NObAI)]
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Canonical formulation. Evolution equations

f*“ o = {f Htotal[N Na]}

where

Hotal [N: Na] T2 HﬁOtal[N] + Diotal [Na]

Constraint algebra

{Diotal[M ], Dyoral[N“]} —Diotal[N°O,M * — M°3,N°]
{Htotn] [AI]: Dtutu.l [Na]} = _Htutul [Nbab AI]
{Htota.l [AI] ) Htutul [N]} Dtuta] [hﬂb (AIVE;N o NODAI)]

{Htotal[ﬂj]a Htotal [N]} v Dtotal[ O hab(ﬂ/fabN i Nabj\/[)]

23
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Energy conservation in canonical form.

U.‘f,up hHuther

N+Vdet hV T Ou(NVdet KT§') + — 3
ot OGup

Nb(’)bcmat.ter[N, Na] SiE (UbNb)Cnmtt.er[Nn Na]
JdN oN® Ohap O H matter

7 W Hmatter + 7 D(I:lat.ter i}

+Ub (Nghlﬂbm + zNﬂhbaﬁM)

ot ()-h'a.b
JNa h‘hmz

Time derivatives & constraint algebra
Hmutter — {Hmattcra Htoml [N] ar Dtot.al [Na]} e {Hnmttera Htotal [N]} i 'CN' Hmutt,er

%nmt ter

1 a matter 6
ND (N2D(z ' ) + {ha.b: Hl{r&\' [N]} dhfub + 'CN'Hnmtter
rD::m.tt.cr | {ngtmr«Htota‘l[N] + Dtotn][N“]} = {D:Lnattcr, Hmattor[N]} _+_ Eﬁpzlatter
(SHmatter[N]
()‘hab

HmatterOa N + QDb 8is EN:D::latter

i"ab = {hab-p Htotnl [N] =" Dtutal [Na]} — {hab: ngnv [N]} T QD(aNb)
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Energy conservation in canonical form.

U.‘f,up hHuther

NVdet hV T Ou(NVdet KT§') + — 3
ot OGup

_UOClnatter[N~. Na] R Nb(’)bcmat.ter[Nw. Na] 5 (UbNb)Cl'nntter[Nn Na]

ON¢ Dmat-ter i Uh-ub "SHmnt.l:er
ot - ot ()-h.a(,

+Ub (]\[2})."'()if.{l.]l.ﬂ'ttior + ZNﬂhbaﬁM)

JNa (Sl.l,"'“

Time derivatives & constraint algebra
Hmatter —_— {Hmattcra Htot,al [N] ar- Dtot.al [Na]} = {Hnmttera Htotal [N]} aic 'CN' Hmutt,er

%nmt ter

1 a matter 6
ND (N2D(z p ) + {ha.b: Hl{r&\' [N]} (shub + 'CN'leltltter
b::m.tt.cr e {ngtmr«Htota‘l[N] + Dtotn][N“]} = {Dzmttcr, Hmattor[N]} _+_ Eﬁpzmtter
(SHmatter[N]
()‘hab

%mattcraaN -+ sz + END::latt-er

i"ab = {hab'r Htotnl [N] =" Dtutal [Na]} — {hab: ngﬂ.v [N]} T QD(aNb)
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Summary
with quantum corrections

1. Need to reconsider space-time structure and
standard tensor calculus:

« Space-time transformations generated by
constraints
« Can’t use four-metric

« Can’t use covariant form of energy conservation
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Summary
with quantum corrections

1. Need to reconsider space-time structure and
standard tensor calculus:

« Space-time transformations generated by
constraints
« Can’t use four-metric

« Can’t use covariant form of energy conservation

2. Can proceed canonically:

Define conservation of energy as closure of
constraint algebra

Define energy density as combination of
constraints

Potentially fruitful for cosmology
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Summary
with quantum corrections

1. Need to reconsider space-time structure and
standard tensor calculus:

« Space-time transformations generated by
constraints
« Can’t use four-metric

« Can’t use covariant form of energy conservation

2. Can proceed canonically:

Define conservation of energy as closure of
constraint algebra

Define energy density as combination of
constraints

Potentially fruitful for cosmology
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LOGPS 13

—

A quantum Ricci operator for LQG

e

E. Alesci, M. Assanioussi, J. Lewandowski
Faculty of Physics, University of Warsaw
[to appear]

Perimeter Institute, Waterloo 2013
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Plan of the talk

o Motivation

© Classical theory

e (‘U[lh“‘ll(‘?iul] IJI. 1 ||l' H]{‘{'i n[wl';l[tl]'

o Properties of the Ricel operator

© Sunmary
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Motivation

The Hamiltonian constraint in the Lorentzian casc:

Ja .’h
» EOE!

s \/(|<'t (

\ (]w'l (f I
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Motivation

The Hamiltonian constraint in the Lorentzian casce:

Ja .’h
« ELE;]
fl'lrl

vdet (

\ (1\":“{ I

[mplementing Hamiltonian operators on the kinematical Hilbert space,

= we need to define the quantum operator (y/detg R).
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Regoe Calculus
28

M an n-dimensional Riemannian manifold. Given a simplicial

decomposition A of M and considering that the curvature lies only on the
hinges (n — 2 simplexes) of A:

. n 1 . 14! r
SEH / V=gRd'x — Sk 5 / V=gt d"x Z €iVi
JM <Ja

]
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Regoe Calculus
28

M an n-dimensional Riemannian manifold. Given a simplicial

decomposition A of M and considering that the curvature lies only on the

hinges (n — 2 simplexes) of A:

. rn 1 . 14! 4
SEH / V=gRd"x — Sk 5 / V=gt d"x Z eV
JM <Ja

T

For n = 3 the action can be expressed only in terms of the lengths of the
segients:
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Regge Calculus

e Cieneral l)i(‘t'l‘\\'].‘\(' flat cellular (ltw‘tllll[ulhil'IHIIR.'
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Regge Calculus

e Gieneral |)i<‘c'{'\\']r~t' flat cellular (lt‘t‘tllll[ltlhi]‘|H|]“*‘.)

A cellular decomposition A of a space X is a disjoint union (partition)
of open cells of varying dimension satisfving the following conditions:
i) An n-dimensional open cell is a topological space which is
homeomorphic to the n-dimensional open ball.

11) The boundary of the closure of an n-dimensional cell is contained in
a finite union of cells of lower dimension.
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Regge Calculus

e Gieneral |)i<‘c'{'\\']r~t' flat cellular (lt‘t‘tllll[ulhil'IHIIR.'

A cellular decomposition A of a space ¥ is a disjoint union (partition)
of open cells of varying dimension satisfving the following conditions:
i) An n-dimensional open cell is a topological space which is
homeomorphic to the n-dimensional open ball.

11) The boundary of the closure of an n-dimensional cell is contained in
a finite union of cells of lower dimension.

The same vxp}‘vaminn holds for JI]'*J'III':II'_\‘ [lit'i't‘\\']h‘(‘ (lat cellular
decomposition

Sp[Al=) Lie= ZZ/;' ("I_" - n;)

1ec
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Regge Calculus

e Gieneral |)i<‘c'{'\\']r~t' flat cellular (lt‘t‘tlllllltlﬁi]‘|H|]“~‘.)

A cellular decomposition A of a space X is a disjoint union (partition)
of open cells of varying dimension satisfving the following conditions:
i) An n-dimensional open cell is a topological space which is
homeomorphic to the n-dimensional open ball.

11) The boundary of the closure of an n-dimensional cell is contained in
a finite union of cells of lower dimension.

The same vxp}‘vaminn holds for JI]'*J'III':II'_\‘ [lit'i't‘\\']h‘(‘ (lat cellular
decomposition

Sp(A] =Y Lici = ZZ/:' ("’I—" —u;_)

1ec

M .y . 1) PR )
e Clonvergence of Regee action”

s L
||1[l-"““ = —Snn
=0 2
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Construction of the Ricci operator
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Construction of the Ricci operator

| . 9
=Spn = lim Sk
D —0

Classical expressions:

Giiven a curve v embedded in a 3-manifold X

1
,.(ﬁl f —_ / {f:-. \-"J.fsr‘;(.lr'rl:_.‘-u)(.-lf(“" :‘
)

where L |
v %r!! ‘rlhr'l“l,:'jll}.-."”(-‘*)

(l (‘-, f— = : -
g€k e EFEL B

\V 3

Cliven two surfaces S and §° intersecting in the curve A

oIk I‘,'_I,'m,{ St ) Eine(S?, s)

fl1a(s) = ™ — arccos ‘ : =
\/:"}-'m.{ﬁ'] c8) | EEne(S2, s))

vh L
where ‘/:J u;,{ﬁ* LS =

/ 'h Jd% sl e 'k 1
V dij EPny (S*, s)ESne(S*, s) and ny(S”, s) is the
normal one form on the surface Sy.

Page 94/155
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Construction of the Ricci operator

I . 7
=Spn = lim Sk
D —0

(lassical exXpressions:

Giiven a curve v embedded in a 3-manifold X

1
,.(ﬁl f = / (!.‘-' \-"J.fsr‘;(.lrrl:_.‘-u)(.-lf(“" :‘
)

where L |
v %r!! ‘rlhr'l“l,:jll}.-."”(.-"v)

(l (‘-J f— = : .
| deitkean BEECES

\V 3

Given two surfaces ST and 5?2 intersecting in the curve ~

oIk I‘,'_I,'m,{ ST sV Eine(S?, s)

fl1a(s) = ™ — arccos ‘ : =
\/::-'m.{ﬁ']  8)| | EEne(S2, s)|

vh L
where ‘/:J u;,{ﬁ* LS =

\;"rh_:/:f'ru.(H“.H]/‘J'}Jf,-(-"""..w) and ny,(S*, s) is the
normal one form on the surface Sy.
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Construction of the Ricci operator

To match Regge caleulus context with LQG framework we invoke the dual
picture of LQG,
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Construction of the Ricci operator

To match Regge caleulus context with LQG framework we invoke the dual
]Jit'l ure of |,(.2( i,

A spin network graph — a cellular decomposition = covering cellular
decomposition

A cellular decomposition A of a three-dimensional space Y. built on a graph
I' 28 said to be a covering cellular decomposition of 1 if:

1) Fach 3-cell of A contains at most one vertex of 1';

1) Fach 2-cell (face) of A is punctured at most by one edge of 1" and the
intersection belongs to the interior of the edge;

i) Two 3-cells of A are glued such that the identified 2-cells match.
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Construction of the Ricci operator

To match Regge caleulus context with LQG framework we invoke the dual
}Jit'l ure of |,(.2( i,

A spin network graph — a cellular decomposition = covering cellular
decomposition

A cellular decomposition A of a three-dimensional space Y. built on a graph
I" 28 said to be a covering cellular decomposition of 1 if:

1) Fach 3-cell of A contains at most one vertex of 1';

1) Fach 2-cell (face) of A is punctured at most by one edge of 1" and the
intersection belongs to the interior of the edge;

i) Two 3-cells of A are glued such that the identified 2-cells match.

An additional requirement:
w) If two 2-cells of the boundary of a 3-cell intersect, then their intersection
1s a connected [-cell.

Pirsa: 13070053 Page 99/155



The length operator

Dual picture of LQG = Bianchi length operator
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The length operator

Dual picture of LQG = Bianchi length operator

This length operator measures the
length of the curve A

[ E. Bianchi, Nucl.Phys. B807:501-624 (2009). arXiv:0806.4710v2 |
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The length operator

Classical expression:
1

l_(") = / I[.\\l,';fsil"(:?{.'ﬁ')(lr'r(-‘ﬁ) . [
{ 1 i . nl _-,".
\' a7 ‘1‘ ‘}A‘;rhv }‘,‘I-Jl‘k

(8]

] }\ b W \
E(’J {qu'l‘J"pII‘A-. r(‘\‘}

The one-dimensional integral is re-

placed by the limit of a Riemann

SUTTL

As—0

/‘(‘.) et Ii]|| ZA,N\:r'llr),”,(,"_\\['h])(:'}A_\[,w!)
!

with sy € [TAs: (1 4+ 1)As].

l.:‘*'-r [ d*eo [ a]"‘:'r’\'.f;i"(rr. a’ )f'.""(r‘r!n”(n]f':;'tf‘r’ ynp(a’)
2 (As)= - v \
ol Q2
s} S73
[‘ d?e ] d?ea’ [ d2a’! ‘T,";h(rv. al, r*r”)f',':"h‘r]u,,[n)f',"f'(n’ Vi (o! If'.';.:(n”)nr (')

ol a2 o2
I U I
(.)I\vf, )G

‘”ll‘ — ’-J.fn P P ¢
Dol o2
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The length operator

(A, IDM (k.2 [A]) "
i | F o s '
Ty ﬁf («._J)

1., rAly, K invariance
[A])., "DV (h_2 3 _ nvariance
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The length operator

(A, I DM (ke [A]) "
i | ¥ s TR '
e JL,{ (J)

[1}’1 r,;\]l(h_.;‘ [1])“, JJUIL'[h_‘::. i"t:)j;f}; Hnvarlalnce

‘:f.v’ .J‘f\Y"‘

we write the surface integrals in Gy ((sy) as Riemann sums of fluxes:

8

. 1 rigk v | D
[ 7 & Val Fi(S7,)Fk(S75)
o, 7

Z |('b){”-"f' I ST OTE
,.1'_)“ [ f

1I.J“:.I,'J
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The length operator

), IDW (k.2 [A]),
.J'I.v” JH‘{ (‘J)

[A])., "D (h_2 A]), (D(h_3 :*‘:’w}; mvariance

axlt

we write the surface integrals in Gy ((sy) as Riemann sums of fluxes:

’ 1 ik g -
Z Y‘ }fn_.‘l‘ ? 2‘ ¢ (le ) '}‘(.HIH')
o, 3

O . / iik N 2 - )
|Q1as; =1 > |Ta) Fi(S],)Fi(S75)Fx(S7,)

“:I"J

1 ,p [
CEY dat A dax

i

Then the length of the segment ~p:

f e ¥ 1]
!4] = \,"’(",.', l‘!(‘:']

and therefore the length of ~:

L(~) = _\IEIEHZI |
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The length operator

\’.,{';IL(‘T- {Tf] — ¢t ke ].)IH[h,_ {1!]}’ ,'l)fl (h_’ 1)" k
’ . ' .
ryo ryo Sy (2)

Pl p o ) 1 NIRT Yy
Tjhz‘{(T‘fT,. ) S l"f_| [.lj}’f ,I)‘]I(h__'_' ) .“, Jij‘ll[h_‘:'. l"tl)'t‘_;;l HIVarlalcd

r ‘rjo ol

we write the surface integrals in Gy [(sy) as Riemann sums of fluxes:

) 1 ik 1
2 > }ffl_.'l‘ ?Z"; I {H

3

|Qrasp 3 5 T”*I (!

“:I"J

Then the length of the segment ~;:

/g e,(‘rr,f
L = \,A,J sy

and therefore the length of ~:

L(~) = _\IEIEHZI |
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The length operator

_(J‘}’k’l)(l)(h-rl {.'l]),,'fl)l:“{h?‘

T o

lim (V2 + L5)71V,

c—0)
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The length operator

_(J‘}’k’l)(l)(h-rl {.'l]),,'fi)l:“{h?‘

T o

lim (V2 + L5)71V,

c—0)

L(~w) is associated to a wedge of the
graph I':

—

L(yw) = \//"'}Tlf‘if-_ﬂ"(ftw»)\"(7-“‘)\}Tl
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The deficit angle operator

We proceed with the same scheme to regularize the expression of the
dihedral angle as it was done for the length

SEDW(h_y (A, DV (hye  [AD)w BFi(Sh) Fr(S3s)

.1".1" I'I\T”

= MT=—arccos

\,-"r\”‘} I'lJ ‘ 'Hr}rn )I{‘J ' ‘H.}

) \,*?s’“!-}\ (S2,)F1(52,)

¥
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The deficit angle operator

We proceed with the same scheme to regularize the expression of the

dihedral angle as it was done for the length

n”*”/)“’(h_‘. (A, "D (he [A])w BFi(S}OFR(ST5)
12 _ xyo! vyl
(o = T—arccos

(&'

VO E(ST)F(S1a) /O™ ER(ST) F1(ST)

0, in the intertwiner basis:

.,; -,-_’_I _""" I _ |- p .
(i = | ™ — arccos Jik(Jik ) Jili+ 1) JelJk + 1) ,/a}.> '(.lai-
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The Ricci operator

1 he operator assd ciated to a dual segment:

&)

or 2T i | L ge je
{/‘j- ( _ n;” = — L7 — - (L7.07 + 07 .L7)

ar (o, Z

Where L§ = L *.h.-; and 07 = 0( *.h_.-] with 5, the curve corresponding to the

hinge ¢ for the 3-cell ¢ containing the wedge w.
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The Ricci operator

1T he operator assd ciated to a dual segment:

{,‘,{.('—-- :)1_-_“; L oe + 00 L)
(0, &

Where LY = L(~L) and 0F = = 0( ] with 5. the curve corresponding to the
hinge ¢ for the

3-cell ¢ containing the wedge w

(S

=X (1 (2 )| - DT 2

llr
Y

e hermitian

° c]('lwlnlm on the choice of A,

We can also define an operator I representing the
contained in th 3-cell ¢

action Ra in the region

+05.LY5)

Pirsa: 13070053
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The Ricci operator

1T he operator assd ciated to a dual segment:

{L;'('"“ ;)1_"—"1 ]1‘,0
(v, ()

Where LS = L(~y) and 05 = 0(~,) with »
hinge ¢ for the 3-cell ¢ containing the wedge w

W

P+ 0;.L)

(o the curve c-nl']’t‘.-a[)umlillj_" to the

m:zz{(fq}zgﬂ

l|’
Y

e hermitian

° c]('lwlnlm on the choice of A,

We can also define an operator 1. representing the
contained in th 3-cell ¢

+ 0

action Ra in the

i LY)

ree1on
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The Ricci operator

The action of 7. on a cylindrical function W (1) gives zero unless the 3-cell

¢ contains a node!

27 I ‘
= Ra¥() =3 > wle.wn) { Liwn) = 5 (L(wn) O(wn) + 0w u.u,,n} ()
(Yo -

- “wn
nel’ wp

The action of Ra depends on the 3-cells containing the nodes of 10
(selecting the wedges) and the cells glued to them (fix the values of the
cocllicients ay, ). However its limit is well-defined as we shrink A

[ -
F)

Volume|ei Y,
: W bl

'l l
1- [} ‘l' ') = -‘.F'.w'” I,fw',, - = (L Wn N, W) 7 Wn L Wn \Ii I’
m o RaWw(T) Z;Z”- { (wn) = S (L{wn).0(wn) + 0(wn).Lwn)) | ¥(T)
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The Ricci operator

The action of B. on a cylindrical function W (1) gives zero unless the 3-cell
¢ contains a node!

27 I ‘
= RaW(l) = 3" 3 kle.wn) | ——Liwn) = 5 (L(wn).0wn) + 0(wn).L(wn))| W(I)
(Y -

] “wn
nel wWn

The action of Ra depends on the 3-cells containing the nodes of 10
(selecting the wedges) and the cells glued to them (fix the values of the
cocllicients ay, ). However its limit is well-defined as we shrink A

1
1- ll ‘l' '} = -‘.'.w'” I,fw',, - = (L Wn NS Wy + f Wn L Wn \Ii I’
Voramim o o Ra () .Z‘{‘ZW 'L' (wn) = 5 (wn).O(wn) (wn ) L(wp )| (1)

wn

[ -
&

wn

BUT it carries a memory of the choice of the covering decomposition A:
o nic,wy) — Averaging procedure

@ — Iree parameters

W
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The Ricci operator

The t](‘l)l‘][(l{‘lll'(' on ke, wn) rises direct IA\' from the choice of the 3-cells of A
containing the nodes of 17
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The Ricci operator

The t](‘l)l‘][(l{‘lll'(' on ke, wn) rises direct IA\' from the choice of the 3-cells of A
containing the nodes of 17
e [Kach 3-cell is isomorphic to a spherical polyhedron verifying
requirement ).

e For a fixed number of faces I, such spherical polyhedra regroup in a
finite number of classes.

e l[Kach class defines a different configuration.

- T'he number of inequivalent configurations Neone(F') is always finite
- Allows to define an averaging procedure over the different configurations
associated to a 3-cell (F-valent node)

I'he d-hosohodon I"he elnss with 3 vertices
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The Ricci operator

A wedge w € 17 containing n has a number of appearances N, (1) in the
set of configurations, thus:
\

K(Fy) = 28 < |
-\l‘--llll o

N , i 2 | ‘
/’)3 lI'(I ) ZH{I'” ’Z [ l-(u‘»‘n}_ j(l-{df'n };“(u‘-«'n)—FU(-A':ILI-(~U::})‘| ‘]jtl ]
am y

-1 , ' 1
nel Wi

27 | ‘
Z H[lllu} l I'[W'H) o j(!'("“ln )»”(“v.u \r' - ”[_u‘»'“ ]-!'(vi.n H} llj':l \,‘

(Y,

T

wn €]

= «; arc totally arbitrary! — choice of a prescription.

[y s

27 | :
RU(D) = > w(Fn) { L(wn) — = (L(wn).O(wn) + fuw'”)‘/.[--;.,)a} W(I)

i (Vw,, 2

wn €I
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Properties of the Ricci operator

The Ricei operator R
e SU(2) gange invariant
e Diffcomorphism invariant

e Discrete spectruim

S 1
Units (8IIyL7p)2 are used.
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e SU(2) gange invariant
e Diffcomorphism invariant

e Discrete spectruim

S 1
Units (8IIyL7p)2 are used.
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Properties of the Ricci operator

e “Rovelli-Speziale™ semi-classical

Monochromatic four-valent node. Internal geometry for a three four-valent

6,07 + IE.HT\f'Jn nodes
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Summary

| /
- —gR d"x = €;L;
3 )V >

(]

2

I :
IJ{W'H } - ;(!l(‘-—‘vln ]-”(vk‘u] T U'['-«‘-‘u ]..I,(\.L',, ” lI'I(I )

Hermitian, not graph changing.

Gauge invariant and diffeomorphic invariant

Discrete spectrum. Eigenstates and cigenvalues can be computed

algebraically and numerically:.

']'llv ;|]>]l['u|>l"|:llt‘ hl‘[lli-('|.‘l.-hi('.‘ll |u‘[l.‘|\'int‘ Ol states l)t‘:ll\'i‘tl 011 {‘l;lh:-;i(‘;||

ceomeaetry.,
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Thank you for your attention
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Geometrical observables for General Relativity
coupled to dust

Jedrzej Swiezewski

University of Warsaw

joint work with P. Duch, W. Kaminski and J. Lewandowski

Waterloo, 22.07.2013
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Introduction - a perspective
Fermi coordinates

Fermi observables and their problems

Simplified approach

Summary and outlook

Jedrze] Swiezewski, University of Warsaw
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physical quantities ~ ditffeomorphism invariant observables

Jedrze] Swiezewskl, University of Warsaw
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physical quantities ~ ditffeomorphism invariant observables

Bergmann & Komar

Curvature scalars

Jedrzej Swiezewskl, University of Warsaw
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physical quantities ~ ditffeomorphism invariant observables

Bergmann & Komar

Curvature scalars

Brown & Kuchar

Dust fields

Jedrze] Swiezewski, University of Warsaw
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physical quantities ~ ditffeomorphism invariant observables

Bergmann & Komar

Curvature scalars

Brown & Kuchar

Dust fields Rovelli

Satellites

Jedrze] Swiezewskl, University of Warsaw
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Jedrze] Swiezewski, University of Warsaw
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Jedrze] Swiezewski, University of Warsaw
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Jedrze] Swiezewski, University of Warsaw
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Jedrze] Swiezewski, University of Warsaw
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Jedrze] Swiezewski, University of Warsaw

Pirsa: 13070053 Page 134/155



Jedrze] Swiezewski, University of Warsaw
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Jedrze] Swiezewski, University of Warsaw
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Mathematically speaking the definition of the Fermi parametrization is
given by

X = f(so, sj) = expy(so)(sjEj(so))

and depends on y, E; and g,.

Jedrze] Swiezewskl, University of Warsaw
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Mathematically speaking the definition of the Fermi parametrization is
given by

X = f(so, sj) = expy(so)(sjEj(sO))

and depends on y, E; and g,.

Jedrze] Swiezewskl, University of Warsaw
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Mathematically speaking the definition of the Fermi parametrization is
given by

X = f(so, sf) = expy(so)(sjEj(so))

and depends on y, E; and g,.

Jedrze] Swiezewski, University of Warsaw
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For any function of the metric consider its pullback by the Fermi
parametrisation. The resulting function is a Dirac observable.

Jedrze] Swiezewski, University of Warsaw
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For any tunction of the metric consider its pullback by the Fermi
parametrisation. The resulting function is a Dirac observable.
e.q.

1J /

. 0 oy - J
Ogoir(s°, ) = s,(x)s3 (308" (], 4, 110,61

Jedrze] Swiezewskl, University of Warsaw
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For any function of the metric consider its pullback by the Fermi
parametrisation. The resulting function is a Dirac observable.
e.q.

IJ /

. 0 oy - J
Ogor(s°, ) = s,(x)s3 (308" (], 4, 10,61

Unfortunately, the Poisson bracket of two such observables is
ill-defined.

Jedrze] Swiezewskl, University of Warsaw
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Spherical Fermi coordinates (s%,r, 6, ¢) are given in terms of the one
just introduced by the relations

0_ 40

X = rsinfcos o

Y = rsinfsin ¢

S
S
S
S

Z = rcos b

Jedrze] Swiezewski, University of Warsaw
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Spherical Fermi coordinates (s°, r, 6, ) are given in terms of the one

just introduced by the relations

¥

s* = rsin 6 cos ¢
s¥ = rsinfsind

s? = rcosb

The canonical variables (hap, Kip) have a very simple form in spherical
Fermi coordinates
hrr =1

hig =0
hro = 0
~Krr =0

Jedrze] Swiezewskl, University of Warsaw
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We consider a theory given by the action kuhar Tore 1. Husain Pawtowski 12, Swiezewski 1)

1
2,

S = /(14)( \TgR*

/ d*x /—gM (g‘“"d,, To,T + 1)

Jedrze] Swiezewski, University of Warsaw
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We consider a theory given by the action kuhat Tore 91, Husain Powtonski 12, Swiezewski 1)

: - 1/ J—
S = / d*x /—gR — 5 / d*x /—gM ("0, Ta, T + 1)

After a the 3 + 1 decomposition of the theory and in the time gauge
(t = T), the constraints of the theory are

(?: C+ pr

Ca - Ca

Jedrze] Swiezewskl, University of Warsaw
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We consider a theory given by the action kuhat Tore 91, Husain Powtonski 12, Swiezewski 1)

: — 1/ J—
S = / d*x /—gR — 5 / d*x /—gM ("0, Ta, T + 1)

After a the 3 + 1 decomposition of the theory and in the time gauge
(t = T), the constraints of the theory are

(?: C+ pr

Ca - Ca

The deparametrised theory is given by the action

Sdep = / d*xdt (habnab —~ C - N?C,

ledrze] Swiezewskl, University of Warsaw
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We introduce gauge fixing constraints

B(K) = / d*x KB, = / d*x K2 (hys — 0ya)

Jedrze] Swiezewski, University of Warsaw
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We introduce gauge fixing constraints

B(K) = / d*x KB, = / d*x K2 (hys — 0ya)

For any functional on the phase space O we take
C)D =0 + C(N@) + B(K@) ,

where No and Ko are such that

{Op, G} =0  {Op, By} ~0

ledrze] Swiezewski, University of Warsaw

Pirsa: 13070053 Page 149/155



We introduce gauge fixing constraints

B(K) = / d*x KB, = / d*x K (hys — 0ya)

For any functional on the phase space O we take
Op = O + C(No) + B(Ko) ,
where ,\7(1 and RO are such that
{Op, G} ~0 {Op, By} =0

The evolution of the Dirac observable Op is given by

{/d3x C, Op} ~ O+ / d>x (27 Koa — .*T‘?bhabK[a)

Jedrze] Swiezewskl, University of Warsaw
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.. the observables we introduced are invariant under a large class of

diffeomorphisms, but not all of them. There is still a residual, finite
dimensional, gauge freedom we did not fix by our construction.

Jedrze] Swiezewski, University of Warsaw
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Summary

e We introduced a new scheme for obtaining partial and complete
observables for

vacuum General Relativity
General Relativity coupled to irrotational dust

Outlook

* How to make the observer (worldline and frame) dynamical?

e Reduced phase space approach?

Jedrze] Swiezewski, University of Warsaw
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Summary

e We introduced a new scheme for obtaining partial and complete

observables for

vacuum General Relativity
General Relativity coupled to irrotational dust

Outlook

* How to make the observer (worldline and frame) dynamical?

e Reduced phase space approach?
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Jedrze] Swiezewskl, University of Warsaw
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Thank you for your attention!

Jedrze] Swiezewski, University of Warsaw
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