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spin-foam
A reincarnation of Regge's idea, due to J.Barrett and L.Crane,
based on discretizing the first order action: Sy = | JYAFy

space-time gets sliced, each slice subdivided in 4-simplices.

Fi, replaced by the product of g € SL(2,C) along the face
dual to the triangle t.

J € sl(2,C) for each triangle t is a combination of the area

tensor S and its dual *Sij = LeUKLG, ) by a real parameter

~ or an angle #:

1

~
/

VT .
Jo =80 = =87 #w=

The area tensors S} are constrained to be 'simple’, and to
give closed tetrahedra: .. S =0
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successful? so far, mostly in words. Somewhat unimaginative.
The technical difficulties seem to have attracted most of the
attention. Some brilliant ideas, e.g. imposing constraints a la
Gupta-Bleurer. But more needed to make the theory ‘practical’
(competive?).

Difficulties: for large quantum numbers, ~ cos(arca x angle)

instead of exp(iarca x angle). | think this is serious, because it
spoils causality (cfr. Livine-Oriti, gr-qc/0210064).

Almost all work on space-like tetrahedra. But can a triangulation
be without time-like tetrahedra? | think NO. But the idea of
specifying which are time-like and which space-like is ridicolous.

Time-like tetrahedra are tricky (cfr. F. Conrady, arXiv:1003.5652).

The competition: CDT is technically easier to set up, which has

allowed vast simulations (none so far in SF). All CDT tetrahedra
are time-like, sides d? = —a/?, violating Courant's criterium,
related to causality;

this violation disturbs me (but nobody else).
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meant to show Courant's criterium
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simplicity
The triangles t.s.... forming a tetrahedron 7 must be ‘simple’,
meaning that e.g. S” = a'b! — a/b!, SM =alc! - alc!, or:

S7*Suy=0, S§7*Sq;=0

or still, that for each tetrahedron there is a normal V!, such that:

v
2
for example, in two limit cases:

if V/I=(v°0,00): L+iKi=L+2Ka=1Ll3+2K3=0
if VI =(0,0,0,V3): Li—yKi=Lo—1Ko=L3+1K3=0

can one forget the difference, and treat them together?

VimSM = —sin

From an identity for ¢"/AL:

*SU _ Vf VM *SJ;.VU - VM *5?4,
t \/2 /2
N! normal to the triangle, such that: Ny V! = N, S/ =0

v/ = VIN] - VIN;

. ) . )
(e'2 \/,_MJ;_'\’T" + e~ '2 rMJM) =0 Vter.
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spinors

cfr. M. Dupuis, L.Freidel, E.Livine, S.Speziale, arXiv:1107.5274)
two 2-spinors (uy, t¢) for each triangle, with {t,,uz} = —id, 3

Jb = Ltlogu =, 2L, + iK,) JR = Lulo.t, = (L, + iK;)
Under SL(2,C) transformations u — gu,t — g/~ 1t

Closure constraints: Ztér UtaTaaptes = 0 implies
- 1 i o iy §
Zre,— Uta ttp = ) Z[ET(UT t[)“{l“l‘ o Cre , ()n,.i

Simplicity constraints: to go from + to L, R use: (6, = (1,0,))
GiVmIM =iz Vo, b 5 VIM = —io, R & V! to get:

0 Y .
e'24 V’(Tk,(t;rfrﬂur) - e ’203(:11031‘{)0; vi=0

‘'second class', but implying a relation between t, and u,:

f

tra — ke €' 25108V g =0

(k¢ = 1 or any real number) a set of ‘first class' constraints.
This is just like R. Penrose's twistor equation (so what?).
They do not Poisson-commute with their complex conjugate.
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Quite smart. As a consequence:
H

i 1)
o ulty =ree'2 u r'r;\/Jr u = e tT

Up =% 2 (u te) = Cre's
for two triangles: tin€aptss + Kekre'? Vf thataptes =0
(the "holomorphic simplicity constraints’ of DFLS).

For non degenerate, non light-like tetrahedra, using
Vo,V = V2 the normal to a tetrahedron is given by:

Vi = 2C thurﬁ Uy

ter

For the normal to the triangle

a1 Viem ’*‘S’r_W e' ’51n2~

~ /
rT[Nt V2
T

Ve (tlour) =

- VS(TJ)U[‘)

For time-like tetrahedra, the x; cannot be all of same sign.
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For the classical theory this is all very nice, and takes care of J;.
NOT much use for quantization, unless done replacing classical

variable with operators, etc... That needs extension to F
(Livine-Speziale-Tambornino arXiv1108.0369 7)

Not what is usually done.
In a J A F theory one would sum over all rep.s of SL(2,C).
The idea of Barrett&Crane, Engle-Pereira-Rovelli-Livine, ... is to
use the constraints to limit the choice of rep.s.
Example: representations of SL(2,C) are indexed by (n, p),
n integer, p real, and have Casimirs:

(JL)Q — '116(” _ ’-/))2 o (11; (JR)Q _ 11'6(” n ,‘_/))2 - 31

the 'diagonal constraint’ requires (ignoring %)

P2 = e=i0(gRy2 —y (nHiP) i (14 1)
t r (n—ip) (1 — i)
two solutions: Ve2i? = +e/® or p = pv, or p = =1,

Spinors and all the previous discussion add nothing.

Pirsa: 13070045 Page 9/69



Pirsa: 13070045

Unitary representations (n, p) of SL(2,C) act on Hilbert space
H("P): in various subgroups are reduced to direct sum of
representations. Constraints imposed on states a la Gupta-Bleuler:
For space-like tetrahedra use 'injected’ SU(2) states,

ljm >— |(n, p)jm >, the canonical basis of H{™);

VI =(Vv°0,0,0) :< (n, p)jm|Ls + 2 K3|(n, p)jm" >= 0 gives

‘p =~j,n = 2j| The rest follows: Ly + 2Ky = +[L3 + 1K;3, Ly].
In agreement wih area quantization of LQG, area; = » \/j(_[ + 1).
For time-like tetrahedra: SU(1,1) states (cfr. Conrady&Hnybida)
the Casimir Q = L5 — K7 — K5 has a discrete spectrum Q > 0 and
a continous Q < 0. If V/ =(0,0,0,V3): < .|L3+ +K3|. >=0,
the rest follows, by K4 — }_I_i = [L3 + EK;;. K] = 0. But then:

e space-like triangles: the discrete spectrum gives ‘p = 4j

and (areay) = v/ Q =1 \/JU ~1).

e time-like triangles: the continous spectrum needs |p = —2 |

£ = —\/s2 + }1 (areay) = yv/—Q =1 \/52 + ;_ =—v5
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Unitary representations (n, p) of SL(2,C) act on Hilbert space
H("P): in various subgroups are reduced to direct sum of
representations. Constraints imposed on states a la Gupta-Bleuler:
For space-like tetrahedra use 'injected’ SU(2) states,

ljm >— |(n, p)jm >, the canonical basis of H(™);

VI =(Vv°0,0,0) :< (n, p)jm|Ls + +K3|(n, p)jm" >= 0 gives

‘p =~j,n = 2j| The rest follows: Ly + 2Ky = +[L3 + 1K;3, Ly].
In agreement wih area quantization of LQG, area, = v+/j(j + 1).
For time-like tetrahedra: SU(1,1) states (cfr. Conrady&Hnybida)
the Casimir Q = L5 — K7 — K5 has a discrete spectrum Q > 0 and
a continous @ < 0. If V! =(0,0,0, V3): < .|L3 + }TK3|' >= (),
the rest follows, by K4 — }_Li = [L3 + EK;;. Ki+| = 0. But then:

e space-like triangles: the discrete spectrum gives ‘p = j

and (areay) = YW QR =~ \/JU - 1)..

time-like triangles: the continous spectrum needs |p = — |

/2’ = —\/52 -+ -}1, (:u'ml,,) = \/—Q = \/52 +}1 = = {_;
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said , the trouble with this is:
it only applies to space-like tetrahedra.

in the limit n — o0 ~ cos(area x angle) instead of
~ exp(iarea x angle),

Important? YES.
It implies that there is no causality built in the model, and that it
applies only for very peculiar triangulations, if any.

So it should be modified/generalized, keeping only the
~ exp(iarca x angle) (holomorphic?) part. How?
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alternatives?

This was a sketch/caricature of the state of the art. But if one
finds absurd the a priori assignemt of space-like/time-like character
to the tetrahedra of a triangulation, then one needs an approach
that ignores this distinction.

e use the spinor formulation developed before, write group
elements and Haar measure on SL(2,C) in terms of spinors
(LST). (not attempted (yet)).

e use eigenstates of (L3. K3), i.e. the abelian subgroup they
generate, and give up using states of definite areas,

eigenstates of L3 and of the Casimir of SU(2) or SU(1,1).

Very reluctant to abandon area quantization. Physically less clear:
for a Rindler horizon K3 is the 'Hamiltonian’

E.Bianchi, arXiv1204.5122, Frodden-Ghosh-Perez, arXiv1110.4055.
The matrix to go from the canonical to the (L3. K3) basis has been
calculated (Bianchi, Huszar).
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H("P) as space of functions of light-like P/ = ufé'u.

Lomont-Moses 1962, Smorodinskii-Huszar, 1970, E.Bianchi.

+ 0

P’P, = o- PO = —uluy V! Py=ree 2ulty;
Vy = ’)C_ ng* kPl NPy = ”\S/m 2e~0(uft,)?
F(e*P) = el5=VeF(P), < F|G >= [ F*GLE
space-like (SU(2)): u = e2(cos & “e 5 . sin ”e’ ),
P; = e%(1,sin 6 cos ¢,sin Hsm cosH)
|(np)jm >« win )(u.H, o) = cjeliz—lagi(z+m) dj_ma,(ﬁ)

Jm

time-like (SU(1,1)): u = e?(cosh 5e'%,sinh 5e'?),

P = e“(cosh /3, sinh 3 cos ¢, sinh 3sin¢, 1)
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The alternative is to choose:

__.i——:T‘

,e” 2 ), Pp = e“(cosh /3, cos ¢,sin ¢, sinh 3):

‘) 9. ‘) ‘)
j— — 2L Ki=—j—. Pl =
dy 2 ’ I3 Jv) P! Jda

n n n n
states such that; L \Um,’ = n\llm,”, ngm,'“ = V\US,,,/,')

mis

n > (i2— 184 © v
w( ,f:)(””, ‘  oli5 1):.61(2 Fm)y el

The program then would be to start from these to construct
coherent states (minimal uncertainty states) and vertex functions.
Some time.
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thank vou for the attention
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Quantum Twisted Geometry
A new coherent and discrete basis of intertwiners

Jeff Hnybida in collaboration with Laurent Freidel

Loops, 2013

Pirsa: 13070045 Page 18/69



Spinors and Twistors in LQG

harmonic oscillators in LQG (Livine, Girelli)

coherent intertwiners (Livine, Speziale)

twisted geometry (Friedel, Speziale)

U(N) intertwiners (Freidel, Livine)

holomorphic simplicity constraints (Livine, Dupuis)
generating functionals (Bonzom, Livine)

spinors in LQG (Dupuis, Livine, Tambornino, Weiland)
gluing conditions (Dittrich, Ryan)

spin connection in twisted geometry (Haggard, Rovelli,

Vidotto, Wieland)

and more...
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Holomorphic representation of SU(2)

A new basis of intertwiners

4-simplex Amplitude

Asymptotics

Classical action for Twisted Geometry

Page 20/69



The Holomorphic Representation of SU(2)

Spinors

(")

Bargmann-Fock inner product

(Flg) = / F2)e(z)du(z)

Orthonormal Basis

aJtmpai—m

VU + m)iG—m)!

(zlj m) =
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Intertwiners
Spin j subspace
VI =span{|jm) : m=—j.....j}

Intertwiners are invariant tensors

Q) anJ
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A New Basis of Intertwiners

Suppose we have n spinors
I
There are n(n — 1)/2 holomorphic invariants
[zilzj) = aibj — a;3;
New basis of intertwiners

[[lzilz)s  kj=kieN
i<j

having spins

) ky =2j;

J#i
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The 3-valent case
Unique solution of Z#f kij = 2jj for i =1.2,3

kio=j1+jo—J3 Kiz=j1—jo+j3 kaz=—j1+j2+/3

Just the Wigner 3j symbol

3

ki o h 2 .
H[Zr"Zf} 7 X Z ( my m,  ms ) H(Zl Ui mi)
i<

mymoms =1

Combine to form an orthonormal basis of 4-valent
intertwiners (as usual)
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The 4-valent case

Non-unique solution of > . .; kjj = 2ji

= h+f—5 ksg =j3+ja— S
= ptji3s—T  ka=ja+ja—T
= h+ja-U  hks=jp+j3-U

Since S+ T + U = J parameterize kj = k;j(j;, S, T)

(zi|S, T) H[z,\z ki3, T)

This basis is overcomplete. Nevertheless

(J +1)!

S, T){(S. T\ .
=3 IS, T2 =
5T
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The 4-valent case

Non-unique solution of > ., kjj = 2ji

= p+je—3S kas =jz3+ja— S
= p+tj3—T  ka=jo+tja—T
= htja—-U  kz=p+j3-U

Since S+ T + U = J parameterize kj; = k;j(ji. S. T)

(zi|S, T) H[z,\z kij(Jin5.T)

This basis is overcomplete. Nevertheless

5.7)(S. 71 . (J+ 1)
23 Is. TIE = )
S.T

[1i; ki
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The 20j symbol

Contracting five |S, T) states

(8, T.)

The 20j generates the 15j's

> {20j}s,.7, = {15/},

.

!

and similarly for the other four non-equivalent 15]
symbols
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Asymptotics of the 15) symbol

. . . . SIY(S!
Inserting the resolution of identity 1 = ) o %‘{*

SIS. T
(20j}s,7 Z{l@'}s;H<|'|'T,>

CH /
!

2 it ]l <S"'HTSI;|H55 s

S/, T! j

and using (S". T'|S, T) ~ ||S. T||?d5.5:07 7/
|5 T 2
{20j}s,. 7. ~ {15/}s H | ‘

Can we find the asymptotics of {20/}s, 7.7
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Asymptotics of the 20j symbol

The contraction as an integral

{20/}s,.7, :./'

with the action

S=YlZ7lz) +>_ ) kjnlz|z])
— —

a

has saddle points with solutions describing oriented,

framed tetrahedra, i.e. satisfying closure

| A
PEREHE 51 a=1..5

with a U(1)* x Z, symmetry for each tetrahedron.
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