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Intlation

[nflation is the leading paradigm for

explaining the early universe:

e Addresses the standard c'cl.\‘ltln]n)_;i(';ll

])I'HIJI{‘]IIH (horizon, Hlatness, ]1l(lll|>|)(l]l‘}

e Explains the observed scale-
invariant Gaussian perturbations as
quantum fuctuations of a primordial
field

[nflation ——"
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Intlationary correlation functions

We're interested in computing N-point functions of Ts and y's at late times

(Clay)Claz) vy )ywe(y2) )
Some notation:

denotes momentum space correlator with overall momentum conserving delta function removed

denotes the connected correlaton
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Intlationary correlation functions

We're interested in computing N-point functions of Ts and y's at late times

(Clay)Claea) vy )y (y2) )
Some notation:

denotes momentum space correlator with overall momentum conserving delta function removed

denotes the connected correlaton

Power spectrum comes from two point function:

(C(k)C(KN) /;f‘"nf"'.;-’f"""."""":fg(.r)g(,r’)} (2m)36% (k + k") P (k)

(k= 3D / dBadda’e®re® e (ks o (W) (i ()30 (2)) = (27)°83 (k + k) Py (k) 5™

(VA AV

Pirsa: 13070016 Page 5/47



How inflationary correlation functions are computed

Starting point is GR plus a scalar (diff invariant):

O IME 1,
d'rv -0 5 R .,[r)m} Vi)
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How inflationary correlation functions are computed

Starting point is GR plus a scalar (diff invariant):

/fh,(,rﬁp
(rry T 5 1

Go to ADM variables (3+1 split): G,

L [ Py 2 »(3) -2 2
2/auxvqpa4h--h; K?) 4

Extrinsic curvature I;;

l

‘)

[{)H}: \(cs]l

Yij )

Jﬂ@,.vmgl(vwi ﬂl
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How inflationary correlation functions are computed

Starting point is GR plus a scalar (diff invariant):
- fl A ' \'II’J‘ ) I ‘ 2 »
a rv -G 5 e 2[1){#} Vi)
N*+ N'N; | N
Go to ADM variables (3+1 split): &, {, ! !
g N, i

] . r r, D) (3) ) ) ] Y g 2 2 ”
- /,f‘.;;\ NG l_u,:(n-- R - K+ ( A u,“) (Vo) 2\1

o

Extrinsic curvature I;;
.) \

- (9ij — VilN; = V;N;)
Lapse and shift appear non-linearly and without time derivatives
auxiliary variables — can be eliminated via their own equations of motion:
et o PN
IUI.T {/\,‘, I\_lj”) N (r) N f)’,(.’) r),u ().

L)

Ll e e o Lo N2 .
5 | MP (R = K2+ K?) = ( _\'r'),u) (Vo)? z\l 0.

Pirsa: 13070016 Page 8/47



How inflationary correlation functions are computed
Expand around background solution:  3AMZH? = ~¢* + V., ¢+ 3Ho+ V' =0

Use the diff symmetry to choose co-moving gauge: !
¢ = constant

O = o, Jij a’es (exp7y),; vt =0, ek 0.

DOF are carried by € and y
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How inflationary correlation functions are computed
Expand around background solution:  3AMZH? = ~¢* +V, ¢+ 3Ho+ V' =0

Use the diff symmetry to choose co-moving gauge: !
constant

O = o, i a’e (exp7y),; v =0, o 0.
DOF are carried by T and y
I‘;1|)H(‘ and shift are vxp;nulml and solved order ln.\' order:

N=1+Ny+Ng+:+, N =N

‘\'[1“ (-) (1) { -\)‘ ,

¢
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How inflationary correlation functions are computed
Plug the solution back into the action:

S=28+ 83+

Scalar modes:
So ‘Uf, / d*rdt a®e [gz (1 :((’.)'Q}:J

-3
2 , Q

S, ‘Uf, / At rf:"{ a zcg(c')'g} | :{{QL:; 7
. : )

20 ] .—) 20
(f')\,();a‘r')fr')-’r‘ (T’t'}') 1/ T’."U,.‘_'()’g}
M,
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How inflationary correlation functions are computed
Plug the solution back into the action:

S S o + _S':; TR

Scalar modes:
So ‘Uf, / d*rdt a®e [gz (1 :((’.)'Q}:J

‘\:1

53 ‘”f’ / dedt H:"{ a :cﬁ(f')'k ) A .'{fQLI: f”
' ¢
+ :{
2M3, ( ° H)

/ d'z a® (4i;4Y - a *r),:_.‘,,,c)f v)

20 ] .—) 20
(r')‘,{);a‘r')'r')-’r‘ (T“t_'}‘) 17 T“r'c’),r_'c')’g}
Mp

Tensor modes:

o M
- 3

Power spectrum comes from S
Higher point functions come from Sy, Sy, ...
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The consistency relation

: l / .0
lim (CaCr, G, ) ke

Y.
70 P:(q) M"'Lh)

ok, 2
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The consistency relation

lim ~(CiCe (i)' ky » —(Cz (o
q—0 Pe(q) ™ ki oks Ak -

Holds in all single-ficld models, under the assumptions:
e constant growing mode (backeround is an attractor)

o adiabatic (Bunch-Davies) vacuum

Measuring a large 3-point function in this limit would automatically r

local

all standard single-field models (Planck: fy5 2.7+5.8)
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Extending the consistency relation
« Higher point functions

N
| . ' - () . .
lim (DO, .. k) 3N ~1)4 ko — | {(O(ky,....Ekx)Y
G0 f’k[r,rl S\ : Y ’ L g ] el

e “Special conformal™ consistency relations

P | _ . . <~/ o R " . .
lim — ——(C(PNO (k1. .. kN)), 5 \ b = by ——— + 2k, — ONRyy oo k),
a0 0q' \ Pc(q) 2 & \ " Ok} Okl ki ki

it

Pirsa: 13070016 Page 15/47



Extending the consistency relation
« Higher point functions

N
1 . , ~~ 8 . .
| (NO(ky. ... k)Y 3N~ 1)+ 2 ko — | (O(ky,....Ekx)Y
‘,'“-Llll P(0) Gl )OOk V), ( 3 r}}.”) (N1 N

e “Special conformal™ consistency relations

0 x e . AN ) S 2 e .
lim - S O kyo oo k) 5 \ (- ky— + 2k} — Ok, k),
70 dq' \ Pc(q) 2 &=\ Ok} Ok ok Ok Ok,

i

These look like the soft pion theorems of chiral perturbation theory.

Sugeests they should be derivable as the Ward identity of some

spontancously broken svimmetry.
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The consistency relation as a Ward 1dentity

Our goal is to find the most general such relation, and interpret it as a Ward

identity for a spontanecously broken symmetry:

A" | | )"
] - I') ~ f) ~ ()
}J_llj{]) o (l’g(q) (C(O) A P(q) (v(g)C )) (O)

« Constrains ¢" behavior of correlators in the soft limit
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The consistency relation as a Ward 1dentity

Our goal is to find the most general such relation, and interpret it as a Ward

identity for a spontanecously broken symmetry:

A" | | o

lix ()O) 4 Y 7)O) | ~ O
IJ" 3{]) (')(/H ( I)g(q) (L(d') > l’_ (f’r) ( J((I’] >) < >

« Constrains ¢" behavior of correlators in the soft limit

These extended relations involving higher-point functions and the sub-

leading behavior of soft limits are likely not observable anytime soon.
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The consistency relation as a Ward 1dentity

Our goal is to find the most general such relation, and interpret it as a Ward

identity for a spontancously broken symmetry:

{'}H | | “”
li ((PO) A V(O) ) ~ )
,;'“3(]} dq" ( Pc:(q) ((@)0) P.(q) (9) f) k" )

« Constrains ¢" behavior of correlators in the soft limit

These extended relations involving higher-point functions and the sub-

leading behavior of soft limits are likely not observable anytime soon.

“So far, loop corrections to correlation functions appear to be much too small ever
to be observed. The present work is motivated by the opinion that we ought to
understand what our theories entail, even where in practice its predictions cannot
be verified experimentally, just as field theorists in the 1940s and 1950s took pains
to understand quantum electrodynamics to all orders of perturbation theory, even
though it was only possible to verify results in the first few orders.”

- Steven Weinberg, hep-th/0506236
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Symmetries of zeta modes

Co-moving gauge choice (without the tensors):

92 9¢ &
O = O, 9ij = r!'("“r),-}-
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Symmetries of zeta modes

Co-moving gauge choice (without the tensors):

2 9
O = O, 9i; = r!'("“r),-}-
Any transformation on zeta which looks like a spatial coordinate

transformation of the metric,
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Symmetries of zeta modes

Co-moving gauge choice (without the tensors):

29
O =0, gij =a"e0,

Any transformation on zeta which looks like a spatial coordinate

transformation of the metric,

6 ()X P5,;) = Le (a*(B)e* V5,

S

will be a symmetry of the gauge fixed action, with

These are precisely the conformal transformations of spatial slices: 9, A

Zeta transforms with a shift (like a dilaton):  §¢ _;(')'{”- f &0'C

v
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Symmetries of zeta modes

Ordinary spatial translations and rotations are linearly realized.
0:¢ = —0i(, 0i;¢ = (xi0; —x;0;)C

The dilation/SCT symmetries are non-linearly realized.

=14%-V

0;¢ =2b-7 + 2h- Fa'

They close to form the de Sitter algebra so(4.1)

Pirsa: 13070016
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Symmetries of zeta modes

Ordinary spatial translations and rotations are linearly realized.
0,C -0;C,  0;;C = (2;0; — 2,;0;)C
The dilation/SCT symmetries are non-linearly realized.

5¢=1+& V¢
ES!;L‘ = ,Zh T + (_),h .I".I". —_ .P:Ehi) diC

They close to form the de Sitter algebra so(4.1)

1 . . [ \ . {*2\
Symmetry breaking pattern is: so(4.1) — 2s0(3)
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Extending to tensors

C'o-moving gauge choice:

) ), i H"')t % [l‘.‘\i[)‘,}” ' ‘..fj 0, r'),‘..f" 0,

Look for transformations of T and y which make the spatial metric transform as a tensor:
S 2¢ Y _— [: -’L‘ Y
o0le™ (¢ )U e e (e )”.

will be a symmetry of the full gauge fixed action, with

IN' = LN €0 ON = L¢N

S
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Extending to tensors
C'o-moving gauge choice:

9 0 ,
O =0, gij=a"e>(expy),;, vt =0, oy

Look for transformations of T and y which make the spatial metric transform as a tensor:

§ ((,;n; ((‘.)U) = L; ((-'-’L (e )U.)

will be a symmetry of the full gauge fixed action, with

SN = LN+ €, 6N = L¢N

{
[

We look for solutions order by order in powers of the tensor

. (49 (+1)
r)‘,j f‘J“.” | r)‘..” 4
- - (0 (v
0( 0( F 0( t
(+9) (+1)
Si I o T

At cach order we will impose that 04;; be transverse and traceless.

Pirsa: 13070016
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Extending to tensors
Zero-th order in tensors:
) (r:“(fr}u) [_‘.; (r.‘j“[t")”) 9 2”‘gl‘-”ld‘ i {5‘_‘!‘- )

L) Iy

. -~ 0 l - -
¢\ = Z5¢¢ T
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Extending to tensors

Zero-th order in tensors:

Take the trace, solve for the zeta transformation:
5¢”) ._l;f)’:;: )4 e
Plug back, solve for the tensor transformation:
377 = 0l + 9,6 ;d"{,“.

Take a divergence, get an equation for the gauge parameter:

) - l 0
\Vef3 '13;),;)—!:;‘; ) =0

« No solutions which vanishes at infinity

« No dependence on zeta
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Extending to tensors

[First order in tensors:

1 0y - 1 -1 " -
ae Y ¢ o e ~(v0) - (v e ak ~ e el ok - ( , R
20( 0i; + 20( Vij + 0 /i ')“[‘f J"Coiy _’f\‘. " Cyij ‘}':-; { d:“lw } LL' 0yYij
Take the trace, solve for the zeta transformation:
s ~(y1) (v, L i o+ L o e(70) ik
OC §; d'C 4 l{r)’{f t =i !
Plug back, solve for the tensor transformation:
9
(1) (+1) (~ & k() e
r)“u '):L_, } r)},f\ '),() § 0
‘) 1] 1]
“ 0 e(70) Lk < oke(7") .
‘;{}ff\’. A ').r; l;f) f\! 1] | LL (0 1)
Take a divergence, get an equation for the gauge parameter:
a [‘.I'\ ] ) (,\-‘ ) _) (~0) T _)‘{ (~1) .
& ] ] - A \ -~ -~
§; t ‘;{), (r) § ) ) .{()f'i-f_- 04 ";{) &' Vig LL' 0yYij
Ak a o 5 9
("I ) f) - [ ] (),f) + el (") g < fo S am (") L ki
_— k(‘, vl“’ (()f | Tw__» L'L: 0y Ykt :;()Hl"(\q ) 0 ';f) :\m )
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The n-th order transformations and parameter §¢7, §47 ), ¢

Extending to tensors

There is no obstruction to continuing this procedure to all orders in tensors.

are all determined in terms of the zero-th order parameter:

This is the divergence of the conformal Killing equation on R”
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Solutions

-,J‘[_‘lll l N [_IIIJ
VI + D00 0
e« Anv conformal Killing vector is a solution.
Call these the conformal symmetries
dilation .
:;.; ’\J.r
+SCT _ « 2
¥ : 200 x>y — T°h; .

e There will also be solutions which are not conformal Killing vectors.

Clall these tensor symmetries
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Solutions

v 4 ,l;i),f‘)-fi[;"”’ 0
e« Anv conformal Killing vector is a solution.
Call these the conformal symmetries
gdilation _ ;.
{;‘:‘(“I‘ 200w, 72h; .

e There will also be solutions which are not conformal Killing vectors.

Call these tensor symmetries

The dilation symmetry happens to be exact (no corrections higher order in the tensors)

hwlll.llintl_g{‘f_-) /\ (l I _i‘f(‘.},(\(.i"))
r‘i:{ilill Lull,\:”{‘f:] ,\,!"{(‘)‘r‘-"‘”{.i:) .

All other symmetries receive corrections higher order in the tensors.
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To ensure transversality is preserved in Fourier space at finite momentum ¢'0vi, (¢) = 0

An infinite number of global symmetries

Taylor expand the parameter in powers of x

X

— |
{a('r} \‘{’ . J."ln . ‘-,J""
° Z‘ (n 4 1)1 ot

n=l()
M is symmetric in the [ indices

[mposing V<¢, 4 I{d,d-’;, 0 hxes

|
A”mrk.,_r,r ,%-'\J';frrg.,.r (n=1)

"

‘)
1‘/" (,\l,f‘“;”(i‘/) | _\[(“,;I_.;“(l‘]‘) '%I\J‘H“A\]”“.f"(f”)) l]
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An 1nfinite number of global symmetries

Taylor expand the parameter in powers of x

\ﬁ 1
«F(".} ‘l{a . "."u-_‘_".'.‘.
o Z‘ (n+ 1) “0::16n

n=l()
M is symmetric in the [ indices

. l . .
[mposing V<¢ 4 I;(},(}“\, 0 hxes

|
A\Irff(:‘,l’,r ,;"‘/‘fl'f:,.fn (n=1)

To ensure transversality is preserved in Fourier space at finite momentum ¢'0vie, (¢)

e)

9
’II (-”,f‘xl ‘r,,(fl) | -”r“nl.,.w,,(fﬂ ,,fgrw..~\fr¢r..u,['fi)) 0

Symmetries indexed by n=0,1,2.... will constrain " in the soft limit
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Deriving the consistency relation
Start with the statement that the charge g

L.H.S. R.H.S.

Q)

(9[Q. O]|Y) = —i(Q]50

f

() is the Noether charge corresponding t

Il [ .
Q) = /(I",:'({[]\{,r}_m‘[,;-]} I {[]*.J{._r‘]_[\‘,’,{.-“]})

The operator is any equal-time product of T's and y's.

the symmetry:

The state is the in-vacuum, related to the free Bunch-Davies vacuum [0) by:

(2¢)

enerates a symmetry transformation:

) = Q(—00)|0)

1

Ut 0\ Uy (t:,0)
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Deriving the consistency relation
The right hand side:

The operator is a product of product of equal time Ts and y's

c){f\] ..... f\'\ ) (fl)k(j‘l ..... J"\\,) : ();‘” CLIM A1 AN TN (f,‘\, Fle ey ;'\ ) '
) . \ ") N . p '
O ll;}flk{l.'.;-f) ()’\!-If\f-l ----- INJIN I["’ M+1 '”ff'«”"f"”

Here is its transformation under our symmetries (in momentum space, first order in

tensors):

v
) ‘ { i :JH S » on | ,I,I o 1 . , X

(3 ), M, Ao } g O(ky, .o k),
‘ n! “'"’“{ 241 ( Ok - Oky A Loky okp )T '

M ‘

- ()” . . . ‘ . s " . 5
L Yitotada(f ) Sia Y (ON(kyy oo oskaary Ragrs oo o Rar)Yiajo (RKa) O (Rargrs - - o ka))e
a=1 ¢ vy - Y,

\ "

>, R (k) : (O%(k k), (k kn))

wIn vb !')/‘,:l "'l’.}/.':“ Vg oo oy WM AL AL IM ALkl ININ VM 41000y N je
b=+ 1 ! -
| . | . 5) :
where T, sii(k) =0(i0j)r _]!.-J.-[Fa“,_ | |'>f"‘;"’”"'“:
)
l-r.\”‘,l_‘ (A) 2 (()_-.[, k, l.'“) OHH-'”‘ " (r‘lw }.-"/.'f) O k00)s ‘;r)r”‘ 0y Uf‘)“
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Deriving the consistency relation
The left hand side:

[ntertwining relation:  QQ(—) = Q(—n0)Qy m QI2) = Q—20)(Q]0)
We need to caleulate y0)

The “free” charge () is a symmetry of the free theory. It generates the non-linear

shift in the fields:

)T

Qo ~ /r/‘.r' ' (e () + 11, () ~ lim (I (q) + 14 (q))

q—+0 dg"

e " n
00G, 00y ~ @&
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Deriving the consistency relation
The left hand side:

[nsert a (‘(I]]l|)]{“(‘ set of free-field ecigenstates: [Co.70) 1Xo)

)" ’ )" ' )
(20/0) ~ lim .( / DXy Xo)(Xolll(q)|0) ~ lim .[ / DXo|Xo0) = (Xol0)
g0 g™ ' ' q—0 dg" dXolg) "

The free-vacuum wavefunctional is a Gaussian (here is the assumption that the initial

state is Bunch-Davies)

. . ' " ddk | NIER. i
(Xol0) ~exp / (27)3 f'_\(.’.‘)-\“{ L) Xo(—k)

"/ |
()n|0) ~ 1 X ()
"”| : q .trlr dg" (1’_\{;” ”W)) | !

Now use the assumption that T, y have constant growing modes:

. . " | |
(Q[Q, O|) ~ lia (C(q)O) + (y C)">
o Ty 0 Jg" ( Pe(q) L) P (q) \)
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The full consistency relation

‘ I | " A . , o AJmao : . , .
lim I)H.....I”um....m..('f} ":-.j ”('”c)“"l ----- I*i"\'].:’,- t ":,Q(’/JC)“"I ----- /"_\ ).

G0 f‘}’lm] ---r'h/,,,” f’,(r/] ”L{q]
A 31 N / o+ 1
- ‘) Ono . Vi1 ) , . 1\
P, ) gimo gimo | (O(Fy,. ... in)).
ordnimo...mn 1 { ZI ( Oka o Oks N 0+ 10ka, - oks | O ML
\ on
Z Y70t j..“rl,” )~ . (’)k“"\ ----- ’r"m 14 ’,"u = R k M }i.',,_,l,, (‘ll“fl' }C) ("’“.\f Fly e e ey l"\ ]f
| '.}A.:JL“ LR l'}/\':LH
N o
o kb, ( 1T ; 2% . Y |
Z I thib “'fa]“fr‘,l, cee Oheb "-L) ““ """ l'-”)()mr-u\f Laeenskin €y, .a\f\”"”' Lyeees l'-\]"'*}
b= M 41 1 My,
| | . D i
where Y, (k) S0y = kb + o kikidyy;

2

[“ stk U') 2 ("i_xl,ﬂ }'.F }'.( r) (SJ lH.'df ) (rif_f /'-’}'.1) (irtl'\ d‘ )s .;df[f.'df ) f\., S
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The full consistency relation (schematically)

" I |
: (O ~(O) | ~
lim (/L(q) (C(NO) 4 P.(q) (v(q)C ))

q—0 dg™

"

O)
o O

« Constrains ¢" behavior of correlators in the soft limit
required)

« Holds on any spatially-flat FRW background (no slow-roll conditions

« Holds to all ](m[)H
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The first few cases
n=~(0 "= = My, xt

Decompose into a trace part, a svmmetric traceless part and an anti-symmetric part:

‘1[”\| = /\(Sf'f|| + 'S"rll + ‘;*“'f"’\|

f

(linearly realized)

o Anti-symmetric part is just spatidl rotation

e Trace part is dilations

o Symmetric traceless part gives two tensor symmetries q'Si, (q) =0
(anisotropic rescaling)
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The first tew cases
n=0 "= = My, xt

Decompose into a trace part, a svimetric traceless part and an anti-symmetric part:

jll”" - /\()"'."II + ‘S'i"n t Wit

f

(linearly realized)

o Anti-symmetric part is just spatidl rotation

e Trace part is dilations

o Symmetric traceless part gives two tensor symmetries q'Sie, (q) =0

(anisotropic rescaling)

Ward identity reproduces the original consistency relations:

N
| . . ' 0 ‘ "
]l () 7 [P ;1' [ ' - :; .\' I I ;ll'n . - {) [\’ ..... ;1' [ "'
lim li(q)mqj( (ki N))e ( )+ D ka- —= |(O(ky N))e

=1 Ak,
| : )
— {
lim V(@) O (4 ka)y ) k! O (4 kn))
q Fu I (q) DO* (ky \ _"” \4 Z’l Jr‘hf.'f," W1 |
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The first tew cases

(rnn=1) [T
n=1 £, Mg e, 20"

o 3 special conformal symmetries (both y and T transform non-linearly)

MECE = by, 8i4y + begBiey — bideye,

il

e 4 tensor symmetries (only y transforms non-linearly)

Ward identity reproduces the special conformal consistency relation and linecar-gradient

tensor relation:

| i) | " (7Y ] I’ ' I \\“ o r” )/ ; 1‘)" ) !' ", '
1111 - (Gg)C (AL RN ) ~p 0= . r— ' 7 O~ k.. v
0 gt I () S\ 2 ’—“ ok ! ki ok [5Ael. 2
\
A AU N R R A L
lim ¢! : VDO (kyon o RN, q e Iql\ I (J'ﬁ‘ : = ‘[ ) .r ONky, oo ky)
a0 g\ Py(q) 2% T Lt 1 k! 2 okt ) okt '
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The first few cases

¢ (n=2) (o 0y o Ve . . .
n=2 §; Mitye o0 a2 First genuinely new consistency relations.

Six new symietries for cach n=2:

e 4 tensor symmetries (only y transforms non-linearly)

¢ 2 mixed symmetries (both y and T transform non-linearly)

Example: n=2 tensor symmetry consistency relation with two zeta insertions:

)~ | :

-, J"__f
I.lllllll (4) _“““["‘}k‘g‘ ] };I (6) (
l". 0 by tagmaprmymes { f.)f{””l"hf,”, I,(‘[] { ky Yho bl o pmpmyms J’ Zdl 3 (h’,
d (]
Explicit check: Maldacena’s 3-point function: v
| 2

" ' |
Yito (@G5, Ciiy) = Pty jm (4)

' (k1 4 ko)g + kiko ghyhe
| g (g Gt bk aiky)
P(q) -

f
W K K
where K = g+ ky + ko

) I

) ) ) ) ) ] ) Y
]u'..;m.. [i_,l[fum.. { fmml 1o IH..I_HH.. y Iffu ”“‘ri i,

o

W1
g

'K.r.', L*f.‘; )

ke Ok
1

mo

Yim

!
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Further directions

o Multiple soft limits should expose non-trivial commutation relations of the

symmetry group
qi.q2 — 0

\
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Further directions

o Multiple soft limits should expose non-trivial commutation relations of the
symmetry group
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Further directions
o Multiple soft limits should expose non-trivial commutation relations of the
symmetry group
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e Modified initial state consistency relations
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