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Inflation

[nflation is the leading paradigm for ‘&'@

explaining the early universe:

e Addresses the standard cosmological

problems (horizon. flatness, monopole)

e Explains the observed scale-
invariant Gaussian perturbations as
quantum fluctuations of a primordial
field
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[nflationary correlation functions

We're interested in computing N-point functions of Ts and y's at late times

(L.ll| ]h.{'..') poek "!f{,fjl }-J-H[.".‘r'_’]“'}
Some notation:

denotes momentum space correlator with overall momentum CONServing delta function removed

ll(‘]lll|l“'~ |||l' ('U]L]lt‘l'lf'(l ('srl'l'("flluj
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[Inflationary correlation functions

We're interested in computing N-point functions of Ts and y's at late times

(Cla)Claa) i (y) v ly2) - -+ )
Some notation:

denotes momentum space correlator with overall momentum CONServing delta function removed

ll(’]lllll“\ |||l' ('ll]L]ll'l'lf’(I (':r|'|'1>|f||n]

Power spectrum comes from two point function:

(C(k)C(K) /d“:-;!".;-’f"’"."‘""'{q.r)q,r’)} (27)3 6

i)

()= Y. /u'-".u!-‘.l’f thez gik"a" e (k)ed ;o (k') (yij (@)yire (2)) = (2m)363 (k + k') P, (k)&

vy gt
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How inflationary correlation functions are computed

Starting point is GR plus a scalar (diff invariant):

. | / 1 "If' 3 l ‘ ) -
d'ev -G > I8 .){r}u} Vi)
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How inflationary correlation functions are computed

Starting point is GR plus a scalar (diff invariant):
" —= [ Mp L _
d'ev -G 5 R 5 () Vi)

N? + NN
Go to ADM variables (3+1 split): Cruw ( {\ !

1/ o y 4 (3 .0 S | - e )2 9 ,
> / d'z N Vv l_”ﬂ (H("' A i K=) 4 e (ri N }) (Vo) — 21 1
P

Extrinsic curvature I;;
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How inflationary correlation functions are computed
Starting point is GR plus a scalar (diff invariant):
e 7 | MB  Limoz o
d'ev -G 5 I8 5 () Vi)
Go to ADM variables (3+1 split): G ( N* i'.\ N; | N; )
N, 0is

5 / .ffl.f“\ v’/ﬁ l.”ﬂ (H("' T A :‘ f\”) { e (r; N r)im) [Y'u}~ 21 1
[ .

Extrinsic curvature I;
-) \

’ [.’-fu vf‘\',l T)‘I\'.‘J
Lapse and shift appear non-linearly and without time derivatives
auxiliary variables — can be eliminated via their own equations of motion:
) J - - l i -jl. “
1[[.T {f\,, /\_i],j) N (u A f)ﬁ,r))r),r; (),
|
2

Ly

9 ¥ =) ') I . ’ J ‘2 »
IUI. (”"" Yy G }'\—) V2 (ri N 'r'),m) [vu)* 21 l 0.
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How inflationary correlation functions are computed
Expand around background solution:  3A2H* _lr'r' rV, ¢+3Ho+V' =0

Use the diff symmetry to choose co-moving gauge: !

o

¢ = constant
2 9 / d
= O, Gij rf“r'"“[v_\;])‘:]u : ‘,’f 0, o' 0.

DOF are carried by T and y

Pirsa: 13070016 Page 9/47



How inflationary correlation functions are computed
Expand around background solution: 302 H* _lr'r' rV, ¢+3Ho+V' =0

Use the diff symmetry to choose co-moving gauge: !

5

oh constant

= o, Ois a’e* (expv);; v, =0, oy 0.

DOF are carried by T and y
I‘}1|)Ht‘ and shift are l‘X]).‘IIl(it‘t' and solved order |J.\' order:
N=1+Ny+Ng+:+, N =N} +N,

Nay = 0 + N/ J'N?

¢
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How inflationary correlation functions are computed
Plug the solution back into the action:

S=8+83+--

Scalar modes:

S, ‘Hf, / dPxdt a’e [g“) (1 2{()"g)‘“w

, %

53 'Uf’ / APt ”:i{ a :ct(t')'k) ' lifL'ng r”
. ¢ )

=9 ) .—) 50
({)‘,r')_;f‘r')’r')’t‘ (T”t.'}’) V] Tw-i),:_-()’g}
Mp
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Tensor modes:

How inflationary correlation functions are computed
Plug the solution back into the action:

S=8+83+--

Scalar modes:

S = M [t ate [¢2 - a0y
"o : : : ‘;:1
53 '”f’ / d*xdt a” a %eC(0C)* + 3e¢C* fH

l ; ¢ o 0k Qi £oi P
7! 3C 7 (U\,f);('r)r)\" (T”t_-}") A”iljv"r_'c),:_w)g

Power spectrum comes from S»
Higher point functions come from Sy, S, ...
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The consistency relation

Page 13/47



The consistency relation

: L g L TR
lim Jag,,-g;;lg,[‘:_‘}’ ky - - (Ci L;;J)f

Holds in all single-field models, under the assumptions:
o constant growing mode (background is an attractor)

¢ adiabatic (Bunch-Davies) vacium

Measuring a large 3-point function in this limit would automatically r

all standard single-field models (Planck: f5" = 2.7 +5.8)
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Extending the consistency relation
» Higher point functions
iq -||f’l_|.r'r]

N
| , . ‘ ) - ) ‘ ‘
liim 7 gi:ﬂf)“‘q.....iﬂ\l'r (';L\ 1) \, /-_, r, ) Ll-)[}-';‘..../-'\l:‘

e “Special conformal™ consistency relations

lim — t YO (k kn )y, { \\‘ LT ki 2 2 (k ken)).
1 (@GR, NN ) ) = O Vet : + 2Ry (EP (R oo RN )
0 g \ P(q) 2 &\ Ok, Ok Ok kg ok}

Pirsa: 13070016 Page 15/47



Extending the consistency relation

» Higher point functions

A

1 , ‘ " X - ‘) . ‘
lim {(NO(ky, ... ky))! 3(N 1) +4 \ ko — Oy, .... k),
iq -||f’l_[rjrl "h'] f”.,,

e “Special conformal™ consistency relations

] L i ; ¢ i
6— — k! 251 (Ot oo RN
akt kel ke, .‘fi'“.ir}f-')"

i) | . . | -
AOS d I
."Ilnllluh,i'(l”.‘iq‘? G\ II‘“”IL\\’) _’\

'
=]
These look like the soft pion theorems of chiral perturbation theory.

Suggests they should be derivable as the Ward identity of some

spontancously broken symmetry,
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The consistency relation as a Ward 1dentity

Our goal is to find the most general such relation, and interpret it as a Ward

identity for a spontanecously broken symmetry:

" | I o
li (O 4 Y(q)O) | ~ (O
,;'”f{]) (_)’I” ( IL ({” <‘s("ﬂ Fi P. (f’f} < ( I,] >) et \ }

« Constrains ¢" behavior of correlators in the soft limit
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The consistency relation as a Ward 1dentity

Our goal is to find the most general such relation, and interpret it as a Ward

identity for a spontancously broken symmetry:

" 1 I o
li (O ~(q) O ~ (O
.;'”3{]) g (IL({I](L(@ > | I’.(r,r}('(l'] >) alen )

« Constrains ¢" behavior of correlators in the soft limit

These extended relations involving higher-point functions and the sub-

leading behavior of soft limits are likely not observable anytime soon.
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The consistency relation as a Ward 1dentity

Our goal is to find the most general such relation, and interpret it as a Ward

identity for a spontaneously broken symmetry:

A" l | "
§ (C(q)O) A (v(q)O) | ~ (O)
.;'”?{]} dq" ( Pc(q) ((@)0) P.(q) (90, ) Akn !

» Constrains ¢" behavior of correlators in the soft limit

These extended relations involving higher-point functions and the sub-

leading behavior of soft limits are likely not observable anytime soon.

“So far, loop corrections to correlation functions appear to be much too small ever
to be observed. The present work is motivated by the opinion that we ought to
understand what our theories entail, even where in practice its predictions cannot
be verified experimentally, just as field theorists in the 1940s and 1950s took pains
to understand quantum electrodynamics to all orders of perturbation theory, even
though i1t was only possible to verify results in the first few orders.”

- Steven Weinberg, hep-th/0506236
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Symmetries of zeta modes

Co-moving gauge choice (without the tensors):

£} B ~
O=@, Qi =a‘e0;,
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Symmetries of zeta modes

Co-moving gauge choice (without the tensors):

[

D O
P=0, 0i =a‘e 0,

Any transformation on zeta which looks like a spatial coordinate

transformation of the metric,

) (H.')(_f)f'l'}k:(":'”ri,-l}) =L (.’12(/)r ')(:[‘J:'”r)-,'_j)

S

will be a symmetry of the gauge fixed action, with

SN' = LN+ € SN = L¢l

"
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Symmetries of zeta modes

Co-moving gauge choice (without the tensors):

[

o
P=¢, gij =a‘e"0;;

Any transformation on zeta which looks like a spatial coordinate

transformation of the metric,

) ((lg(f)f"-}u":")ri,-l,) = L= ((!2(!)r ')C("r‘”r)',-_j)

S

will be a symmetry of the gauge fixed action, with

These are precisely the conformal transformations of spatial slices: o

Zeta transforms with a shift (like a dilaton): ¢ .;()'{, - £,0'C
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Symmetries of zeta modes

Ordinary spatial translations and rotations are linearly realized.
0;¢ —0i(, 0i;¢ = (2i0; — x;0;)¢
The dilation/SCT symmetries are non-linearly realized.

=147 V(.,
;Sh‘ﬁl = ..),1; T+ (2’; .Iq'.l'l. = 'thi) (),(.,

They close to form the de Sitter algebra so(4.1)
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Symmetries of zeta modes

Ordinary spatial translations and rotations are linearly realized.

§i¢ = =8¢, 6i;¢ = (2:0; — 2;0;)C

The dilation/SCT symmetries are non-linearly realized.

»

Soi="1+42 ¢
5:C = 2b- & + (zh- Fat — .f%") 8¢

They close to form the de Sitter algebra so(4.1)

Symmetry breaking pattern is: so(4.,1) — 2so(.
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Extending to tensors

Co-moving gauge choice:

b=0¢. i a’es (exp7),; » v =10, r'),‘_.’l 0.

Look for transformations of T and y which make the spatial metric transform as a tensor:

will be a symmetry of the full gauge fixed action, with

SNt = LNE 4+ € ON = L¢N
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Extending to tensors

Co-moving gauge choice:

LI .
O\ = O, O a“e" {l‘:\‘;)‘,}” ; v, 0, r),‘.f" 0,

Look for transformations of T and y which make the spatial metric transform as a tensor:

) (r"')t; (e _),_,) = L¢ (";}k (€7 )f'f)

will be a symmetry of the full gauge fixed action, with

SNi=LeNP+ € SN = L¢gN

We look for solutions order by order in powers of the tensor

. (49) (1)
07ij Aﬁ"r; { r)‘:”' t
< (0 : (4 1)
0C 0¢ oC\ /4
" (") (+1)
& &7 +¢67 4

At each order we will impose that dv;; be transverse and traceless.
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Extending to tensors

Zero-th order in tensors:

> 2 y o 2 Y « (Y @ - [~ (%) ak ~¢ o
0 (f b )”) L (f (¢ ),-‘,) = 26¢! 'r),_J, i ‘5".:_). ] 2§, 'Ic)xgd,_f { (),{‘.II
Take the trace, solve for the zeta transformation:

5(7°) 1.),,.(--“: ((n“w.),
o4 ,,)‘ S =& 0§
Plug back, solve for the tensor transformation:
_Ili N 1) ( i 4 i (8]
0 ,[J I ()'f".[! L 4 ;€ J r)"{.; }r\,f
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Extending to tensors

Zero-th order in tensors:

: 20 ¢ .0 o 2 Y a e (4" ¢ . (vY)
b (f {( }"_f) [_l\ (( N (1 )’.’) ——-) _Jf)g ’)1_; 4 ("‘;U
Take the trace, solve for the zeta transformation:
Ya 0 l ),,.(-“: () )
I8 _’)( S & ¢
Plug back, solve for the tensor transformation:
['."I ) [ ||] ) ([ |IJ )I(
] i viQ + ;8 [

Take a divergence, get an equation for the gange parameter:

) | (i)
f ‘1_55),5)1:;'; ) =0

« No solutions which vanishes at infinity

« No tlt"){‘]ltll‘ll('l‘ on zeta
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Extending to tensors

First order in tensors:

26¢8,5 + 28¢5 4 anf]u 3;,"U*gat,+ 26 9k ¢y 4 ae") + 0,67 4 L+0)%is
Take the trace, solve for the zeta transformation:
6¢ = €Maic 4 :,'f')’if"” | :];f),tﬁ,"”’i”
Plug back, solve for the tensor transformation:
a«jf'] ihgfj’ -6 iaﬁ{;"aw
ifhij””"fkdu jaﬂ(i””a,,| L)%

Take a divergence, get an equation for the gauge parameter:

2.(y1) L. ad (1) A 2 . (4 ke . '-).;‘.[‘.”1 5 .
3 1‘)0,(,ﬂ;’ ) ¥ (3067 70+ 28" % — Lo
W) : v

]

ke a0l ) ) '
_[.‘|| I’) vl ] l‘}r[) " &, .I_\IIJ i ol & 0 Jed
\ 2 "l P | K e\ ) o N
= ‘(\, Tl‘j n.’ I T"“’ L:‘I 0y Ykt :’)()Hf'(\q / f‘) ';f) (\Nl /
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The n-th order transformations and parameter §¢°

Extending to tensors

There is no obstruction to continuing this procedure to all orders in tensors.

A » (™)
. 0% i €1

are all determined in terms of the zero-th order parameter:

This is the divergence of the conformal Killing equation on R?
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Solutions
-,Jr‘[_‘lll l A;(l'-”)
Vi + 300 0
e« Anv conformal Killing vector is a solution.

Call these the conformal symmetries

dilation .
£:41e AL,

~SCT ‘ 2
& 0 i3y — T .

e There will also be solutions which are not conformal Killing vectors.

('all these tensor symmetries
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Solutions

29 (49) l ) (~0)
V7, i ,;(J,r)-"‘\I 0
e« Anv conformal Killing vector is a solution.
Call these the conformal symmetries
-li ‘n
"-':.{,11 wion ,\_}',
{?( : 2007, 72b; .

o There will also be solutions which are not conformal Killing vectors.

C'all these tensor symmetries

The dilation symmetry happens to be ezact (no corrections higher order in the tensors)

;f'“l"'”"“k{‘.’:] ,\(l Falaid(T))

r)-dil;ll L”“A.a_f{"':] ,\_:""(');‘. f.,’(.r"_] :

All other symmetries receive corrections higher order in the tensors.
. 5
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An infinite number of global symmetries

Taylor expand the parameter in powers of x

X

Z 1
‘; } ‘l{, .."ll_‘_.."i.
\ll rn l,(” { l)‘ 17.1IJ J

M is symmetric in the 7 indices

. 29 L &, :
IIIqulIlfJ, V¢, 4 I;d,d-’;, 0 hxes

|
Migee,.. 0, ,;-”nu:.,.r,, (n=1)

To ensure transversality is preserved in Fourier space at finite momentum ¢'0vi¢, (¢)

9
q' (-”mxl o\ q) + Mygie, .0, (§) ;fsn.,A”ru.‘ r,('i)) 0
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To ensure transversality is preserved in Fourier space at finite momentum ¢'6%ie, (¢)

An infinite number of global symmetries

Taylor expand the parameter in powers of x

x

= 1
‘gl-“} ‘l{,u & .‘,"n = = _","‘.
- Z:‘r (n+ 1) fr 0

M is symmetric in the [ indices

[mposing V=g, 4 I;d,d’i, 0 fixes
|
‘\]H'ffin‘l',l. ,;-”uu‘:.,.x,, (n=>1)

»

9
q' (.”mn ¢, (q) + Myyie,..e, (G) :-;fsn.,jlfih 1,('/]) 0

Symmetries indexed by n=0.1,2.... will constrain " in the soft limit

()
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[)Cl'l\-'lng the CU]‘IHIHICHC}”’ relation
Start with the statement that the charge generates a svinmetry transformation:

L.H.S. R.H.S.

(Q[[Q, 0)|Q) = —i(Q[50|Q)
() is the Noether charge corresponding t

1 [ . .
Q= /""'*'(“‘J-’J-Mw} F{T1Y (), 035 (a H)

the svmmetry:

The operator is any equal-time product of T's and y's.

The state is the in-vacuum, related to the free Bunch-Davies vacuum [0) by: [€2) = Q(—oc)]0)
[ - / /

Q(t;)) = UL (. 0)Up(t;,0)
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Deriving the consistency relation

The right hand side:

The operator is a product of product of equal time Ts and y's

Ok, ... k) }w,. ..... Big) OF e o (BBt 13 vos KR)
. : N T
O [[;:Ilk{/-',;-f) L)fu-u‘uw ----- ENJIN I b=M+1 "'-”s”"’"”

Here is its transformation under our symimetries (in momentum space, first order in
tensors):

(5 o). (—i)" Vo { i (n" gl i k! on+l ) Ok, ..k ))e

' ' n! Bl Ok{ - Oki " on+ LOkE -0k )

M

2 L . . . . . .
Trl'l[l"h(lu'”J y g . L)\‘ff.l : ...j-'u L.;u'”. Ly oo ‘jn'”.}‘.h”,_.[ju'd}c) (/.H Ly ooy j.'_\')_‘
ZT Ok¢ - OkY

\ )
Z |t Lw"[f’.'f ) Lo "L')L“[/f' /.'.u O (ff.u kn))
thtb J“'),‘." ‘_.f'”.lll \ Ligosw 24 M 4 1TM 41 RbEby AN TN Ly oy ]/
[

b=AM+1 Yen
. .. | . 5] :
where T,.._J’,{/.') .)65.‘”0“{ ];.‘_,.[.‘[,f‘J”, } I.);'.ix'-f“f-*:
I'rsijie(k) 2 (“’_m f-‘,-f-'”) 05) (k9¢)s (()u !'."i'-f) Or(k9¢)s = 7%(k9%);0rs
w)
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Deriving the consistency relation
The left hand side:

[ntertwining relation:  QQ(—oc) = Q(—o0)Qy el Q) = Q(—0o¢)Qy|0)
We need to calculate @Q,]0)

The “free” charge (Q is a symmetry of the free theory, It generates the non-linear

shift in the fields:

S

Qo ~ /r/‘r' a' (e () + I, () ~ lim (Ie(q) + 15 (q))

q—+0 g

0oC, gy ~ "
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Deriving the consistency relation
The left hand side:

[nsert a (‘(l]]l|)|{‘!(‘ set of free-field eigenstates: Cos70) | Xo)

mofr o 5
Qol0) ~ lim - /n.\'u Xo)(Xo|11(q)|0) ~ lim - //).\'”I.\'“:- —— (X,|0)
' o f‘-\rriff}

g0 g™ g0 dg"

The free-vacuum wavefunctional is a Gaussian (here is the assumption that the initial

state is Bunch-Davies)

Cdk | i
_\.” !n' -\—[I !n'
/ (2m)3 Px (k) W)t )}

. ! " | _ _
(2|p|“ s IHH ( .\“[r”) ||]

W .cr{h,‘” !:\{f"l}

\u“‘ ~ exp

Now use the assumption that T, y have constant growing modes:

r‘)H

| |
(Q[Q. O]|2) ~ lim - ( (Clq)O) + (y( JL')"‘)
' ! q -11|)r;” fL{rj} ! ' P (q) ! '
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The full consistency relation

',')H I ) s '\‘;Hm ) s
lim P, WA 1)) (" (OOCk1y ... kn)). 4 (C(NO(ky,..., ka)y
=0 ilo . Ly gmoy..am, \Y f')f/m] "'”'/m,, f’r[r/] \ { | /e ”L{-‘H _K(/ | NJ}.
\ .
e [ 0" 0no ka ot - x
IJ.* " " ( ] ’)'}W“ "o 4 \C)[!n ..... ’-' 1))
borladiibaneTiw {Zﬂ( oka, ---Oks N no+ Loka, - Oks, | ik
\; {')JI
L T/ Matada () ; (O R s Ka—1,Ka+1s - KM )Yigja (Ka)O7 (KM41, - - - kn))e
: fh'.':‘m cee rlf"j’”h
\ ')H
N g kb o, ( LT % ’ LY [
24 I thJb ”"")“’r‘.l‘ coe b (O U‘\ ---- /.'1""]()#\;.11\: v .f\_f\”"”'l ..... f._\}..{}
b=M+1 m Min
| . | , D i
where Tysiglk) =0(i0j), .lr’.',;.'[’d.”r 1 ].)f.-,}.-,n,.H:

£)
Y (k) 2 (”.m by ke r) 0 (kO0)r (‘5” /"r}":) 0 (k005 .;‘h[!.-“’f )i0rs
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The full consistency relation (schematically)

" "

[ I
]. [ ( C)\ { ~ c) ~ (c)\:
,,‘”3{]; P ( P (q) (C(9)O) P (q) (v(q) >) g

o Constrains ¢" behavior of correlators in the soft limit
¢ Holds on any spatially-flat FRW background (no slow-roll conditions required)

« Holds to all ]nnlah‘
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The first few cases
n=() §"" = Mg,z

Decompose into a trace part, a svinmetric traceless part and an anti-symmetric part:

J/HH — /\("‘,if'u _{_ -S'(f“ + Q.L"f'f”

|

(linearly realized)

o Anti-symmetric part is just spatidl rotation

e Trace part is dilations

o Symmetric traceless part gives two tensor symmetries q'Sie,(q) =0
(anisotropic rescaling)
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The first few cases
n=0 & = Miga®

Decompose into a trace part, a svimetric traceless part and an anti-symmetric part:

1' /.i"ru '_ /\(“".{II 3 ‘q”'ll - Wit

f

(linearly realized)

o Anti-symmetric part is just spatidl rotation

e Trace part is dilations

e Symmetric traceless part gives two tensor symmetries q'Sie,(q) =0

(anisotropic rescaling)

Ward identity reproduces the orieinal consistency relations:
‘ ] 8 :

N
| ‘ . J ' ;
[im (CLT)O(k; <« 45 kN )}: 3(N—-1) 4 ko —= |{(O(ky,..., kn)).
I . . | A ) ' .
.t.ilf'l' P(a) V(PO (K1, ... k), 5" it () fz‘l {;‘-"‘,”_.:i. (OS(ky, ... k)Y

I ; ; ; : -
.J{L'V[f.‘{.....f.',, VolCa s, i 15 ka ;-,.,,,(f.,,)-r} .o
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[he first few cases
l] 7.1 LJH 1) A!‘l”hr‘.n"r”.f'[‘
o 3 special conformal symmetries (both y and T transform non-linearly)
MECE = by, 814, + begBie, — bibgye,

1l

e 4 tensor symmetries (only y transforms non-linearly)

Ward identity reproduces the special conformal consistency relation and linear-gradient

tensor relation:

T 1 1O%(k Ny, Lo~ (6.0 T S *(k k),
11 ; ()OO (R o RN)) = (- — 4 2k : OMEBLyiai BN))
i .wrlirj" f‘_trll') b I & '—“' r”."J ,'j,i,l"‘,)[_“l '}"I"'r'.”'.:.-
\
0 1 ' . 1 < | g kb 0 . .
i ¢! PO Ky kN bed ()Y « (; ) Oy, o ken))
0 O (r (P L ) o U 2 \ Pl T 2 kg ) o, o
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The first tew cases

=" "7 = Mo o,x'0x" 2" First genuinely new consistency relations.

Six new symmetries for cach n22:

e 4 tensor symmetries (only y transforms non-linearly)

¢ 2 mixed symmetries (both y and T transform non-linearly)

Example: n=2 tensor symmetry consistency relation with two zeta insertions:

0? I 2_]* K (G G,
lim P} (4) (A0 () Ce Ce Y Pl (@) i ey SEa
G0 Wl Eygmapmymsy ’.)’]mi’l}'hu» !’.(‘Il kq ko ilnly Lo gmgmyma o 2 .f‘)f.';‘”“rlf{:'”]{'H{”

Explicit check: Maldacena’s 3-point function:

v
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Further directions

o Multiple soft limits should expose non-trivial commutation relations of the

svmmetry group
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Further directions

o Multiple soft limits should expose non-trivial commutation relations of the
svmmetry group
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Further directions

o Multiple soft limits should expose non-trivial commutation relations of the

symmetry group

q1.q2 — 0
i<
¥ |
\\
\ /
\ ¥
\
& i
o ( Ull.l]JMli limits G +qa+q3 =0 A
I
' &
\ « /
\ -
1
|\ F."II
Y J

e Modified initial state consistency relations
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