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Abstract: Shor's algorithm can be a meaningful test for experimental quantum processing systems, when suitably realized. & nbsp;l present results
from a& nbsp; recent implemenation of quantum factoring using trapped ion qubits, demonstrating feed-forward control, use of quantum memory
during computation, and cascaded three-qubit gates. & nbsp;Such capabilities are necessary ingredients for a future large-scale,<br>fault-tolerant
guantum computing system.
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Shor’s Q. Factoring Algorithm

J(x) =a*mod N Results from number theory:

I composite number .
coprime with NV e
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Shor’s Q. Factoring Algorithm

/(\) =a*mod N Results from number theory:
- "

I composite number

coprime with N

Quantum factoring: find r

Complexity of factoring Quantum: ~ L2
numbers of length L: Classically: ~
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Shor’s Q. Factoring Algorithm

J(x)=a*mod N Results from number theory:
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Shor’s Q. Factoring Algorithm

J(x)=a*mod N Results from number theory:
4

!

|  composite number

@

coprime with N

Quantum factoring: find r

Complexity of factoring Quantum: ~L?3
numbers of length L: Classically: ~ ¢!
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The Quantum Factoring Algorithm: Quick Review

Theoretical Algorithm |

00...0+

a' mod N

008 1=

Three main steps:

1. Input superposition preparation
2. Modular exponentiation (multi-qubit
3. Quantum Fourier Transform
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Factoring Algorithm: Universality

® The QFT structure of Shor's algorithm is universal to virtually all
exponentially-fast quantum algorithms

sper-Polynomi

Factoring 95 g Q. Simulation ~'96
Legendre S hift ‘00 Jones Polynomial '02

® Beyond factoring: linear equations Pells Eqn 02 Potts Model 07
Gauss Sums 02

Problem: given a linear system of equations N
- Matrix Powers 07

AZ = b estimate 7' M

QFT Based Use QFT

Uses quantum phase estimation (QPE)
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Simplest Meaningful Factoring?

® Quantum Factoring of N=15

00...0~H

a* mod N

QO] =

Generic factoring circuit
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Simplest Meaningful Factoring?
® Quantum Factoring of N=15
H5e

HY!
H P

H
H
H

a=7 (hard) OF a=11 (easy)
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Simplest Meaningful Factoring?

® Quantum Factoring of N=15
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Simplest Meaningful Factoring?

® Quantum Factoring of N=15

\H X
H

l:
.
£ty
4.
5
6:
7.

7 qubits needed for N=15
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Quantum Factoring

ire, Dec. 2001 )

Expt. demonstration of - The Molecule ;"5
Shor’ s factoring algorithm

15 =3 x5

NMRQC factoring pulse sequence

1:\ bbb e e v 0 o dna
2:i“. ‘TR L L Lttt ik
-t .|l|‘.|-|l:‘ DL 0 b DLl Ll mAmm L Jetitd

4._‘ ;.MJ|L||-.'I|I|||!1 L
5l a1 L

l --I-;Jl!llll.llll !

G:I

B
7 ;

i{IIIJ
Modeis

Pirsa: 13060002 Page 14/34




Quantum Factoring

( Vandersypen, et al, Nature, Dec. 2001 )

Expt.’ demonstration of The Molecule 377" °°°
Shor s factoring algorithm

15 =3 x5

_NAJIRQQ factoring pulse sequence
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Shor Algorithm Realizations: Prior Art & Perspective

NMR: N=15/ 7 qubits / 200 pulses / Both and d cases

Linear optics: N=15 / 3 qubits / 13 gates / Only case /
post-selected

Superconductors: N=15/ 3 qubits / 2 CNOTs / Only
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Shor Algorithm Realizations: Prior Art & Perspective
- ™

NMR: N=15/ 7 qubits / 200 pulses / Both Easy and Hard cases

Vandersypen et al. (2001)

Linear optics: N=15/ 3 qubits / 13 gates / Only Easy case /
post-selected Lanyon et al. (2007)

N=21 / 4 qubits / 26 gates / Only Easy case
Lopez et al. (2011)

Superconductors: N=15/ 3 qubits / 2 CNOTs / Only Easy case
Lucero et al. (2012)

A 4
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The Challenge:

106
gates

Devices =2 Systems

 Fault-tolerant QC
- Encoded qubits
- Memory / CPU
- “power supply” states
- classical control
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Factoring;
Search;
Quantum
simulations
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QIS&T Devices: ~2002

Superconductor Quantum Dots - 31P in Silicon

.'_—"T
| reservoir |

( Marcus / Tarucha )

Cavity QED

Y

r‘((l
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QIS&T Devices: ~2002

Superconductor Quantum Dots 31P in Silicon

1 two-qubit 0 two-qup‘i_g. 0
gate

Atoms NMR Cavity QED Optics

2 qubits 7 qubits
1 two-qubit 20 two-qubit
gate gates
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QIS&T Devices: ~2012

lons Circuit QED + SuperC Quantum Dots

14 qubits 4 qubrls W
10 two-qubit, 3 two-quw
4 three-qubit 1 three-qublt
gates gates

Nitrogen Vacancies - Optical Lattices
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How to trap an atom on a chip

- SRV R et

(Cooling, Quantum Operations)

Lasers

lon Trap Chip
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How to trap an atom on a chip

PRI
(R O |

(Cooling, Quantum Operations)

Lasers

lon Trap Chip
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How to trap an atom on a chip

S

(Cooling, Quantum Operations)

Lasers

lon Trap Chip
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Trapped lon QC Quantum Operations Toolbox

1. Addressed single-qubit rotations

10) op,, Yy v ¥ Generate rotations about z axis

1:)
i

[oca+]

resonant >
manipulatior )\ - (
i

Bichromatic TR P e Generate rotations about x/y axis

(entangles): ----ig.‘::\- :
U, (6) = e™'2°%

- 1) (2 0) (2 ~iBs%
= Loy 0, s 0, MS(Q) - o Iz.‘:‘}x,y

Melmer-Serensen gate
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Challenge 4: Predicting Scaling = TIQC-SPICE

order 1
1.0 Y r : y
BN deal
Q-8 N exp
[ v =
S 0.6 B sim |
L1~ ]
=
S 0.4 .
=N
0.2 I_ —
0.0 Lem . o e | . (R B S
0 1 2 3 4 5 6 7 8
order 3
1-0 1 T T T T
0.8
| v
L2 0.6} 1
=
-
2 0.4
o
O'zh hal _
o ol ol B ol n il
0 1 2 3 a4 5 6 7 8
state

order 2
1.0 Y Y :
0.8}
I IL__._LL__
order4
0.8}
0.6+ -
0.4}
' H b B
A — T . L — . .
0'00 1 2 3 4 5 6 7 8
state

No fit parameters!! Entirely based on system calibration
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Challenge 4: Predicting Scaling = TIQC-SPICE
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Montgomery Multiplication
 Classical algorithm used for repeated modular
multiplication

Montgomery
Reduction Method

Goal c=xbR'modN

c=xbmodN =MR(xb)

Can be done fast!
(half # ops as normal mod mult)
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Quantum Fourier Montgomery Multiplication (QFMM)

The quantum Fourier Montgomery multiplication
operator reversibly performs the operation:

('_\”1(/})5.1".;”1.= = |bz R~ mod N)|z

Erase its input:
f'i”,{h j:)jh‘."]}’ ‘ mod N)|a brR ™' mod N\
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Quantum Fourier Montgomery Multiplication (QF MM)

* The quantum Fourier Montgomery multiplication
operator reversibly performs the operation:

Unp(D)|2)]0) = |bzR™" mod N)|z

« Erase its input:

{"i\”-(h ‘):ihu"}l) ‘Illuli_\' . br R mod N0
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Quantum Fourier Montgomery Multiplication (QFMM)

 The quantum Fourier Montgomery multiplication
operator reversibly performs the operation:

Unr > (D)|)|0) = [br R~ mod N)|x)
- Erase its input:

Ut p(0" Db R mod N)|x) = [beR™' mod N)|0)

b (&
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Quantum Factoring with Trapped lons:
a Test of Scalability — Conclusions

Factoring 15 hard and easy cases

EXPeriment: > 80% Fidelity results (s

(
.

1) Fast feed-forward control

2) Quantum memory with quantum computation

)
e (3) Two cascaded, deterministic, 3-qubit q. Fredkin gates
)

(4) TIQC-SPICE predictive model of system scalability

Scalability limited by technical issues!
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