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Abstract: The existence of three generations of neutrinos and their mass mixing is a deep mystery of our universe. Majorands elegant work on the
real solution of Dirac equation predicted the existence of Mg orana particles in our nature, unfortunately, these Majorana particles have never been
observed. In this talk, | will begin with a ssmple 1D condensed matter model which realizes a T"2=-1time reversal symmetry protected
superconductors and then discuss the physical property of its boundary Majorana zero modes. It is shown that these Mgjorana zero modes realize a
TN=-1 time reversal doubelets and carry 1/4 spin. Such a simple observation motivates us to revisit the CPT symmetry of those ghost
particles--neutrinos by assuming that they are topological Majorana particles made by four<br>Majorana zero modes. Interestingly, we find that
Majorana zero modes will realize a P*4=-1 parity symmetry as well. It can even realize a nontrivial C*4=-1 charge conjugation symmetry, which is
a big surprise from a usua perspective that the charge conjugation symmetry for a Majorana particle is trivial. Indeed, such a C*4=-1 charge
conjugation symmetry can be promoted to a Z_2 gauge symmetry and its spontaneously breaking leads to the origin of neutrino mass. We further
attribute<br>the origin of three generations of neutrinos to three distinguishable ways of defining two complex fermions from four Majorana zero
modes.<br>The above assumptions lead to a D2 symmetry in the generation space and uniquely determine the mass mixing matrix with no
adjustable parameters! In the absence of CP violation, we derive<br>\theta 12=32degree, \theta 23=45degree and \theta 13=0degree, which is
intrinsicaly closed to<br>the current experimental results. We further predict an exact mass ratio of the three mass eigenstate with
m_1/m_3=m_2/m_3=3\sgrt{ 5} .
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Outlines

* The definition of Majorana zero modes and its
realization in condensed matter systems.
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Neutrino

Neutrino as a ghost particle:

e Extremely weak interactions with other particles.
e Almost vanishing rest mass.
e Billions of neutrinos surrounding us!
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Current experimental progress
toward ghost hunting

Three-generation mixing matrix:
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(from Michaelmas Term 2009, Prof Mark Thomson)
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Stirring neutrino and see-saw
mechanism
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Stirring neutrino and see-saw
mechanism

Standard model predicts exactly zero mass for neutrino!

A direct majorana mass term for light neutrino is not allowed
in Standard Model(SM) since it breaks electric-weak
symmetry.

See-saw mechanism and massive stirring neutrino.

0 mp mp < M GUT scale
A‘\[h:tul —

9 )
mp M my ~mp/M:  mo ~ M

e But if the stirring neutrino does not carry any gauge charge,
why it interacts with the light neutrino?
e Why it is so massive and where does the mass come from?
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What's the time reversal symmetry

of a Majorana particle

e Boson has T2=1 time reversal symmetry.

e Fermion=half boson, therefore it has T?=-1 time reversal
symmetry.

e But can we say Majorana fermion=half fermion and it should
carry T4=-1 symmetry?

No. It is just different representation of complex fermion
and of course has T2=-1 time reversal symmetry.

Yes. Majorana ghosts formed by a pair of Majorana zero
modes do have such a strange behavior!
O> O>

+
(0

r r 4 7
&S 4‘ = \l‘ < |Empty)
boson fermion *
majorana ghost
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Symmetry fractionalization and

symmetry protected topological order

Spin one Haldane chain realizes 1D topological
order(even with strong interaction)
H = Z(s, .S, +U(S7)?) e stable up to U~1

But Haldane phase requires symmetry protection!
e Haldane phase can be protected by many kinds of
symmetries: e.g. time reversal

Z C Gu, et al, 2009, F Pollmann, et al, 2010
AKLT model realizes Haldane phase

H=3,Py(Si+S11) 5o
=Z,'[£_Sz"si+l+(l,_(S,-"S,'+])2+]?], - // // // >

FDM Haldane, 1983, lan Affleck,et al, 1987 I 1 _
m, =0,%1 S @ =H®1
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RG Fixed point wavefunction of 1D
SPT phases correlation length & =2

SPT phase is a W
gapped quantum

phase with unique [/* O U* U U’ O U’ O
ground state

AKLT state decouples to spin-(1/2,1/2) dimer model
© 00000000 ecPiNn1/2

Projective representation on each dimer end
ur (g1)ur(g2) = w(gr.g2)ur(gr.g2);  ur(g)ur(g2) = w(gr,92) 'ur(g. g2)

upm(g) ~ Bomy(@uncmy(g): Brom(g) € U(1)
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T4=-1 time reversal symmetry

The classification of symmetry protected topological (SPT)
orders leads to the concept of T4=-1 time reversal symmetry.

e Hilbert space for interacting systems:(Phys. Rev. B 83, 035107 (2011))
(IT 10), (1 10), ]0). ('T('1 0)

e T2=-1for fermion parity odd sector and T2=1 for fermion parity
even sector. The total symmetry group is extended over
fermion parity symmetry group {l,Pf}, which is indeed T4=1.

{I.T,T? T3} (Phys.Rev.B 84, 235128 (2011))
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T4=-1 time reversal symmetry

The classification of symmetry protected topological (SPT)
orders leads to the concept of T4=-1 time reversal symmetry.

e Hilbert space for interacting systems:(Phys. Rev. B 83, 035107 (2011))
('-H()) : (i 10), ]0). (%('1 0)

e T2=-1for fermion parity odd sector and T2=1 for fermion parity
even sector. The total symmetry group is extended over
fermion parity symmetry group {l,Pf}, which is indeed T4=1.

[I,T.T%,T?} (Phys. Rev.B 84, 235128 (2011))

e According to the classification of 1+1D SPT phases, the edge
majorana modes should carry projective representation with
T4=-1

Explicit time reversal operator for a Majorana doublet:

I'=UK |U=—=(1+vm7,)=e¢7""" e a phase gate with T4=-1

/2
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Representation theory and 1/4 spin
Majorana ghosts arise on the edge:

I : Lo
cL=5(n+in) cr=50h—ir) | Te, 7! — —icl: TerT 1 _ it

Representation theory(must be two dimensional):
0 1

P \ g \ . \ \ i— r
ro) =UK|0) =U|0) = |1) = ¢; p0) U = i
. S . ‘
I''t) = UKep p[0) =Ucy 5y]0)
T =11 . * . ‘ \

= Tecp 7 T)0) = Licpgycy p|0) = £i]0)
1/4 spin:

S| v , S| «— . an) L .
S —itr';r‘ —r'i(‘-)—il{‘ —f")(‘ —f"}—(“ —-—1")(‘-—{—5".]‘ _—H'(/"’—-—[’r]
Iy 9 td | _) 4 J ! I. R
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Representation theory in the zero

energy subspace
What really happens?
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Majorana zero modes in high
dimensions
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Deconfinement of 1/4 spin at critical
point - a baby neutrino model in 1D

Similar to the Haldane chain, where 1/2 spin deconfines
at critical point. 1/4 spin also deconfines at critical point.

0),c;|0)

DM MDD A H=it > (cens - chens

(1€EAjJEB

*‘ i’ ? * i’ E;. = +2t ('UH%\

0),¢,]0)
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Deconfinement of 1/4 spin at critical
point - a baby neutrino model in 1D

Similar to the Haldane chain, where 1/2 spin deconfines
at critical point. 1/4 spin also deconfines at critical point.
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P4=-1 parity symmetry for Majorana
zero modes

It is not a surprise that we can define a P4=-1 parity
symmetry for a pair of Majorana spinons as well.

o We only consider the parity action on internal space here,

we will include its spacial action in quantum field theory later.

P l‘." l /
Py = (I+v93) =eTty Plyr=—(1=77]) =¢
/ L ,") v
\

|

]
-
I

[)A‘{)—l — Al PA P_I — A~/

PyiP™! = 4 Py P! =—

e Parity symmetry acts on the spin basis and chiral basis in an
expected way.
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P4=-1 parity symmetry for Majorana
zero modes

It is not a surprise that we can define a P4=-1 parity
symmetry for a pair of Majorana spinons as well.

o We only consider the parity action on internal space here,

we will include its spacial action in quantum field theory later.
1 , o 1 a4

Prrvv = —(1 °“.-"I--}A(:i' Pty Py = —(1 "_T-’ll—r
V2 V2
PywP™' = -4l Py Pl =+
— 1 — 1]
PPt = Ay PP = =

e Parity symmetry acts on the spin basis and chiral basis in an
expected way.

(vy — 7)) Per P~ = ey /’("/’_l:iq

(vt 7)) Pe,P™' = —cpi PepP™'=¢p
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P4=-1 parity symmetry for Majorana
zero modes

It is not a surprise that we can define a P4=-1 parity
symmetry for a pair of Majorana spinons as well.

o We only consider the parity action on internal space here,

we will include its spacial action in quantum field theory later.

T - ! l T - - !
I'--ri (1 + "‘I.“I.':}if_l T : I)“’fT[l """l]i( _. .
Vv V2 '

|

]

PyiP~™! = ~y4; Py P! = —

e Parity symmetry acts on the spin basis and chiral basis in an
expected way.

)~ —1 __ . )~ »—1 _ ./

(vy — 7)) Per P~ = ey ]’("/’_l = iC]

(Aa; o ’AI) ])('f,])_] — _(.H: ])('H])—I - (-f,
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Nontrivial "charge conjugation™
symmetry for Majorana zero modes

Since a Majorana particle does not carry charge, it has been
believed the charge conjugation symmetry must be trivial.

e To our surprise It turns out that Majorana ghosts formed by
Majorana zero modes can have a nontrivial charge conjugation

symmetry. Crp = (1 + }—«1""f: Cip = —=(14+7,74) = eTum
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CPT super algebra for Majorana ghosts

The action of CPT symmetries on four Majorana zero
modes forms a super algebra

c’ =P, p2=pl; T2=pP/; (P) =1
’[‘])_I' — ]),f"l': ])])_/' — ])_[']): F[)_I' — ])_I'F

TP = P'pr: TC =P/ CT: PC=P/CP

Our new definition of CPT symmetries commutes with
spin rotation

ST '=-S: PSP '=S: COSC =8
|
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The origin of three generations
Out of four Majorana zero modes, there are only three
different ways to form complex fermions, corresponding to

the only three different projective representations of super
CPT algebra with T4=-1, (TP)4=-1, (TC)4=-1

dj, = l,( —ivl): dp = %(ff —in Cd.C o id; F‘/“Fl = idr
2 ' y Pdy P~ = —dp: PdrP  =d;
carry half Z, charge! Td,T™" = id}:
fL = l,t +ivy) =cp; fr= %(‘., +i7]) = ¢
CHC ' = ifr: CfaC  =ify
PfLP~™" = ify: PfrP™' = —ifr
TfT™ = —fp: TfRT™'=f].
A majorana ghost has three different faces
(TP)d,(TP)™" = —id}: (TP)dg(TP)~" =idl,
(TC)f(TC)™" = —if}; (TC)fr(TC)™ ' =if}.
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Nontrivial "charge conjugation”
symmetry for Majorana zero modes

Since a Majorana particle does not carry charge, it has been
believed the charge conjugation symmetry must be trivial.

e To our surprise It turns out that Majorana ghosts formed by
Majorana zero modes can have a nontrivial charge conjugation

_ | N |
symmetry. Crip=—=(1+37]) =0 Tl = —(149,9}) = T

vV V
CyC = —4l; CyC ' =—9,
CHT ' =y Ty T =7,
e Charge conjugation symmetry acts on the spin
basis(particle-hole) and chiral basis(particle-antiparticle) in an

expected way.
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Relativistic field theory

CPT symmetry for Majorana ghosts(in chiral representation)
0 = _//) S Ty M1 = S Tz, V2 = — Py & Oy Y3 = —1 ¢ O,

|
7 r'(,rlFil (— () )(—I uti‘f{-f')) ve () {(’)
' n(r) &) N ("(,;') =

ol ) ()
/J(.(J.”) | 1) ‘-.("’l [) 1 ’f("_‘ ﬁﬂi]q.ﬁf"[-;'):

nir) —{(r) N

: r = (t,—x)

Y . o ELT) N\ e e&(—x) 4 e
't ()l = ] / - . = Yot (=),

n(r) en(—x)

mass term breaks ] (,(:z.r: ) oy ( en* () )
: . wLr) = = o :
charge conjugation (r) —e{"(x)
symmetry! Poe) P! = P ( §(x) ) p-1 ( () ) _
. ' n(.r) &) )0
Compare with a . =
. . / ‘( ‘p']ll‘ ] _ l gﬁ{.a’ ) l 1 _ (. ( -.)
Dirac particle wi: n(x) en*(—-3) )
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Relativistic field theory

CPT symmetry for Majorana ghosts(in chiral representation)

Yo==1p:R0y; M=1Q0;; Y2==p,Q0y; 7v3=-1Q0,,

va TRy o ml — [ &(r) \ =-1 —en(ar) TRy ol
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Three inequivalent Majorana spinons
with Lorentz and (super) CPT symmetry

iy — [ S) 4 () | 1 ()
Vel) = ( n(z) ) E(r) = ( v, () ) onlr) = ( () )

e — - -
( {((’)(' == - {r(’) l)(r('r)_A(JA'.':(‘r'('f] l{r(’)l i — l]fr(il.)
o &) = (@Y L @)
vrir) (f/(.r)) Sl) = (~’.z.r})' ”"”_(~f(.r)
Cipy(x)C "= —ystp(a): PYr()P =00 (F): Tp()T™" = =05ty (=)
(o ~ ~a() ~i ()
i N cl.ar) (1) = : r) = 4
Va() ( n(r) ) (@) (HI(’) ) ﬂ.'{(-")
F’r',,(.rHF,l ! = —Fstg(x):  Pa(x)(P)™' = 500q(Z): Tog(zx) (T = YoVsUVa(—T)
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Universal gauge coupling

g ‘ 1go(r) ‘. Nt X PR
—lr:{r}:, () 5 ~.j(.1) o) _(..’]I_(.I}‘
1 N ey tgo(.r) r Nt . Nad ()] ( T ( /
—Ir){{]{ lr)vgyle) = 5 _.j{.f) L) _(.:].‘t.r}‘ .j —_— __'j
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LI(J(."}I' () () = JOL) () va(x) — A (.f']‘,f(.r)

—
o

"o'
/(" ] / If."'(r"}(""} r / ! 1
'Ilf o) (). (x Ji—k‘,jt.r‘)“(.r) '.{.I'I‘.‘(J'J‘ .

|
l;f," —_— j\':-——}f"' ("{-'.] r ] 1
LI-’,,{_,-J;-’.{_;-)!-:(‘,-] — + "-(.rr"_.f{.r} “.l.f')“ ()]
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Beyond Standard model and prediction

of neutrino masses and CP phase
If we assume uniform Dirac mass

mp = diag(mp,mp.mp) ma ~ 0.054ev

msz/my = ms/me = \/3/3 myp = meo =~ 0.075ev
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Conclusions and future works

* Neutrino as topological Majorana modes.
* CPT symmetry for Majorana modes.
* The origin of three generations of neutrinos.

* The origin of neutrino masses and their mass mixing.

= Compute CP angle from first principle.
= Quark CKM matrix(in progress).
» Lattice models in 3D and possible realization in lab.

* Shed new light on quantum gravity.(super cohomology
Isuper fiberbundile)
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