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Field theory, wave function, and Defects of Symmetry Protected Topological Phases

QOutline:

(1) Introduction: SPT phases, clarification for field theory description
of SPT; Brief review of Haldane phase;

(2) Wave function of SPT phases in 2d and 3d, which can be derived
from NLSM with O-term. arXiv:1301.6172, Xu, Senthil

(3) Line defects 1n 3d SPT phases, which in many cases must be
either gapless or degenerate. arXiv:1304.7272, Bi, Rasmussen, Xu

(4) 3d SPT with PSU(N) symmetry, generalization of 1d Haldane
phase, field theory and possible lattice construction; arXiv:1209.4399,
Xu, PRB 2013
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Fleld theory, wave function, and Defects of Symmetry Pretected Topological Phases

Nontrivial/exotic quantum disordered phase:

Symmetry protected topological phase, definition based on
phenomenology:

1. bulk 1s gapped, nondegenerate,

2. with certain symmetry, boundary is cither gapless or degenerate,

3. boundary cannot be realized as a low dimensional lattice system,
with the same symmetry.

Example: 2d quantum spin Hall, 3d topological insulator
(with interaction)
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Field theory, wave function, and Defects of Symmetry Protected Topological Phases

Will focus on bosonic SPT phases in this talk
1d SPT with SO(3), Haldane phase

1d spin-1 chain,

Field theory description: O(3) NLSM + ©-term, for 7,[S*] = Z.
Haldane 1988, Ng 1994, Coleman 1976.

. ' | by 10 ‘
S = / dxdr —(0d,n)° + %—(,,,,,.r“,,n”r'),,n"’r'),,n’ ©=2n
. g 8
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Field theory, wave function, and Defects of Symmetry Protected Topological Phases

Some clarification of topological term:
|. Meaning of O-term:

Textbook interpretation of ©-term:

Z= / Dii(z,7) exp(—=8) ~ Z exp(iOn)

instanton number

This interpretation assumes we compactify the space-time without
boundary, and it would lead to the wrong conclusion that ©® = 0 and
21 are completely equivalent.

However, partition function does not contain all the information.
0 and 2w have equal partition function, and most likely same
spectrum, but they have very different ground state wave functio
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Field theory, wave function, and Defects of Symmetry Protected Topological Phases

Some clarification of topological term:
|. Meaning of O-term:

To expose the ground state wave function, we need to keep the time
direction open, and compactify only the space:

(7i(x)]0)(0

(@) ~ / Dii(x,7) exp(—S8)
' (e, 7 x0) = 7i(x)

(., 7 o) = it (x)

We can write down the exact ground state wave function, for @ =0
and 2m, in the limit g = infinity.

10)o=0 ~ / Dri(z) |ri(x)) 10)o=2x ~ / Dii(z) "l 57(x))

=[] 1= 0).
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Fleld theory, wave function, and Defects of Symmetry Protected Topological Phases

Some clarification of topological term:
1. Meaning of ©-term:

To expose the ground state wave function, we need to keep the time
direction open, and compactify only the space:

(fa‘{.r)|[l)(ll|ﬁ"(.r))~/Dﬂ'(.r.r)c-x|n{—8)
iile T = o) = iir)

(e, 1w =o0) m if(r)

We can write down the exact ground state wave function, for @ = 0
and 27, in the limit g = infinity.

0)@rmo ~ f Dii(x) |fi(x))
= [T lt=0).

(Do-se~ [ Dit(a) ez
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C can write down the eround

function of this field theory: Xu. Senthil. 2013
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Wave function of Symmetry Protected Topological Phases

|0y ~ fDr'I(:r) c.\‘p{-,é-"-'_:_-jdgr €abe€upn®Q,n"d,n°} |ii(z))
= > (=1)™i(x)), (15)
N,

Second, break the SO(3) x Z,
symmetry down to Z,:

0) ~ > (=1) Vi |n* ()

The field theory also conveniently
shows that after coupling to Z, gauge
field, the visons are semions.

}
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Wave function of Symmetry Protected Topological Phases

Now reduce U(1) x U(1) down to U(1), namely, consider SPT phase
with U(1) x! Z,T symmetry:

o _—
1) \ + Foun
o

B
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Defects of Symmetry Protected Topological Phases

Example 1: 3d SPT phase with [U(1) x U(1)] x! Z,!

B | " 10
. : oy = Y y , y
S = / d*rdr —(Oun)° + TF,,J,,_-m_.H”(L-H '()Ur.l('():nd()?n"
g 2l

R ' 1 o 1014 :
S, = / dzdr = (0,n)° + ‘—‘fJ”,{”;,,.H”()”Hh(),,H'
. g 87

Q0 = %drn;n"()’u! =7, ef=1,2.

An instanton in the 1+1d
vison loop space-time
corresponds to moving a
hedgehog monopole of (n?, n?,
n’) through the vison loop.

Ni~
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Defects of Symmetry Protected Topological Phases

Example 3: 3d SPT phase with Z, x Z,"

S = / d*zrdr =(0,7)* + —
: g (4

a b vny ds ,
€abeden” Oxn”Oynd,n"0rn'

Zy : n*=>n%a=1-3, n®—>-n’b=4,b5.

.
LS
-
—
=
-~
-~
=
-
-
[—
(|

Can be realized as local spin model. Z, is the w -rotation around 5°.

We can couple »n?, n’ (§% &) to a Z, gauge field on the lattice:
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Defects of Symmetry Protected Topological Phases

-

Example 3: 3d SPT phase with Z, x Z,"

. o l o e : :
S = / d*rdr —{E)NH)') - —F(,:,,fr;(_.n”i).,.n"i),,r.*"(')znd(')?n“
. 9 24 '
Consider the following structure: Cut the 3d SPT open at z =0,
which exposes two boundaries:

Each boundary is a 2+1d
O(5) NLSM with WZW k
= ]:

. . hI .
‘ 1 . . 271
S 2 a = \2 3 2 N Y
S, = / d*xdr —(J,ny)" £ | d’x du €abede My Op Oy Oyl O,
. : Jo
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Wave function of Symmetry Protected Topological Phases

This wave function also implies that the bulk vortex source must be
fermions (only have charge neutral excitations here!):

5

g
5
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