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Abstract: <span>Electron topological insulators are members of a broad class of &cesymmetry protected topological&€s (SPT) phases of fermions
and bosons which possess distinctive surface behavior protected by bulk symmetries. For 1d and 2d SPT&E™s the surfaces are either gapless or
symmetry broken, while in 3d, gapped symmetry-respecting surfaces with (intrinsic) 2d topological order are also possible. The electromagnetic
response of (some) SPT&™Ss can provide an important characterization, as illustrated by the Witten effect in 3d electron topological insulators.
Using a 3d parton-gauge theory construction, we have recently developed a dyon condensation approach to access exotic new phases including
some 3d bosonic SPT&E™s. A bosonic SPT with both time-reversal and charge conservation symmetries, is thereby obtained, a phase which
supports a gapped, symmetry-unbroken 2d surface with topological order - a toric code with charge one-half anyons. The 3d electromagnetic
response of this bosonic SPT phase is quite remarkable - an external magnetic monopole can remain charge neutral, but is statistically transmuted
becoming afermion - a &oestatistical Witten effect&€e that characterizes the phase.</span>
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Non- Abelian Anyons on Fractional
Quantum Hall Edges
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Majorana fermions in a
superconducting wire

Superconductor

e U e S N e

Kitaev (2002), Sau et al. (2010), Oreg et al. (2010), ...
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Majorana fermions in a
superconducting wire

Superconductor

g (——culif
H = Z [—f,, (r'?(', + H() + Ay ((T(I + Hr)] — Z/H'T(',

Two degenerate ground states, "Majorana edge modes”.
- The two states correspond to a total even or odd

number of electrons in the system.
- Ground state degeneracy is “topological”: no local
measurement can distinguish between the two states!

Kitaev (2002), Sau et al. (2010), Oreg et al. (2010), ...
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Outline

Consider boundaries of 2D a topological phase
which supports (abelian) anyons.



Outline

Consider boundaries of 2D a topological phase
which supports (abelian) anyons.

Fractional
Topological

Insulator
(FTI)
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Outline

Consider boundaries of 2D a topological phase
which supports (abelian) anyons.

“Fractional topological
insulator”:

] Fractional
Laughlin Quantum Hall state Topological
with: Insulator
v=1/m for spin up (FTI)

=-1/m for spin down (m odd)

- —

Stable phase: Levin and Stern (2010)

Majorana fermions at SC/FM interfaces: Fu and Kane (2009)
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Fractional Quantum Hall realization

Conceptually, this can be realized
without a fractional topological insulator.

SC

- FQH
v=1/m
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Fractional Quantum Hall realization

Conceptually, this can be realized
without a fractional topological insulator.
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Ground state degeneracy
Physical picture:
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Ground state degeneracy

Physical picture:

Charges in SC conserved mod(2)
Qj =n/m, n=0,...,2m-1
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Ground state degeneracy
Physical picture:

Charges in SC conserved mod(2)
QJ =n/m, n=0,..._, 2m-1

Spins in FM conserved mod(2)
(el. spin=1)

SJ. =n/m, n=0,...,2m-1
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Ground state degeneracy
Physical picture:

Charges in SC conserved mod(2)
QJ =n/m, n=0,..._, 2m-1

Spins in FM conserved mod(2)
(el. spin=1)

SJ. =n/m, n=0,...,2m-1

Spin and charge are conjugate variables:

elTSi piTQ; (_-,';TT((S,'._;+1—5:'._;')(-,571'(2,; el S
2N domains, fixed total Q, S: (2m)N-!

approximately degenerate ground states
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Effective Model for Fractional
Topological Insulator Edge States

i

H = / d.xr [:1\' () ((')_,.(.'))2 -+

2TV

) ((')_,.())"]

—_ / dr|gs (r)cos (2mo) + g () cos (2mo)]

Elecfron: Uy X ()in:((p:tf))

2N domains

(pHp160)

Laughlin q.p.: Y+ x ¢
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Ground state degeneracy
Large cosine terms (strong coupling to SC/FM)

— /(/.r gs () cos (2mo) + gp () cos (2mo)]
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Ground state degeneracy
Large cosine terms (strong coupling to SC/FM)
— / dr [gs (r)cos (2mo) + g () cos (2mé)]

¢, 6 pinned near the minima of the cosines:

/|

O, = —n. ne0.1,..., 2m — 1
1
7T
O, = —n, ke O, 1,..., 2m — 1
1
But... ¢, 6 are dual varariables: cannot be
“localized” simultaneously
ci0(x) i (x") _ i (-4-)(.1'—.1")(}ir;’;(.:')()i()(.r')

2N domains: ~(2m)N approximately
degenerate ground states
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Q and S operators

In terms of the ¢, 0 fields, one can define the Q,
S operators:

FM SC FM SC
L ) G ( 23424 S

| ‘ ey ‘ A3 X4

X
cimQ2 _ S dr0x0 _ i[0(x3)—0(x1)]
6?57?‘5':3 — C)II"-; drd, P — 6.{'1.[(;')(.1'4)—(_;‘")(;I.‘-“_) )|
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Q and S operators

In terms of the ¢, 0 fields, one can define the Q,
S operators:

FM SC FM SC
L ) G ( 2434244 ) S

- e -

oimQ2 _ S dw020 _ i[0(ws)—0(x1)]
oIS ei.]j;.'j_;* drded __ Li[p(wa)—@p(w2)]
[(_)'»1'71'.5'; (_)‘1'_71-(2.,- _ (.)_'i — (55.,;‘-}—1—55,‘;‘—1)(_)‘1'71'(2.,‘ (_{'jﬁk_%*,i}
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"Fractionalized Majorana operators”

XZj,()’ Q ij+l,()‘ Q
l J . . J+1

Xr.o

ql,...,q.j,...;s> o |ql,...,qj +1,...;85 + O’>
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"Fractionalized Majorana operators”

XZj,()’ Q X2j+l,cf Q
l J . . J+1

Xr.o

ql,...,q.j,...;s> o |ql,...,qj +1,...;85 + O‘>
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"Fractionalized Majorana operators”

XZ_/’,(I Q X2j+l,(f Q
J J+1

Xro|Ddrs-->4 j>-- > |q1, ,q/+1 ,S+()'>

(tret-0) (Gmr—1)

X o have q.p commutation relations
4 ur/m h
XjoXir = XirXjo

—l.fT/ln

\X,-,(f)(;\.,¢ = XA i)(, o
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"Fractionalized Majorana operators”

XZ_;',()’ Q X2'/’+l,o~ Q
l J . . J+1

X’.’(). ql,.-.,qj,...;.5‘> C |ql,...,q.j +].,...;S' -+ O>

(trrd-o) (o1

X o have q.p commutation relations
a N

i/ m

X.ietka,T € Xk,T)(_i,U 1D model of “Parafermions’:
—iz/m P. Fendley, arXiv:1209.0472

\/‘{j,(rx;‘-,l_ =€ X/\-”LX/',(I )
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Braiding

Braiding domain walls 3 and 4:

S,

(a) , 3
I 4
Sl\ S,
6 5
Q;

For an arbitrary coupling of any three domain walls,
the ground state degeneracy remains (2m)?
as long as only one spin species is allowed to tunnel.
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Braiding

Braiding domain walls 3 and 4:

S,

(a) , a3
l 4
Sl\ S,
6 5
Q,

For an arbitrary coupling of any three domain walls,
the ground state degeneracy remains (2m)?
as long as only one spin species is allowed to tunnel.
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Braiding: general arguments

T p
Why exp (1 s ) ?

21

Topological spin

9 _ eiz.ﬂ'sa

1\
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Braiding: general arguments

Two types of particles:
XXX =0+1+..2m-—1

q1 %4> =4, +4q, mod2m
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Braiding: general arguments

Two types of particles:
XXX =0+1+..2m-1

q, %4> =g, +4q, mod2m
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Braiding: general arguments
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Conclusion

A paradigm for new, "non-Majorana” phases on
gapped edges of 2D topological states.

X

X
. M Ao Y \ N
Ugy = exp (/ (2:) = exp (/ (/.‘,) \
2 - 2m < ——
|
(23 — — (2. o = 0O..... 2!” — 1]

m
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