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Abstract: <span>In two spatia dimensions,&nbsp; there is a good correspondence between TQFTs and topological phases of matter for spin
systems.&nbsp; | will discuss this correspondence in one and three spatial dimensions for spin systems.&nbsp; If time permits, | will also discuss
the situation for fermion systems.& nbsp;</span>
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(n+1)-TQFTs (V,Z)

Closed n-manifold Y — V(Y)-Hilbert space
(n+1)-manifold X — Z(X) € V(0X)
1. Z(X) is topologically invariant,
2. @ is a manifold of any dimension:
V(®)=C, and if X is closed, then
Z(X) € C---partition function
E.g. Toric code: T?—>C*
V(Y?) is the ground state manifold. ? Z(X?)

Page 3/47



Atiyah’s Axioms of (n+1)-TQFT

A symmetric monoidal functor (V,2):
Bord(n+1)-> Vec

Oriented closed n-mfd Y = vector space V(Y)
Oriented (n+1)-mfd X with 6X-> vector Z(X)eV(oX)

V(Z)=C fi

VY, I1Y,) 2 V(Y)®V(Y,) X X,
V(-Y) = V'(Y)
Z(Yx 1)=ldyy,

Z(X1yXp)=Z(X4) « Z(X,) Z(X1) Z(X3)
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Hamiltonian Realization of
(2+1)-Turaev-Viro TQFTs

» Kitaev model: G finite group, e.g. Z,=toric code
V(Y)=gs mfd of discrete gauge theory,
(2+1)-Dijkgraaf-Witten theory
* Levin-Wen model: unitary fusion category
V(Y)=string-net liquid, TV-TQFTs
based on spherical fusion categories

Kitaev model and LW model are equivalent
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Demotion and Promotion

* (N+1)-TQFT = (m+1)-TQFTs for m<n:
pick any closed (n-m)-mfd K
foran m-mfd Y, V,,(Y)=:V,(YxK)
¢ (2+1)-TQFT —= (1+1)-TQFT
Vi(S*) =V, (S'xST)
None leads to intrinsic top. order!
« Promotion? Harder. LW model to (3+1)?




LW Model Input: Unitary Fusion Category

A quadruple (L,N,F,g)

L-a finite set, a finite group G

N={N,, aeL},a ® b=BN, ,“c, group multi. Ng'hk=5gh,k
Fz{Fade, a,b,c,dEL}, Fabcdzaabc,d
e,=1 or -1 (spherical structure), £,=1

b ~c
(L,N)---hypergroup Qﬁ/ ab,c,d admissible
|f Na,bm Nm,cd>0

F satisfies the pentagons d
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Ising and Fibonacci Theory

L={1,0,y}, L={1,7}
N, =Id
0 1 0 0 0 1 0 1
N,={1 0 1) Ny=[0 1 0], NT=( ),qo =golden ratio
1 1
0 1 0 1 0 0
" =i
- 1 1 N g
FCTCFO'U_ l/ﬁ (1 _1), FTTTT_ ;1 »
pz =@
FoVe ,=FYov =1, others F either 0 or 1
all g,=1
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Graphical Calculus

Quantum process from vaccum to vaccum by
creation/annihilation and fusion forms a planar
trivalent graph. Use F-moves and bubble move,
any planar trivalent graphs can be reduced to
loops in the plane. Hence the amplitude of any
trivalent graph is given as a polynomial of 6j
symbols.

Y @

irsa: 13050022 Page 10/47



Pirsa: 13050022

(3+1)-Lattice Model Input: Unitary Braided
Fusion Category: joint with Walker

Unitary Fusion Category (L,N,F,g) plus R,
R={R,*’ a,b,ceL},

t transparent if for any x,

\a b a b
w > i __ R{.”h
B
t % c c

t X
All bosons or fermions, then all transparent. Modular
if no transparents other than the trivial particle.

=2

Ising: R,%=e16 , R;¥YV=-1 All R=0 or 1 for G

6T —4TTi 3mi

Re"7 = Ry7%=-i, R,"V=ee; Fib  R=e’s , R'=

=e 5
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(3+1)-Lattice Model: Hamiltonian

ds
Bp=Zs D2 Bps

s —paty 4 ar3'a a6 arz@'’a , ra'isa_i+1
<L|JPH|BP NJP> R ”3R G”JR } ﬁsR allg l_lf:]____,l()F ajaia”_i+1
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(3+1)-Lattice Model: Hamiltonian

ds
Bp=Zs D2 Bps

s —par;%4 ar;'"a ars%e al;%'a , ra"isai+l
<‘|’p”|8p lWp>=R as R ansRT% qg R arrg Ili=1,.10 F aj;qia"_i+1
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(3+1)-Lattice Model: GS

* The transparent particles in a UBFC form a category
Rep((G,u)), G a finite group, u?=1, central.

« The ground state degeneracy of a closed 3-mfd M is
C[Hom(m, (M), G)/G], which is the same as C|H,(M;G)]
if G is abelian.

« |f input is modular, then G is trivial. When M has a
boundary with top. boundary condition then gs is the
same as 2D TQFT for dM.
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(3+1)-Lattice Model: Excitations

» Point excitations are bosons or fermions

 The number of types of the excitations of
shape Y (a surface) is dim V(YxS?!).

« Dim V(M3)=1 when the input is a modular

category and M has no boundary. But the
theory is mathematically non-trivial:

Z(W*)=e+ M) if c#0 mod 8.

Puzzle: Is it true physically?
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Loop Excitations

Consider n oriented loop excitations of trivial
knot type in S3=R3Uco. Pictures in 4D.

Exchange
Si —_——
I
Slide \/
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Statistics of Extended Obijects

* In the modular case, is the representation of the braid-
permutation group non-trivial?

« The 2-group representation of MCG(Y?) is non-trivial if
c#0 mod 8.

« Every representation of the permutation group leads to a
representation of the braid-permutation group. Are those
with dim>1 physically realizable? Set p(a;)=p(s;)
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(3+1)-Donaldson-Witten-TQFT

« Donaldson theory: SU(2) bundle over W+
Moduli space of SU(2)-instantons -
topological invariant of smooth 4-mfd W*

« Witten: top invariants are correlation functions
of an N=2 SUSY Yang-Mills Theory:

Field contents: (A,y, x,n, ¢, A)
A=gauge field, p=1-form, y=self-dual 2-form
n=fermionic 0-form, ¢, A=bosonic 0-forms
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(3+1)-Donaldson-Witten-TQF T

« Donaldson theory: SU(2) bundle over W*
Moduli space of SU(2)-instantons -
topological invariant of smooth 4-mfd W*

- Witten: top invariants are correlation functions
of an N=2 SUSY Yang-Mills Theory:

Field contents: (A,y, x,n, @, A)
A=gauge field, p=1-form, y=self-dual 2-form
n=fermionic 0-form, ¢, A=bosonic 0-forms
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Some Questions

Unitarity vs Lorentian Invariance (Witten)
Gapless: logarithmic vs supersymmetric

Demotion to (2+1)-TQFT is non-
semisimple. Fermions?

Lattice realization?

Seiberg-Witten theory (Infrared limit) is
related to type |l superconductors?(Witten)
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3D loop gases

* Amplitude of loop configuration = amplitude

of world-lines of (chiral vertex) excitations of
2D model

—

Z2 charge world-lines

. |'.
\

-
sl
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3D loop gases

* Amplitude of loop configuration = amplitude

of world-lines of (chiral vertex) excitations of
2D model
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Z2 charge world-lines
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3D loop gases

* Amplitude of loop configuration = amplitude

of world-lines of (chiral vertex) excitations of
2D model
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Semion world-lines

Page 28/47
Pirsa: 13050022



3D loop gases

* Amplitude of loop configuration = amplitude
of world-lines of (chiral vertex) excitations of

1

FOE0 (50 (T

| J

Z2 charge world-lines

Semion world-lines
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3D loop gases

* Amplitude of loop configuration = amplitude
of world-lines of (chiral vertex) excitations of

St ]

Z2 charge world-lines

Semion world-lines
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Semion world-lines
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Plaquette excitations: vortex loops
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Vertex excitations: Semion model

L
| AV,
A ="
|= tne
” = Tny
A/
Configfl charges e =-H o ket
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Deconfined charges at the surface:
chiral semions

/
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Summary: 3D models

* 3D Toric code (Z> gauge theory)

— Deconfined charges (bosons) } Berry phase -1

(mutual semions)
— flux loops

* 3D semion model
— Deconfined semions at surface
— Confined “charges”

— flux loops

NOT topologically
ordered!
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Summary: 3D models
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Summary: 3D models

* 3D Toric code (Z5 gauge theory)

— Deconfined charges (bosons) } Berry phase -1

— flux loops (mutual semions)

* 3D semion model

— Deconfined semions at surface
— Confined “charges”

— flux loops

NOT topologically
ordered!
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Other 3D models

* Zenghan’s talk:
— p ayons
— “fusion” and “braiding” =>3D Hamiltonian
58 =i
— E.g. bgsonic quantum Hall states

BUlk: “Modular” = al| charges are confined, no
D, etc.

around states: soup of nets (related to 2+1D
orld-lines)
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Other 3D models

* Zenghan's talk:
— p ayons
— “fusign” and “braiding” =>3D Hamiltonian
. (2>
— E.g. bosonic quantum Hall states
— Majorana fermions
— Fibonnaci anyons

= [
* Surface: deconfined chiral anyons

* Bulk: “Modular” = al| charges are confined, no
TO, etc.

* Ground states: sou
world-lines)

p of nets (related to 2+1D
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Perturbations

Proliferate vortices

H——Uzpv—tzpp P~ ZO‘

edges

Proliferate charges

H—-—UZPV—tZPP I, Y o

edges
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Phase diagram: Toric code
Fradkin-Shenker ‘79

I

Proliferate

Toric code
charges

phase: long Confined
loops phase: short
loops

—_—

Proliferate vortices
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Perturbations

* Vortices/ vortex loops are the same in both
models

— Penalize long loops
* “Charges” are not

Defects .
* Focus on vortex
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Phase diagram: Semion model

Semion Confined
region: |quf region: short

|00ps loops
Same as Toric code
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Other 3D models

» Zy, gauge theory
— p-1 deconfined charges (bosons) } Berry phase

2mwin/p

— p-1 flux loops

€

I
ilo

" "l—-;

/

’

* Doubled anyon model

— Deconfined anyons at surface
— Confined “charges”

Opologically
ordered!
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Other 3D models

* Zy, gauge theory
— p-1 deconfined charges (bosons) Berry phase
2mwin/p
— p-1 flux Ioop§ €

',j—.—-e_.__

* Doubled anyon model
— Deconfined anyons at surface
— Confined “charges”

— flux loops
NOT topologically
ordered!
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example
* Spins 0,1,2,3

/k i\ fi\z /Jz\Z

* Trivial bulk

/i « v=1/4

1
L]
/¢

—v=—1/4

* Two possible perturbations

H = Hyyw—T .65 0 — I, (=1)
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example
* Spins 0,1,2,3

/k i\ TL\Q /}2\2

* Trivial bulk

/i « v=1/4

|
Ll
’

{ v= —1/4

* Two possible perturbations

5 = HWW—chSS,o - P;(—-l)s
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