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Abstract: <span>The process of canonical quantization:is reexamined& nbsp;with the goal of
ensuring there is only one reality, where $\hbar>0$, in which& nbsp;classical

and quantum theories coexist. Two results are a clarification of the effect of

canonical coordinate transformations and the role of Cartesian coordinates.

Other results provide validation

of alternative quantum procedures that allow acceptable solutions

for& nbsp;models

that exhibit unacceptable solutions using traditional procedures. Several
examples will illustrate advantages of the new classical/quantum connection
including one case where conventional methods lead to quantum triviality while
the enhanced procedures lead to an acceptable nonlinear quantum

behaviour.& nbsp;

This seminar uses only simple physical and mathematical concepts,
and should be widely accessible.& nbsp;</span>
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Something Unusual

L. Landau, E.M. Lifshitz, Quantum mechanics:
Non-relativistic theory, 3rd ed., Pergamon Press,
1977.

"Thus quantum mechanics occupies a very unusual
place among physical theories: it contains classical
mechanics as a limiting case, yet at the same time it
requires this limiting case for its own formulation.”
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Classical & Quantum

quantum
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classical
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Class. & Quant. Possibilities
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List of Topics

1 Classical/Quantum connection
“Enhanced Quantization”

Canonical & Affine quantization
Enhanced classical theories

2 Two toy models
3 Rotationally symmetric models
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TOPIC 1

» Classical & Quantum formalism
« Canonical coherent states

» Classical C Quantum formalism
« Canonical transformations

» Cartesian coordinates

» Affine vs. canonical variables

» Affine quantization as canonical
quantization
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Action Principle Formulations

Classical action: A = [[p(t)g(r)—H (p(1).q(1))] dt
Variation : 04 =0 vields: g=¢7H,./cp. p=—CH,

Solution :  p(r). g(r) given p(0). ¢(0) e R’

Quantum action : 4( , = [{{y(n)[ine
Variation : 04, =0 vyields ndly)/ ér=X|y)
Solution : \w(r)) given |y(0))e H

o O VERY DIFFERENT

Iy ()} dr

g

Action Principle Formulations |

Classicallaction: . = [[p(Dg(r}=H (p(*).q()] (r'r|
Variatio IJ =0 vields: =0, /dp. p=-0H |0q
Solutiont p(f). g(n given p(0).¢(0)e R?

Quantumyjaction : A, [{p[ine/ e =X )} el
Vartalic J g, =0 yields e ey o gy

Solution : |y(1)) given |y(0))e H

S LVERY DIFFERENT
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Unification of
lassical and Quantum (1)

Quantum| action : A, = | (w(D[[ihe/ ot =AYy (D) ¢t
Restricted variation : |y(1))— |2 () )€ ScH

bun

Macroscopic variations of Microscopic states:
B i et e

Basic state: (x|n)=n(x)
Transldted basic state: (x|n=q)=n(x—q)

Translated Fourier state:  (k[7:p)=1(k = p)

Coherent states: (x|p.q)= 1" 1(x= Q)

pg)=e e ) |m)=[0); QRSO

irsa: 13050006
Page 12/43



Unification of
Classical and Quantum (2)

Quantum action : A, = [{y (1) |[17d/ o —IC)y (1)) dt

Restricted variation : | |y (7)) — | p(1). g(1)) subset

New action : A, = ."<!’)(f)_‘ g(,)‘[,m—.n f"f—f'(']|p(r)“ c](f)) J
@ An = p(Dg(t)y—H(p(t).qg(r))] dr 88

CLASSICAL MECHANICS /IS QUANTUM
MECHANICS RESTRICTED TO A CERTAIN TWO
DIMENSIONAL SURFACE IN HILBERT SPACE
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Cartesian Coordinates

Classical/ Quantum connection :

H (p.g) = {p-q|x(P.Q) p-q)
= (O]X(P + p.0 + 9)|0)= X(p.9) + O (: 2

Physical meaning :  [{0|P|0)=0 . (0{0]0)=0] ¥
(p.qlPlp.g)=p : (P-90lP-9)=4
‘Fubini - §tudy metric : [D: = min,, || [y)—€“

oh [ |l d|p-a)|I* =1 {p-q| dlp-g)I"1=dp” +dq"
Eauivalent to traditional canonical quantiz
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Ql.‘antum/CIassical Summary
Qauntunfn action :

A= j ( (r)| [z‘fz@ /ot =I(P.O)] |w (1)) dt

Restrictg d quantum action :
(1)) > | p(1).q(0)=e
Ao e 31(p(0).90)] 10/ 01 =X(P.O) |P(©)-9(0) i
= [[p("g()—H(p(®).9®)] ¢t
g=0H(p.q)/ép . p=—CH(p.9)/0q

—iq(t)P /1 eip(r)Q.f h | 0)
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Is There More?

« Are there other two-dimensional sheets
of normalized Hilbert space vectors that
may be used in restricting the quantum
action and which lead to an enhanced g
classical canonical formalism?

|
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Affine Variables

dables : g = g{q.p}=14. P9} =19.4}

.,[Q*P]=[Q~QP]=[Q~D]' D= (POEOR)EZNEE
erent states : (¢>0: ©@>0)

- o (0 1)+iD/ B [n)= o

|p.a)pe n):
Oveﬁﬁ_f__
(P’-ﬂ: '—‘{-1,[«/ Tq+lq/ +;,\[__(p._p) ﬁ]r—ﬁf

of unity :
I=]|p.q)Xp-q| dp da 27h/(1-1/25 1)

.->| o, (G20, Q <0)U(g>0r Qo

Resolutio
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Affine Variables

Affine variables : ¢ = ¢{q. p}=4%49. P9} =19.4d}
0 = Q[0.P1=[0.QP1=[Q.D]: D=(PO+QP)/2 =

Affine coherent states : (¢ >0: O>0)
[7)= 0‘

|p.g) & P2 @R ) [(©-1)+iD/ B]
Ovem:_——
(.4 r 0)= LINGTG + TTT +iNTa ' -P) B

of unity :
I=f|p.q)p-a| dv dg/27/(1=1/2 /1)
also (g<0,Q<0)U (>0,Q>0)

Resolutio

irsa: 13050006 Page 19/43



iiiii

: 13050006

Affine Variables

iables : ¢ = g{g.p}=1{g.pg} =14.4}
_J[0.PI-10.0P1=[0 o} D=(PO+OP)/2

Affine coherent states : (¢ >0: O>0) O‘

G ) [(Q—1)+fo' Bl ln)=
Overlap function :
)= BTG + T+ TP =p) BB
Resolutioft of unity :
I=]|p.g)Xp-4q| dp da/ 2ah/(1-1/28 /1)

also (q<0,Q<0)U(q>0,Q>0)
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Affine Quantization (1)

Quantum|action :
A= (y/(r)l[ihax’f‘r— 36Dk O)]|y/(t)) dt

Restricted action :| [w(1)) = | p(0).q(D) subset

A = [{p@®).q®[iid/ et =3 (D O] p®-g®) it

i[~qOp®O—H(p®.geNl dt  § :..\-.?"x
Canonicad transformation :  |7.§)=|p-q)

4 = [(F(.G0[ine/ &t =X D.OIpD-g(@) de
= [[-g(Op(O+ G'(P).-g(0)—H (PO-gONaAlt
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Affine Quantization (2)

Classical/Quantum connection :

H'(pq.q) = (-ql¥*(D-0)|p-9)
= (75 (D + pg0.90)|n)=K(pg-g) + (% p. P

i —————— T —————

Physical meaning : [ (17|D}7)=0 . (noln)=1]

{d.q|D\p-9)=pa : (p-9l0lp-9)=4
Fubini - Slmcly metric :
oh [ 1dlp-g)IF =1(p-ald|p-a)1= B qdp" + B 4-dq

3 2
Metric becomes Cartesian: g —>g+7. Blh=y —->o;:~
;
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| The|Q/C Connection : Summary |

The classical action arises by a restriction oL
the quantum action to coherent states
Canonical quantization uses P and Q which

must be self adjoint
Affine quantization uses D and Q which are s;e_&

joint when Q > 0 (and/or Q < 0)
Both canonical AND affine quantum versions

wsistent with classical, canonical
space variables p and g

irsa: 13050006
Page 23/43



TOPIC 2

+ Solutions of the first model have singularities

L -qp®) - a)p(@)] di . q(t)>0

pty=—p(t)°

p(H)E po(l ar Pof)"l . q(h)= g1+ Por)2
Candnical quantum corrections

Affing quantum corrections
Affine quantization resolves singularities!

A second classical model is similar

irsa: 13050006

L

Page 24/43



TOPIC 2

jons of the first model have singularities
Cl-q()p(O-apY] dr . q()>0

p(t)=—p(t)’

p()E pd+p)™ . ()= gL+ pet)’
Candnical quantum correctionsg
Affing quantum corrections
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Toy Model - 1

Classical adftion. . Ao=l[-gp—qp’ldt: q>0
Solution ;| [ p(®) = p,d+ p)™ . ()= g1+ pt)’
Canonical (Plant. . (p.q|POP|p.q)=qp" + qa ;& e

Solution :| |p(1) = acot(a(t+7)). q()=(E,/a )sin(a(r+
Affine qum!\t. : ( P-4 lDQ"‘D] Pq)= gp* +1°Clqg +—

Retution YP0)- @ f;; ? = q=Mle+=y +K120 |G

12C = (DO Dln): K = = h2C /4E; ; M = 4E,

q P/ -igP/ N iln(g)D/n -iln(q)D/ N - S
— QT =0 +q 1 e Qe q0
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Toy Model - 2

Affine quantization: [Q.P]0=iQ=[0.D] . D=3(OFP+ PQ)
Affine cohérentstates: |p.q)= e e ™22 O[> 0, | ¢ >
Toy model| [ 4. = [[~qp— & p*—¢*/1qD] dt | [lm)=|n,)® |"7.2]

Extendedclassicalaction: [71>0: (7. [(a0+8D)|n.)== a]
A = [{p.qino/ ot = 5(P.O) p.q) dt=[[-qp—H(p. )] dt
H(p.9) = {p.q@.0)|p.9)= (X @1 41+ .| 41 Q)
Model: (®.ql5P%—¢*/|01|p.a)=pk P =C/l4l+C"/¢’
C'=(|e*/ 1Q||m) = e2 1 C'= (n|P|n)e< %hz
C'= (1?/me®) C = (Bohr radiis) C sj
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| Enhanced Toy Models : Summary

 Classical toy models exhibit singular solutions
for all positive energies

« Enhanced classical theory with canonical
guantum corrections still exhibits singularities /!

o Enh'%nced classical theory with affine
quantum corrections removes all

singrlariﬁes
nced quantization can eliminate
Eingularities

Pirsa: 13050006
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TOPIC 3

tionally symmetric models

’3.5]’)=%[p:+7?78'(7:]"'20(‘72)2 : P={pn}

r N<Sow

e Free|quantum models fo
* Interacting quantum models for N <@
H(p.9)=(p-3x|p-3)

"« Redycible operator representation is the key

H(5.§)=(p-g|x(P.0-" * |p.9)
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TOPIC 3

o Rotationally symmetric models [p

HP.9)=11p"+mq°1+ %@ - P={Pu}m

°

Free|quantum models for V"< ‘

Interacting quantum models for V<
H(p-p=(p-ap-a)

Reducible operator representation is the key

°

H(p.9) = (p-§|N@.0f - )Np-q)

27
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Rotationally Sym. Models (1)

Phase space coordinates : p = (p, qy)

H(p.9) =P +ma 1+ 4G ) | N<»

2

Basicinvariants : Y=p ., Y=p-§ . Z=7q

Invariant under p—>0p . §—> 0 : 0OcOWV.R) ‘

Constants of motion: E . [ =(P =« Gy =XZ-T?

—

Quantization : P . -0 :[Q.Bl=icy

p
Ny T S S o
Hamiltonian: X =1:P +myQ -+ A @0 NS E
28

When N — o . it is necessary that /g = AIN
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R%tationally Sym. Models (2)

Schroedf\ger equation with a realunique graund state

@ (X) with full rotational symmetry : (1) = @y (X)-

Fourier transformation of the ground state distribution
w(P) = [Py () dlx
L R (R YN dr d6 dQy.,

=kellexs Rl =y N(r)z "V ldr dQy
‘ . 2/ o
Lo Romasi el e IRl C=1

Uniqueness : [ (b)=6(b—1/2m)
Result: C.(2)=¢ " ; | Afiestbecty
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Magic Dots

I . gl P+BO) T . ! (P+FR)/ 1 /<n|er'(aP+ﬁQ)m|n>

<77| : er’(af’-*'ﬂg)m : |7?> =] : ‘P.q> = ei(pQ—-qP)x’hln)
i(cP+BO) : |P~fj> — <77| : ei(o:(P+p}+ﬂ(Q+q))s'h |$)

(p.q:e(

(p-ql:

P.0):|p-q) =H(p-9)

operator needs: (p.gfi: H(P.Q) Y| p.q) <

= ei(orp-&-ﬂq);"h

form OR operator?

30
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Magic Dots

(eP+fO)IN . _ ilaP+pO)/ /<n|ei(ccP+ﬁQ)/ﬁ|n>

ef(aP+ﬁQ)!h : | 77) ey ‘ p. q> = UGl h|,7> ‘>
n

/(B0 (77| . N AP+PIB(O+ )R |

|p.g) =

P.0):|p.q) =

operator needs: (p.q|i
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..Now, Do Some Hard Work...

3
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Rotationally Sym. Models (3)

(my@+iP) [0)=0 : |p.g)=expli(p-O—G-P)/1] |o)
(p.g15|p.§) = (p. L : P>+ m30%: +: (P* + myQ°)* 3| p. )
2(p +m0q2)+u(p +mq) T NE<ioc

0:4)=0" " Qi SEiS

S)+ 113] 0;.;')= [m(§+ .f:‘.’(_?)+ iR]
|p.3:5) = expli(p -0
GO =(p.G:C L P*+ m*(O+ &) :

S
A
&=l m-=i

F>mMma

1
‘ P a2
w0 -2 22 ‘ A\.‘ _(,; o0 V
=1(p°+my g i+ /"-D )
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Rot. Sym. Models : Summary

o Conlentional quantization works if N is

finite but leads to triviality if N is infinite

« Enhanced quantization applies even for
reducible operator representations

o Usidh the Weak Correspondence v
Priftiple H(5.9) ={p-4||p-q)
2 nébtrivial quantization results if N is finite
or infinite —- with NO divergences_!

o Clabs) & Quant. formalism is similar for all N

WHA T HAS BEEN ACCOMPLISHED ?? | ¥
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banonical vS. Enhanced

- Canonical quantization requires Cartesian
coordinates, but WHY is not clear

« Canonical guantization works well for
certain problems, but NOT for all problemg

. Enhlanced quantization clarifies coordinate
transformations and Cartesian coordinates

. Enhanced guantization can yield canonical
results -- OR provide proper results when
canonical quantization fails ”
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O&lher Enh. Quant. Projects

Simple models of affine quantization eliminating
classical singularities (on going)
Covariant scalar models (P: (done)

Affine quantum gravity (started) k

Incorporating constrained systems within
enhanced quantization (started)

Additional sheets of vectors in Hilbert space
relating quan. and class. models  (started)

Extension to fermion fields (hints)
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Rotationally Sym. Models (1)

Phase space coordimates : g = (q,
H(p.g) =3P~ +msg~ 1+ A4,(G" ) | N =
Invariant under p — Op

G—>0F 1 O=O(N.R)

Basic invariants : \" = p° |, 1 = i . Z=g"*

PG
L =(p-g)yY=XZ-Y"

Constants of motion : £

Quantization: p — P g—> 0O : [Q;.P1=ihS,

Hamuiltonian : =2 P+ myO° i+ A (O7)

When N — oo

it is necessary that A, = A
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Rotationally Sym. Models (3)

(myQ + iP) |[0y=0 . 7>= e.\:p[f( p-F‘)— g-P)y/n] |0}

7
(2-2I17.3) = (P-lth : P* + mi O s wow - (P2 4 0™ 317.9)

2 4 .mog ) + 11(}) + 1775?}2)2

[7(O + SS) + iP] |0.&) =[m(S + £O) + iR] |0.<) =

1. <)y =expli(p-O—G-P)/n] |0.<)
(P-G-<C| .G <)y ={(p.g- < [{%: P? + m* (O + &S)?

R? 4+ m® (S + 20)°  +v [R*+ m* (S + £0)*]

2 — P -2 o — 2
2 mPGe Y+ LGt vt (g )?

+msqgT )+ A (g7 )
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