Title: Quantum transport in one dimension: from integrability to many-body localization and topology
Date: Apr 23, 2013 11:00 AM
URL: http://pirsa.org/13040125

Abstract: <span>Recent advances in analytical theory and numerical methods
enable some long-standing questions about transport in one dimension to be
answered; these questions are closely related to transport experiments in
quasi-1D compounds. &nbsp;The spinless fermion chain with nearest-neighbor
interactions at half-filling, or equivalently the XXZ model in zero magnetic

field, is an example of an integrable system in which no conventional conserved
guantity forces dissipationless transport (Drude weight); we show that there is
nevertheless a Drude weight and that at some points its contribution is from a
new type of conserved quantity recently constructed by Prosen. &nbsp;Adding an
integrability-breaking perturbation leads to a scaling theory of conductivity

at low temperature. &nbsp;Adding disorder, we study the question of how
Anderson localization is modified by interactions when the system remains fully
guantum coherent ("many-body localization™). &nbsp;We find that even

weak interactions are a singular perturbation on some quantities: entanglement
grows slowly but without limit, suggesting that dynamics in the possible
many-body localized phase are glass-like. &nbsp;lf time permits, some results
on the fractional Luttinger's theorem and the 1D limit of quantum Hall states

will be presented.</span>
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I Introduction
Some key ideas of the DMRG “renaissance”, 2005-present

Entanglement spectra to characterize criticality & convergence

2. Integrability in 1D systems and its consequences for transport
(C. Karrasch, |. Bardarson, JEM, PRL 2012)

Conductivity scaling in almost integrable chains

(Yichen Huang, C. Karrasch, JEM, in preparation)

3. Entanglement growth in models of many-body localization
(). Bardarson, F. Pollmann, JEM, PRL 2012).

Jens Bardarson Christoph Karrasch Frank Pollmann
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Studying quantum correlations with classical
algorithms: applied entanglement entropy

Basic (hazy) concept:“Entanglement entropy determines how much
classical information is required to describe a quantum state.”

Example:
how many classical real numbers are required to describe a product (not
entangled) state of N spins?

simple product ’t;’"> = Am AH: /51&,;}-1,,. |51 .’w’g.‘w‘;;.‘wﬂ|)

Answer:~ N  (versus exponentially many for a general state)

How do we efficiently manipulate/represent moderately entangled states?
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Applied entanglement entropy

The remarkable success of the density-matrix renormalization
group algorithm in one dimension (White, 1992; Ostlund and
Rommer, 1995) can be understood as follows:

DMRG constructs “matrix product states” that retain local
entanglement but throw away long-ranged entanglement.

Example states for four spins:

simple product ‘t’) = AHI AHE /-1&_,, AH ; ’H] S-_zh’;{b'_l>

matrix product |‘(f-"?> = /[i’l ‘Ai;: A fi AQ] |.‘~; 1 .5‘2.5'3.5',1>

Graphical tensor network representation:

I;j j;k k;I
S2 S3

S|
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Applied entanglement entropy

The remarkable success of the density-matrix renormalization
group algorithm in one dimension (White, 1992; Ostlund and
Rommer, 1995) can be understood as follows:

DMRG constructs “matrix product states” that retain local
entanglement but throw away long-ranged entanglement.

Example states for four spins:

simple product ‘t’) = AHI AHE AH‘_,, ;"’L. ; ’.5'] .'w‘-_zh';;h'_;>

matrix product |‘¢"r> = ‘»’li}l ‘41,(; A fi A.{.-’] |.‘~i i -"Fg-’v’;-;h'.1>

Graphical tensor network representation:

!;j j;k k;l
Si S2 S3
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“Infinite system” methods

Note that we can impose translation invariance simply by
requiring constant matrices A.

In other words, for quantities in a translation-invariant system,

we just calculate A, rather than a large finite system.
(Idea | of renaissance; see Vidal '07, for example)

matrix product ‘(‘) - Ai’l AiL Afi 4’:1 |H | Hg-‘*:{»‘"l)

So where is the approximation?
A finite matrix A can only capture a finite amount of entanglement.

In the early DMRG days, it was often thought:

|.To study an infinite system, we should study a large finite one.
2. Gapless/critical systems are hard

3. Dynamical properties are hard

4. Finite temperature is hard

But none of these is strictly correct.
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* find the ground state of a system by using imaginary time
evolution (almost unitary for small time steps)

parallel updates for infinite/translational invariant
systems: iTEBD [Vidal ‘07]

example, transverse Ising model: H=Y,(Joic?  + go®)
- i \" t <141 b )

— e =4
—0— =8

» m»convergence of wave
function is worst at the
critical point

» mpconformal invariance
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Criticality: finite-entanglement scaling

All numerical methods have difficulty with quantum critical points.
In DMRG-type approaches, this can be understood from the
divergence of entanglement entropy at such points: the
entanglement in a matrix product state is limited by dim A.

matrix product "l;’:-‘> = A :‘: /li;: Aii A .f:l ‘S | Sgh‘;;h‘,,)

Quantitatively, it is found that dim A plays a role similar to imposing
a finite system size: ” . ;
(Tagliacozzo et al., PRB 2008). Legr o< X7, \ = dim A
Finite matrix dimension effectively moves the system away from the
critical point.

What determines this “finite-entanglement scaling’’?
Is it like “finite-size scaling” of CFT's (cf. Blote, Cardy, & Nightingale)
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A way to picture the entanglement of a state

* Schmidt decomposition of the state (SVD):

¢ Ns Np

ZZ( i)Alj)

min(Na.Ng) A : B

D

a=1

with Ao >0 and 3-, A7 = 1
* a natural measure of the entanglement is the entropy:

A= S =9 === Z /\i 1()‘94(/\;.“1)

Ck
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Efficient representation of quantum states?

* Hilbert-space dimension of many-body problems increases
exponentially with number of sites
example: spin 1/2 system on “classical” computers
(store one state in double precision)

* need an efficient way to “compress” quantum states so
that the matrices studied remain finite-dimensional

= slightly entangled 1D systems: Matrix Product States
= DMRG, TEBD, ...
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* (Li-Haldane) “entanglement spectrum” [Calabrese et al ‘08]

— I (21/=b2 — 2blog ,\)

C

12

# of )\ ‘s greater

with b than A

log & 2log Amax

continuum of Schmidt values [¢/) = 577 A\, |da) AP0 ) B

b (X

e \Want to explain how at a critical point, finite matrix size X
effectively moves the system away from criticality, leading
to universal relations like

Leg x X", x=dim A
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* A heuristic argument for the asymptotic case
(using a continuum of Schmidt values and x — o< )

= universal finite-entanglement scaling relations

6 |
K = ) = 5= —Iogx
(-(\/¥+1) 22 41

F. Pollmann, S. Mukerjee, A. Turner, and J.E. Moore, PRL 2009
Some checks for various critical theories are in that paper, and the recent work
B. Pirvu, G. Vidal, F. Verstraete, L. Tagliacozzo, arXiv:1204.3934

So critical points are worse than gapped points, but in a controlled way.
What does this mean in practice?

Remark: Entanglement spectra are qualitatively different for random critical spin chains
than for pure ones, though entanglement entropies similar (M. Fagotti, P. Calabrese, JEM).
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bbbl R kbl L f W L "
0.001 0.01 0.1 10° 10 10

Tests of Luttinger liquid behavior in the XXZ model

. - S — S—— —
e : Heisenberqg chain
b A=0.8

_\‘__ 0, ¥=400

() 0001 001 O

A=08 PR TTTY B Y.

. 1 - -
n x 0 STy |
(11}]
” Dk
] maatimmesie ey TR 1 a=0 29
A0 A5 il il i
|
= quart. fill

A=0.95 Al il s il

0001 001 01 |

Ll e il |

(k=kg)/m i

Momentum distribution n(k) Check of leading staggered and uniform
correlators against Lukyanov and Terras

(C. Karrasch and JEM, PRB)

Next: try to solve an open problem of dynamical properties at finite temperature.
At end: return to statics in chiral Luttinger liquids
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Dissipationless transport

When is there a nonzero Drude weight D?
oglw)=Dé(w)+...
Two easy examples:
|. Superconductors (transport by condensate)

Il. Part of the current is conserved: Mazur lower bound

L | l (JQu)?
[} = lim (.J(1). > .
D = 57 lim (J(2).J(0)) > 2“,; 0.
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Dissipationless transport

When is there a nonzero Drude weight D?
ow)=Dd(w)+...
Two easy examples:
|. Superconductors (transport by condensate)

Il. Part of the current is conserved: Mazur lower bound

L | I (JQp)?
D — lim (J(t). > ‘
D = 57 lim (J(t)J(0)) 2 57 ; (Qr°)
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Dissipationless transport
When is there a nonzero Drude weight D?

o(w) = DS(w) + ...

Example of Mazur bound: suppose momentum is
conserved, and current is proportional to momentum
(e.g., if only one kind of particle).

Technical note: the Drude weight is not thermodynamic:

f

- [ (el | %1, D
/‘:'m €n) “ N

where Dp, is “Meissner stiffness” (response to flux). Always D = Dy. (Mukerjee and
Shastry, PRB 2007). Here

|
e i W(k), J(—k
&11!:, /c|’ (k), J(—Fk)]
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What about “integrable” models with an infinite number of
conserved local quantities, none of which gives a lower bound?

Actually this happens quite often in | D--simplest case is spinless
interacting fermions (XXZ model in zero magnetic field).

H=Y [Joa(SFSE,y + SVSY,) + AS7S;,, +hS7)

P

The Drude weight is easy to calculate and nonzero at T=0.
20+ years of efforts to calculate it (or even prove that it is
nonzero) at T>0, h=0, by either analytical or numerical methods.

(cf. Sirker, Pereira, Affleck, PRB 201 |)
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1
= ST

data from Sirker, Pereira, Affleck, PRB 201 |

D

A/J:().()I, T/J=0.2

— TEBD

v=0.5 (Drude w=0.05)

1|
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What about “integrable” models with an infinite number of
conserved local quantities, none of which gives a lower bound?

Actually this happens quite often in | D--simplest case is spinless
interacting fermions (XXZ model in zero magnetic field).

H = Z [[ (S" ‘)"+l 4 Sﬂ/ STHL_]) i Abffﬁsv;:_*_l i /sz}

P

The Drude weight is easy to calculate and nonzero at T=0.
20+ years of efforts to calculate it (or even prove that it is
nonzero) at T>0, h=0, by either analytical or numerical methods.

(cf. Sirker, Pereira, Affleck, PRB 201 I)
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D=

What about “integrable” models with an infinite number of
conserved local quantities, none of which gives a lower bound?

Actually this happens quite often in | D--simplest case is spinless
interacting fermions (XXZ model in zero magnetic field).

H = Z | Jex(S7Siy1 + SYSY 1) + AS7 S + hS]

P

The Drude weight is easy to calculate and nonzero at T=0.
20+ years of efforts to calculate it (or even prove that it is
nonzero) at T>0, h=0, by either analytical or numerical methods.

(cf. Sirker, Pereira, Affleck, PRB 201 |)
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D : lim (.J(t).J(0))

9T toco

data from Sirker, Pereira, Affleclk, PRB 201 |

AJ=0.6,T/]=0.2 - TEBD

v=0.5 (Drude w=0.05)
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Dissipationless transport
When is there a nonzero Drude weight D?

o(w) = DS(w) + ...

Example of Mazur bound: suppose momentum is
conserved, and current is proportional to momentum
(e.g., if only one kind of particle).

Technical note: the Drude weight is not thermodynamic:

{

‘ [ (el S| 2, D
/‘:’m €n) “ "

where Dp, is “"Meissner stiffness” (response to flux). Always D = Dy. (Mukerjee and
Shastry, PRB 2007). Here

e i
C) }.111.1'|’,"|,a(f;)..f{ k)]
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Some progress, 201 | -present
o(w) = Di(w) +

|
D = lim (J(t).J(0))

)[J[‘r)X _)L[

Prosen: there is an iterative process to construct a nonlocal
quantity that gives a lower bound that depends non-analytically on
anisotropy, with cusps at A=cos(T1/n). (PRL 201 1)

Karrasch-Bardarson-JEM:The Drude weight can be calculated
numerically for all but the lowest temperatures at positive A, and
essentially all temperatures at negative A.

The lower bound appears to saturate the full value at the cusps.
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o(w) = D§(w) + ...
1

D= ST T Illili(./(f),/(()))

data from Sirker, Pereira, Affleck, PRB 201 |

AJ=0.6,T/]=02 — TEBD

v=0.5 (Drude w=0.05)
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Some progress, 201 | -present
o(w) = D§(w )+
1

D= (J(£)J(0))

2LT t—c - )L[

Prosen: there is an iterative process to construct a nonlocal
quantity that gives a lower bound that depends non-analytically on
anisotropy, with cusps at A=cos(T1/n). (PRL 201 I)

Karrasch-Bardarson-JEM:The Drude weight can be calculated
numerically for all but the lowest temperatures at positive 4, and
essentially all temperatures at negative A.

The lower bound appears to saturate the full value at the cusps.
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|
P= or

data from Sirker, Pereira, Affleck, PRB 201 |

AJ=0.6.T/J=02 — TEBD

v=0.5 (Drude w=0.05)
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Some progress, 201 | -present
o(w) = D§(w) +

|
D = ——— lim (J(t)J(0))

2LT t—oc o )L[

Prosen: there is an iterative process to construct a nonlocal
quantity that gives a lower bound that depends non-analytically on
anisotropy, with cusps at A=cos(TT/n). (PRL 201 1)

Karrasch-Bardarson-JEM:The Drude weight can be calculated
numerically for all but the lowest temperatures at positive A, and
essentially all temperatures at negative A.

The lower bound appears to saturate the full value at the cusps.
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Finite-temperature dynamics check

0.06f |, exact (aH
: DMRG, evolve auxiliaries
DMRG, traditional

;T:O |
(b).|

, n=0 |
()]

- _ft" r.\:,,.,'?‘p ---\,\ufﬁ~4\; f‘.g%;#f” L ¥ f\d

|
A

k:m’f |
10 20 30
tJ

Trick: (Karrasch-Bardarson)

Finite-temperature dynamics are simulated by pure state evolution of a system with
2N spins. There is an arbitrariness in the unitary evolution of the “ancilla” spins.

The entanglement growth can be minimized if the ancilla spins evolve under the time-
reversal conjugate of the unitary evolution of the physical spins.
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Finite-temperature dynamics check

0.06} exact (aH
; DMRG, evolve auxiliaries
DMRG, traditional

.ﬂ=0 |
ll}]:

Trick: (Karrasch-Bardarson)

Finite-temperature dynamics are simulated by pure state evolution of a system with
2N spins. There is an arbitrariness in the unitary evolution of the “ancilla” spins.

The entanglement growth can be minimized if the ancilla spins evolve under the time-
reversal conjugate of the unitary evolution of the physical spins.
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Drude weight of XXZ model
o(w) = DS(w) + . ..

T
|

zero temperature Bethe ansatz

[_'
]
(|
A
f—
ot
A

20

Time-dependent matrix-product-state numerics using an “entanglement-based” trick
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Why?

Connection to lower bound from “nonlocal” conserved quantity at high T:

saturation at cusps A = cos(TT/n)

T * Drude weight at T=infty

T
|

@} =6 Prosen bound
0.06 fy |+ DMRG

(Karrasch, Bardarson, JEM, PRL 2012; thanks J. Sirker)
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Lesson

Without disorder, transport can be very sensitive to

integrability--gapless integrable models seem to have
nonzero Drude weight in general.

The "nonlocal” conserved quantities are actually important for basic questions
Currently computing conductivity in massless non-integrable and massive cases.

|.add staggered field to break integrability and study scaling of

conductivity in gapless regime.
(Y. Huang, C. Karrasch, |EM, arXiv)

2. consider non-equilibrium: when is there a steady state?

does Fourier’s law apply?
(C.Karrasch, R. llan, JEM, arXiv)

3.add random field to break integrability, and study

“many-body localization” in XXZ models with random fields
(J. Bardarson, F. Pollmann, JEM, PRL 2012)

Page 34/80



Staggered field and non-integrability

L
H=) |S{Sf+ S!Sl +ASiSh, + (=1)"hS;
=1

500 500

400

*(0.99,0 465) s 300 h=0.02
*(0.95,0.4) 200

y (.0‘9.0‘31) ) 100

0
0.005 ) 0.005

" f0.85.0,2)

LL

0.9
=-A

0,005

Level statistics become
Wigner-Dyson (level repulsion)
rather than Poission

In one region, of the phase diagram, h is
irrelevant (system remains Luttinger
liquid), and we can track RG flow
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Staggered field and non-integrability

L
H=Y) {5‘;'5’;.;[ +8YSY |+ AS?SE | + (-1) /;s;-}
p=1

Bosonization analysis: h just generates a new cosine:

{_; / dr (l[2 4 ((')J.(.,-"))'”z) + ch / dx cos (2 W[\'f,-ﬁ) 5 g

where ellipses indicate Umklapp and band-curvature
terms present in the XXZ model.

We know that simple bosonization analysis of the Umklapp term is actually
incorrect, because integrability leads to a non-zero Drude weight.
Does adding the new cosine make the scaling prediction valid?

C(K) = %=1 - K~1/2)K

sin' 7*M (A D= (K /2)

e () oo

sinh ) )
sinh( (A1 L)) + sinha

oo =h™*T° 7?1 JC(K)
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Conductivity scaling

AV

|
lim lim — Re (J(t)J(0)) dt.

!;\[—}'X 14—5’5-"(._ [J . {)

N
Ju“h 3.2

~
-
-~

IHH\‘-
Kzzt%gcg For K not too large, linear prediction

1.45 . N
o~T 14 is self-consistent and power-laws are

A=-0.99, h=0, % >
T 70 1 observed that are consistent with

}\2004'29 Bat N O bosonization predictions.
1=0.465 ]

Puzzle: possible thermal Drude weight
in a nonintegrable dimerized chain; no
obvious reason it should exist.

exponent
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Bosonization models

Bosonization analysis: h just generates a new cosine:

‘ / dx (l_[2 + ((').,.(_,.-”))2) + ch / dx cos (2\/ W[\'(_,f')) o

.
where ellipses indicate Umklapp and band-curvature
terms present in the XXZ model.

Our model is a modified version of Sirker, Pereira, Affleck: it
assumes the operators created by h are alone sufficient to break
integrability (the “single-operator” theory). This is consistent with
the data.

However, another viable possibility is the “two-operator” theory of
Rosch and Andrei: it is only the combination of h and umklapp that
breaks integrability, which leads to non-commuting h->0 and T->0
limits.

It could be that we are always in the small-h limit, and that if we
went to much lower temperatures at fixed h, we would see a
different exponent--subject for future investigation.
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Bosonization models

Bosonization analysis: h just generates a new cosine:

v / d (1[2 + (r'),,.f_,.f))2) + ch / dr cos (2 m(}) L

where ellipses indicate Umklapp and band-curvature
terms present in the XXZ model.

Our model is a modified version of Sirker, Pereira, Affleck: it
assumes the operators created by h are alone sufficient to break
integrability (the “single-operator” theory). This is consistent with
the data.

However, another viable possibility is the “two-operator” theory of
Rosch and Andrei: it is only the combination of h and umklapp that
breaks integrability, which leads to non-commuting h->0 and T->0
limits.

It could be that we are always in the small-h limit, and that if we
went to much lower temperatures at fixed h, we would see a
different exponent--subject for future investigation.
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What about non-equilibrium transport?

|. Create two different temperatures in two
disconnected, infinite |1 D “leads”.

2. Connect them by a finite region (e.g., one bond).
3. Evolve in time for as long as possible.

Is a steady-state heat current reached?

Is non-equilibrium (finite bias) thermal transport
determined by linear-response thermal conductance?

We observe two different outcomes, depending on
integrability of the leads and whethe the connected
system is homogeneous.
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What about non-equilibrium transport?

|. Create two different temperatures in two
disconnected, infinite 1D “leads”.

2. Connect them by a finite region (e.g., one bond).
3. Evolve in time for as long as possible.

Is a steady-state heat current reached?

Is non-equilibrium (finite bias) thermal transport
determined by linear-response thermal conductance?

We observe two different outcomes, depending on
integrability of the leads and whethe the connected
system is homogeneous.
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Linear and non-linear response

When the finite system is homogeneous and the leads
have a nonzero Drude weight, we find:

|. there is a steady state;
2. there is a function f such that

lim (Jg(n,t)) = f(TL) — f(TR)

t— 00

In other words, linear response GG = Op f
is sufficient to determine non-linear response.

For a CFT (Bernard & Doyon, Cardy), this was known,
and f goes as T? for small T, |/T for large T.
(“ID black-body™)
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Linear and non-linear response

2. there is a function f such that

lim (Jg(n,t)) = f(TL) — f(Tr)

t— o0

Makes testable predictions, e.g.,

J;;(Tl — T;) = Jb‘(T1 — T_z) -+ .[1;(71'_3 —> T;)
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Linear and non-linear response

2. there is a function f such that

lim (Jg(n,t)) = f(TL) — f(TRr)

t— o0

Makes testable predictions, e.g.,

Je(T1 = 1T3) = Jg(T1 = 1T3) + Jg(1T2 — 13)
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Linear and non-linear response

2. there is a function f such that

lim (Jg(n,t)) = f(TL) — f(TRr)

t— o0

Makes testable predictions, e.g.,

Jp(Ty = 13) = Jg(T1 = 12) + Jp(T2 — 13)

| <dg(t—e0)> |
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Drude weight of XXZ model
ow) =Dd(w) + ...

-r
|

zero temperature Bethe ansatz

[_'
]
(|
A
L ]
o
A%

20 30

Time-dependent matrix-product-state numerics using an “entanglement-based” trick
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