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Abstract: <span>We start with a one-slide review of the Kontsevich-Soibelman

(KS) solution to the wall-crossing problem and then proceed to direct&nbsp; and comprehensive physics counting of BPS states that
eventually& nbsp; connects to KS. We also asks what input data is needed for either& nbsp; approaches to produce complete BPS spectra, and this
naturally& nbsp; leads to the BPS quiver representation of BPS states and the new notion of quiver invariants. <br>

We propose a simple geometrical conjecture that can segregate BPS states in Higgs phases of the BPS quiver dynamics to those that experience
wall-crossing and those that do not, and give <br>

proofs for all cyclice Abelian quivers. We close with explanation of how physics distinguishes two such classes of BPS states.</span>
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prototype : D=4 N=2 SU(2) = U(Il) Seiberg-Witten

QW) = QW) = —2

Q(D,) =QD,) =1
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or, more generally, the protected spin character

‘S'()( 1) = .Sr("(Z)I-U[“”““ X 5*(_"(2)]{ symmetry

> (=1D)%* x (20 +1)

on [ a spin /2 + two spin 0 ]
x [ angular momentum ; multiplet ]
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or, more generally, the protected spin character

‘s'()( 1) = *Sr('(z)l'nl:lliull X 5*(_"(2)]{ symmetry

-

> (=1D)* x (20 +1)

on [ a spin /2 + two spin 0 ]
x [ angular momentum ; multiplet ]
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or, more generally, the protected spin character

‘S'()( 1) = .Sr(-"('.z)z.“[“”““ X 5*(_"(2)]{ symmetry

.
o |

> (=1D)* x (20+1)

on [ a spin /2 + two spin 0 ]
x [ angular momentum ; multiplet ]
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Kontsevich-Soibelman, 2008
(also Gaiotto-Moore-Neitzke, 2008-2009)
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Schwingel

e o N
Vo, Vsl = (=)' e, B)Vass Ky =exp (Z )

a marginal stability wall

O+ ( Q- (~
+ side H[\E‘Z ) 1—1:]\,%2 ) — side
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wall-crossing of BPS states with 4 (or less) supersymmetries

marginal stability wall

Y1 Y1 T Y2
Y2 Yo + Y3
73 Y1 + V3
8!
Y2 Y1+ Y2 + V3
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true in all physics examples ?
how to see from BPS state building/counting ?

& why rational invariants ?

Q) => QT/p)/p°

p|l’

input data ?
QT (y) =07 (1) #0
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true in all physics examples ?
how to see from BPS state building/counting ?

& why rational invariants ?

Q) => QT/p)/p°

pIl

input data !
QT () =Q7(7) #0
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generic BPS “particles” are loose bound states of charge centers

.

RS = {X}

Ro- H]f.

R34
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generic BPS “particles” are loose bound states of charge centers

R? = {X}

!I’ - .fl,]f,

R34
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wall-crossing € dissociation of supersymmetric bound states

Ww- M+ D
W - M+ D
R. — o0 D, =n+1)M+nD

D, =(n—1M+nD

M = (1,0)
° »

M =(-1,0) D= (-1,2)

R, — 0
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wall-crossing € dissociation of supersymmetric bound states

W+ =M+D
W - M+ D
R. — >0 D, =(n+1)M+nD

D, =(n—1M+nD

M = (1,0)
° »

M =(-1,0) D= (-1,2)

R, — 0
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1998 Lee + PY.
N=4 SU(n) '/4 BPS states via multi-center classical solitons

1999 Bak + Lee + Lee + PY.
N=4 SU(n) '/4 BPS states via multi-cente dynamics

1999-2000 Gauntlett + Kim + Park + PY./ Gauntlett + Kim + Lee + PY./ Stern + PY.

N=2 SU(n) BPS states via multi-cent dynamics
2001 Denef
N=2 supergravity via classical multi-center black holes attractor solutions

! ~ ) /D \“ /
r | - 1 \« /B// = 2uA%
Im{(™" 7, ,] E R e = )
* 2iA“n

B#A A
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generic BPS “particles” are loose bound states of charge centers

Im[¢™'Z,.]

R34

e

R® = {X}

Ro- H]f.
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from Seiberg-Witten BPS dyons
as semiclassical & asymptotic solutions

with electric charges n’ and magnetic charges m’

E =12 Z = (m'¢p+n'e') =1Z|¢
F, =i¢"" 0,0 F! = B! +iFE! H(‘/ F' = 47m'
JS?
(Fp)l =i¢" 0.0 (Fp)y =7YEF] H(‘/ Fp, = —4mn’
J Sz
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from Seiberg-Witten BPS dyons
as semiclassical & asymptotic solutions

with electric charges n’ and magnetic charges m’

E =12 Z = (m'¢p+n'e') =1Z|C
F, =i¢" 00" F! = B! +iFE! H(‘/ F' = 47mm'
JS=
(Fp)i =i ' 0.0 (Fp)y =7YEF] H(‘/ Fp, = —4mn’
J Sz
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from Seiberg-Witten BPS dyons
as semiclassical & asymptotic solutions

with electric charges n’ and magnetic charges m’

E =12 Z = (m'¢p+n'e') =1Z|C
F, =i¢" 0,0 F! = B! +iE! H(‘/ F' = 47mm'
JS=
(Fp), =i¢" 0.0 (Fp)y =TYEF] Re / Fp, = —4mn'
JS?
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as a preliminary step, treat one dyon dynamical at a time

n—1

Ytotal = E YA’ + 7

A'=1
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from Seiberg-Witten BPS dyons
as semiclassical & asymptotic solutions

with electric charges n’ and magnetic charges m’

E =12 Z = (m'¢p+n'e') =1Z|C
F, =i¢" 0,0 F! = B! +iFE! H(‘/ F' = 47mm'
JS=
(Fp), = i¢" ' 0] (Fp)y =7YEF H(‘/ Fp, = —47mn’
JS<
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as a preliminary step, treat one dyon dynamical at a time
v = (p,2q) Z Yar = (mar,2n)

A’

Z_: the central charge function of the probe dyon
in the background of other dyons

—(.)r.flln[t:il(‘)r:Z",:(p.'.Zr;)}
= Re (¢'O.F! +p'04(Fp).,) = Z(q"mf‘_l, — p'ny )AT8? (T — T ar)

A’
= (7,74)/2

~ A2
Ky=Im[¢"'Z,]=Im[¢("'Z,] - Z ﬂ - Lorentz Force !!!
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as a preliminary step, treat one dyon dynamical at a time
v = (p, 2q) Z Yar = (Mmar,2n41)

A’

Z_ : the central charge function of the probe dyon
~in the background of other dyons

‘ —
—(),,[lll[(, dr:Z",:(;).lﬂr;)}
= Re (¢'O.F! +p'0s(Fp).,) = Z (g'm’y — p'n'y )48 (T — Tar)

A’
= (v,74)/2

~.~ary /2
Ky=Im[¢"'Z,]=Im[¢("'Z,] - Z ﬂ - Lorentz Force !!!
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a probe charge to a system of background “core” dyons
Sungjay Lee+PY. 201 I

Loprobe = \Z.,,\/l —F +Re[CTIZ)—-F W
1 2 . r—1 . %
>3 Z | —(|Z2,|=Rel¢"'Z)]) -2 W
| .2 (Im[¢C™'Zz.])2 . =
~ —‘2~,‘.i‘. _ ( I“[L' ’ ]) 7w
2% 202,

dx W =0dIm (-

(U2, = |2,]e, o] <1
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a probe charge to a system of background “core” dyons
Sungjay Lee+PY. 201

Livobs = \Z.,,\/l — & +Re[¢T1Z) -7 W
1 L2 y —1 Y T
o 5 Z. | - (|]24| — Re[C IL.E,’AI])_.,-.H

A

—

-2 (Im[¢ -1z,
| 2|1Z,|

12

Ix W =dIm (-

(U2, = |2,]¢, o] <1
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(1) ab initio, real space N=4 susy quantum mechanics for n dyons

Lee+PY. 201 |
Kim+Park+PY.+Wang 201 |

/(N Lrinetic = /rH / (l‘()l"’(/‘()l‘z[f‘((i)-\”)
/”'f E‘““h““.”’ - /({, /rl(} (l}\(([))“\l - f.ll'((l)J‘\u[)([)‘\”)

. . ” '\/ql ) f;‘,-’j-—)
Ka = Im|¢ I/A_\] Z 7 i

— A—Tp
N:4 QM+ B+# A
D=4 N=2 Central Charge
. — {5 \ ’\‘,',-‘\; .
: VYA VB) (iran . .
Wa= )Y 2L Wiol@a — Zp)
B#A -
F(Ty) >~ Z ZA||Tal* = Z malZal? asymptotically
A A
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(1) ab initio, real space N=4 susy quantum mechanics for n dyons

Lee+PY. 201 |
Kim+Park+PY.+Wang 201 |

/f/z Lhinetic = /m / dO%do> F ()

(YA YB)/2
Kia=Im[("'Z,,] Z \‘:.1 VI ,,/

BAA |Th — T
N=4 Q.M. + o
D=4 N=2 Central Charge
. — (Y4,7B) (thax = .
1‘ A= L - i.)‘,’;/ l‘ ‘rl}‘;,.”(.(.f. |\ — .f‘])‘)
B#A -
F(Iy) >~ Z ZAl|Zal? = Z malZal? asymptotically
A A

Pirsa: 13020137 Page 28/79



3n bosons + 4n fermions in two different superspaces

Kim+Park+PY.+Wang 201 |

g . a . 5 179 =y 4 Ag Smilga; Ivanov;
dt Lrinetic = dt dO=do~ F(d") Papadopoulos; ......
. . N circal988-1991

is manifestly N=4 supersymmetric

/r/! Lpotential = /f/f /fm (i (D) AAY — iW (D) 4o DDAY)

is N=4 supersymmetric iff da-0pKe =0

f‘;'l X f’}.f)'k..{' 0

l'l)._i}\?'” = (()1 > H#‘Ir; t {)‘jf X 1r‘) = (')\‘_\A.,l;

b —_—
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3n bosons + 4n fermions in two different superspaces

Kim+Park+PY.+Wang 201 |

. ‘ . . Y Smilga; Ivanov;
dt Lkinetic = dt dO*do~ F ((I)' ) Papadopoulos; ......
. . . circal988-1991

is manifestly N=4 supersymmetric

/rl! Lpotential = /f/f /(m (i (D) AAY — iW (D) 4o DDAY)

is N=4 supersymmetric iff da-0pKe =0

J-l X f';,,-f\}- 0

‘ ] | . - . - . i
r')_‘/‘\.“ = 5 (U_\ < W Bt f)f; x W _‘) = (')\_\A,l;
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3n bosons + 4n fermions in two different superspaces

Kim+Park+PY.+Wang 201 |

' . . ' 5 179 mr & Ag Smilga; Ivanov;
dt Lkinetic = dt dO*db~ F (‘I)' ) Papadopoulos; ......
. . . circal988-199|

is manifestly N=4 supersymmetric

/f“ Lpotential = /f/f /«m (iK(®) 4AY — iW (D) 4, DBA)

is N=4 supersymmetric iff da-0pKe =0

J-l X f'};,-f\'.f- 0

l'l)._{}\j“ = (()1 > H#‘Ir; t {)‘jf X 1r‘) = (')\‘_\A.,l;

b —_—
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)

2 o=l r YA YB)/2
V({Ta}) ~ ZKT\ = Z [m|( ]/,.I_‘] - Z <|?': —“12;/;‘
A A o -

B#A

[m|¢ 'Z. Jvasvs) <0

7 Im[g' 1/,*‘1'}(\“;_1.“;]{,\:‘ - ()

M
Kai=0
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)

2 1 YA, YB)/2
V({Za}) ~ Z}\jj\ = Z Im]¢ I/JH] _ Z <|(,—:: _nlzi/;‘
A A €I, :

B#A

Vap

M
Ki=0
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3n bosons + 4n fermions in two different superspaces

4n N=1| supermultiplets

®Ae = gAe — jgyAe A = ix?t +iob” A=1,2,....n
J
v
position of A-th dyon

n N=4 supermultiplet ~ n D=4 N=1| vector multiplets

(i).\rl - _il(fn_rf)n.f(]).\ . (I)'-]“{ — ([)“[) ; + l)g[)”)‘l

of3
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3n 2 3+ 2(n-1)

'\\I LT( {rl } ) deformed ™ LB Z Kz\
\

.‘\
‘/;4 \I\
AB

M
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3n bosons + 4n fermions in two different superspaces

Kim+Park+PY.+Wang 201 |

. ‘ . . I Smilga; Ivanov;
dt Lkinetic = dt dO*db~ F ((I)' ) Papadopoulos; ......
. . . circal988-1991|

is manifestly N=4 supersymmetric

/r/f Lpotential = /f/f /fm (i (D) AAY — iW (D) 4o DDAY)
N [— - 40K =0
is N=4 supersymmetric iff

J-l X (.}.“}\..(' 0

)

l'l)._{}\?h' = (()1 > H#‘Ir; }'{).ff X 1r‘) = (’)\‘_‘A\.j;
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the counting problem reduces to a N=1| Dirac index
of a nonlinear sigma model on the manifold 4 =0

Kim+Park+PY.+Wang 201 |

3n bosons + 4n fermions = 2(n-1) bosons + 2(n-1) fermions

for index only
de formed — Euuh'.r
L—o0
~ : SV . A T R sav 3 T NUNT
Eimh‘.r o 3-{}/”"' = H + ‘fm Y + 2 u‘i{- + ! ;H/t-" Y

F=dA= Z{/Uj
A

K 4 =0
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(2) basic state counting index
Manschot, Pioline, Sen 2010/201 |

Kim+Park+PY.+Wang 201 |

BQR*?

/H({A;;I}) = tr [(—l)l"(‘ ‘{”] = Ur {(—l)f“('

= /k ) { ch(F) AN A(M)| trivial for a complete
. 1 r 0}/ R " .
\Fa | Lam0) intersection
in flat ambient space

/ ch(F)
JM={i1 | Ka=0}/R3

1 -
(-._)‘r')n |{”— I)'/,\f'f

f'n - I".
YA YB) —dr . )
F=Y B FE (F4 - Tp)

& Ka=0
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(2) basic state counting index
Manschot, Pioline, Sen 2010/201 |

Kim+Park+PY.+Wang 201 |

BQR*?

L({7a}) = tr [(=D)FePH] = tr [(-1)"e

= /k ) ; ch(F) ANA(M)| trivial for a complete
J M r 0}/ R3 . .
\Fa | KLam0) intersection
in flat ambient space
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(2) basic state counting index
Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |

. [(_l)ff( uf] — tr {(_I)I-‘(, BQ?

/n({nf;l})

= /k ch(F) AN A(M)| trivial for a complete
JM={T¥ i . .

14 intersection

in flat ambient space
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(2) basic state counting index
Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |

/n({ﬁf;l}) = tr [(—l)l"(‘ ‘{”] = tr {(_l)f’(, BQ?

= /k ) { ch(F) ANA(M)| trivial for a complete
JM={T¥ 0}/ R . "
\Fa | KamO) intersection
in flat ambient space

= / ch(F)
JM={Ts | Ka=0}/R3

1 e
(-zrr')fJ |{” — I)'/\l'f
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(3) protected spin character = equivariant index on M

Kim"’Park"’P_Y‘I—Wang 2011

H = ll('t-lm-l'uf' mass & Ill'l'(|llc'l'(l

-
L

- 2L342(S3—13) 215, 2(J3+1:
= tll!]"“il:u-.l [( — 1) 3 (S3—13 ( _ l] i!l (J3 3)

[

reduction to M

() = (—])Z\ _“-.:"- \.".-NH-H—]”.([_1);.'”_)‘-“)
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with quantum statistics taken into account

) [l)-'in
fixed manifold N C M under S(p) C I'

M = {7YK 4 = 0}
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(3) protected spin character = equivariant index on M

Kim+Park+PY.+Wang 201 |

l 2 2 9
Q= —tr |(—1)*/3(2J3)%y* /s +1s)

—_

H = ll('t-lm-l'uf' mass &5 Ilrwlun-(l

L~
Ly
-+
—
]
—_—
—_
i
—
o
—
)
™
o
o~
S
—
i
—
&
—
>
—~
[
i
P
L

reduction to M / /

Q = (=1)2=asp0ATB) TN () Fy 20
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with quantum statistics taken into account

. e nf : R
fixed manifold N’ C M under S(p) C I

M = {7YK 4 = 0}
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with quantum statistics taken into account

. e nf : R
fixed manifold N’ C M under S(p) C I

M = {7YK 4 = 0}
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with quantum statistics taken into account

fixed manifold A" € M under S(p) C T’

[" =T/S(p) P =Y (£1)o

el

— lI._\/‘{f.-‘"[' -\_ (7 I )f( —f!{P + A_\“t I‘_\";_"]" -\_’ (7 l )I( — ii{}jf + L
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with quantum statistics taken into account for a pair

(k) . ) y
P, T T = =T, Y= =Y

(£) T . F+ B0°/2p(%)
AYY: — liu_lllltl”,f:,,r [(l) i = PY. 1997
p=2 7
= lim / dz {'f.i'|("f"}:-'”"““1\.r) X (F£2nfermion/2=1)
3 '*“' hni
49N fermion/2=1 p 2 /0
. Z ‘ z+x)% /23
= [im 5 73 diy e~ (®+)7
3—=0 (_ﬂ-_j) = hr,‘
jt.._.)” f’rruunug’”z 1 il
= lim —> .
3—0 2d 22
ng = 2 4 8 16
d 2 3 5 9
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(4) wall-crossing formula from real space dynamics

Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |

Q™ (Y 7a) -0 (X va) = (-1Zasslmaehn JIELL ("”'/_;Ir‘hfﬂ
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(4) wall-crossing formula from real space dynamics

Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |

Q0 (X‘) QO (X‘) = (=1)2oasp (1A L”‘TI.-(-A"]'/_;Irmf}

N ! ! ’ ’ g.’. "-! ’ i
(-1 ]L LS TARP L e bt =1 II‘__;(_‘ ) / r’flf(f’)
I | o MY

[
i)
™
L~
o~
I
D
S
I
L~
T’
——
D
\
=
S —
~
=
S
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(4) wall-crossing formula from real space dynamics

Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |

9 (X~.\) Q (X") — | 1]:\ plyAYBIHN L“"TI_(All.J'/_lur‘h(f}

N ! at d ’ g! 5! ’ l
(- | ]L Y LARF L f."} L l I ]‘___;(__‘__] / f’flf(.}:")
I | S M
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(4) wall-crossing formula from real space dynamics

Manschot, Pioline, Sen 2010/201 |
Kim+Park+PY.+Wang 201 |

0 (Z‘-‘) H'(Zw) _ ()T s (raraen L”l‘-fl.(_‘-t]'/-'Hrm]__}

N o’ "' f ’ g! "-’ ’ l
(= []L Y AL g pHn =1 II‘___;__‘.] / r’flf(]:-’)
I | oS M

(= 1)2eans> a1 'I—l»r‘r———r,—;,'f—i—) / ch(F")
| v

¥|‘1 VZ:‘["\' ‘Zﬂ:]ﬂ; SZ(A;) e ZSZ("}/[})/!}J

dk
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BPS quivers
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calibrated geometry : special Lagrange submanifolds in Calabi-Yau

type |l string theories on CY3 : wrapped D-branes

D=4 N=2 supergravity : BPS black holes

D=4 N=2 Seiberg-Witten theory : BPS dyons

D=2 N=2 Landau-Ginzburg : BPS kinks
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D3 on SL 3-cycles in CY3 - BPS quiver quantum mechanics

Denef 2002

\”-(1) .{"('_’) \?(ts) f(-n
) U(1) x U1) x U(1) x U(1)
,(12) (23) ,(34)
Y3 P1.2,.a10 Y1,2,....a03 1,2,...,a34
(23)
t'JI.'_)...‘.rJ“_-‘;’
Qi = (“.-A-“.-A-)
(34) -
{‘l.'_’ a3q _, _\EJ}
7 v (4) 2
a -\ ("J(!I')-‘-u]‘
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Coulomb “phase”™

Denef 2002
\_'(l) \_'['.Z) \ES} \:fl}
¢ U(ky) x U(ky) x U(ks) x U(ky)
) (12) J23) . (34)
A.iar.{ ‘:Ji..j."'.rf]__r & A L GRY _"LI_-: ‘‘‘‘‘ T3a
t'.J‘.IJj.). L
(34) .
?1.2....,a34 koya X(2)
A (4 ]
1774 1 x(4) “(I_‘J
! aj
k1A =
1771 .\(1)
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Higgs “phase”

52} eh—— e,
4C) U(ky) x U(ka) x U(ks) x Ul(ky)
. ,(12) (23) (34)
Li’-\{ ('}I ) (151 ()l.: .... (Lo (}1.._} .... 34
L (23)
t'}|.2. o
,(34) = ey
P1.2,....a34 kovya! X(2)
k (. 12
s '\E” l"‘)(! 'J WAL
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Higgs “phase”

g . —

" U(ky) x Ulks) x Ulks) x U(ky)

(12) (23) ,(34)
Jq ¢ )
L.;Ar,.‘l. ()! 2 (25} ¢ v 2yiany oy #1,2,..., as4
(23)
t'J] 2,. o
' ~Im|(" Z
(34) -0
P1.,2,....a34 kovya! X(2)
k - (4 (12)
1" /4 .\E) by
'_ll]'_:
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Higgs phase : My = {¢"?,...|DW = ¢D1y, .}/ T U (K:)

f( 3)
. (1)
I’ 37Y3 (2“1'_;:_‘,5 (Z l': /i & )
,(23) :
P1.2,....a !
.(Jil') - ~ ('\/l“)
('Jl..._) J34 Il-‘._)";l‘._)' \ [J} \
47 (4 2 I q: l
kaya) x@ A2 e =Y (=1)" dim [H' (Mpy)]
/ 1
kivi) @
17 /1 .\(1)
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Higgs phase : My = {¢"?,...|DW = D1y, .}/ T U (k)

marginal stability wall

(1) (2) c(3)  ¢(4)
S S <
X (My) =0 X (Myu) = ajo X ass X asy

Aif = <A.‘."- AA>

— () P2 1 x (! P%s32 L o (' Pasa 1
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large & positive small & positive
FI constants FlI constants

/

gle'f' s — SZ('-UHI()I]II)

y O
1288

F.Denef 2002 + A.Sen 201 |
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large & positive small & positive
FI constants Fl constants

/

SZH'I;;';_',‘H — SZ('-()lll(nnl)

F.Denef 2002 + A.Sen 201 |

/
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which apparently fails for some quivers with loops
Denef + Moore 2007

\ﬂ't 3)
/\':;",;
(23)
% N ey (1)
(34)
(')I-.-)---‘-”.ﬁl A' - \_: ‘
2772} .
|Szlli;_’,;_:r~" 2 |Sz(_'-m1lmuh’
~~ N f: 1)
( Sz}lij_;gs = S-2( 'nm|u||||:‘ ) h 174 “‘."-’J
¥ !_] (]
(41)
('Jl.;_,.....lll\.
kim g
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also, all known wall-crossing formulae need input data
QT (y) = (v)

how to count & figure out these wall-crossing safe states !
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also, all known wall-crossing formulae need input data
QT (y) = Q™ (v)

how to count & figure out these wall-crossing safe states !
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example | : elementary objects such as certain 2r+f hypermultiplet dyons

in Seiberg-Witten theory of rank r and f flavors

example 2 : single-center black holes

SZ—'_ — SZlnv;n'innt + SZ—'_

Coulomb

Coulomb

(17 = SZlnv;n'i;nlt. + Q4
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example | : elementary objects such as certain 2r+f hypermultiplet dyons

in Seiberg-Witten theory of rank r and f flavors

example 2 : single-center black holes

SZ—'_ — SZlnvurinnt + SZ+

Coulomb

Coulomb

(17 = SZlnv;n'i;nlt. + Q4
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an Abelian example

ajz =4 a3 = 5
dim H'"9 (M)
az] = §)
1
0 0 |
0 2 0 T T on
0 0 0 0 26 | | 26
0 0 310 0 l
0 0 26 26 0 0
0 0 Bl 0 0
() 0 0 0
0 2 0
0 0
I |
0 0
0 2| 0
0 26 26 0
0 2 0
0 0
|

Pirsa: 13020137 Page 68/79



Pirsa: 13020137

X(Mp) ~

a-(c—b)

an Abelian example

_|_

Denef + Moore 2007

# ) 2(u—|—b+f')/2 + ...

— SZ( ‘'oulomb

&

b
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’521“3_,‘;_;’5| > |SB( ‘oulomb

. 4 03)
{ (12) } e
0] .
Y3
(.J('._’.‘H
D ~ ,-""JJ’IH('(I], P1.2,...,a23
i (34)
@1.2,....a34 v ) 7@
Xy
- v (4)
4 )X (12)
?1,2,--/,a12
F ~ 9,W =0 S
71,2, 0009
A."I _:(l)
X

My
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two conjectures
S).Lee + Z.L.Wang + PY, 2012

cf) Bena + Berkooz + de Boel
+ El-Showk + d. Bleeken, 2012

(02 Y H*(My)

D = 1 [[[*(‘XYH )] [[*(MH )lnt.rinsi('

Lo~ OpW =0
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two conjectures

{1, ..} H* (Mpyg) = ZH“"'”(M}[)

D — ,* [][*(‘Y”)] [[*(Mli)lnt.rillh'i('

- . )4 1 2p—d . )4 d. 2p—d
‘\” “J'[H(.\'Jl( L)rT {Hi Er Intrinsic L)re .f/;

JV[II Sz('uulmnl) SZlnvuri;i.nt

S.).Lee + Z.L. Wang + PY, 2012
cf) Bena + Berkooz + de Boer
+ El-Showk + d. Bleeken, 2012
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the total equivariant index of a cyclic Abelian quiver is

. 205, 203421 +qg—d, 2p—d ), v 4(R)
2 (¥) =t g0 (— 1)y 2420 = N S pypramdy2e=dp ) (A7)

a a2

an as
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and can be decomposed into two parts

Yy -y~
= | (—1)Py® — + AQy 1 (2
+ | y)" e SH% dw; 11 | — 2w \ 1
TS TRy =i | S A B R )y
(K e
Xy = H( P
ik a 22
i
('fl'i
(k)
My
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wall-crossing states vs. wall-crossing-safe states

H* (Mpy) = [ HY (Xug)] & HY(Mpy)mtrinsic
dim HPD (M) : ‘ :
() 2 ()
0 0 0 0
() () 3 0 ()
8 8 0 0 o | | o 0o 0N
| 322 6803 L+ 18212 6803 322 |
e O Cloans e iR 1
] (0 0 3 () 0
0 () () ()
0 2 ()
(0 ()
1
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wall-crossing states vs. wall-crossing-safe states

H* (Mpy) = I HY (X)) @& HY(Mpg)mtrinsic
dim H P9 (M) " ! :
() 2 ()
0 0 0 0
() () 3 0 0
8 8 0 0 0 | 0o 0o 0N
| 322 6803 H+ 18212 6803 322 |
e G AFIefn GK  9m  1
] () 0 3 () 0
0 () () ()
0 2 ()
(0 (0
1
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wall-crossing states vs. wall-crossing-safe states

[]+(MI[) — [* [[[*(‘X'H)] @ [[*(Mﬁ)lntrinsi('

|

dim H'PY(My)

J3

Swln\';lri;mt

82('nllln]l]l)
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wall-crossing states vs. wall-crossing-safe states

Seung-Joo Lee + Zhao-Long Wang + PY,, 2012

[[*(MH) — 7" [[[*(‘Y”)] SV, [I*(Mﬁ)lntrinsi('

! l( _ l )[J—l—f,'—:f!/',_’p—(f

Sz('m:lumh SB[II\'EI.I‘i;l.lll.
— SZHiggH — Sz('lmlnml)
many-body bound states single-center states
wall-crossing wall-crossing-safe
angular momentum R-charge
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summary

wall-crossing formulae from direct & subtle real-space index
for SW BPS dyons with ab initio low energy dynamics
or more generally, for the Coulomb phase of BPS quivers

equivalence to Kontsevich-Soibelman (when j,ariant = 0)
KS rational invariants from statistics orbifolding

quiver invariants, or wall-crossing safe BPS states;
interpretation via single-center black hole entropy

quiver invariants for non-Abelian quivers with scaling regime
- difficulties (again) on the Coulomb side
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