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Abstract: <span>The problem of determining and describing the family of 1-particle reduced density operators (1-RDO) arising from N-fer
pure states (viapartial trace) is known as the fermionic quantum marginal problem. We present its solution, a multitude of constraints

eigenvalues of the 1-RDO, generalizing the Pauli exclusion principle. To explore the relevance of these constraints we study an analytically s
model of N fermions in a harmonic potential and determine the spectral “trajectory’ corresponding to the ground state as function

fermion-fermion interaction strength.Intriguingly, we find that the occupation numbers are almost, but not exactly, pinned to the boundary

allowed region (quasi-pinned). Our findings suggest a generalization of the Hartree-Fock approximation.<br></span><br><span>see al
href="http://arxiv.org/abs/1210.5531">http://arxiv.org/abs/1210.5531</a></span><span><br></span>
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1) Motivation

Pauli’s exclusion principle (1925):

‘'no two identical fermions in

the same quantum state’
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1) Motivation

Pauli’s exclusion principle (1925):

‘'no two identical fermions in

the same quantum state’

mathematically: 0 < n; < 1

m relevantwhen n; ~ 0 V n; = 1

m - Aufbau principle for atoms

44
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strengthened by Dirac & Heisenberg in (1926):

‘quantum states of identical

fermions are antisymmetric’

implications for occupation numbers n; ?

>
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strengthened by Dirac & Heisenberg in (1926):

‘quantum states of identical

fermions are antisymmetric’

implications for occupation numbers n; ?

further constraints beyond
"< n; < 1

but only relevant if (quasi-) pinned (?)
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mathematical objects ?

N-fermion states |\I/J\r) — PN = |\I!N)(\Il:\;|
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mathematical objects ?

N-fermion states |Wy) — pn = |Un) (V]

\ partial trace

1-particle reduced = :

partice reducs o1 = NTey_ilon]
density operator
natural occupation spec(py) = (A1, Ao, .

numbers
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mathematical objects ?

N-fermion states |\I’J\r) — PN = |‘I’\><\p\|

\ partial trace

N Try_1[pN]

1-particle reduced
density operator

P1

|

natural occupation spec(p1) = (A1, Ag, .. .)
numbers

translate antisymmetry of |W )

to 1-particle picture
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Q: Which 1-RDO pj are possible?

(Fermionic Quantum Marginal Problem)
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W} = b
describe this set

Q: Which 1-RDO pj are possible?

(Fermionic Quantum Marginal Problem)

Pauli exclusion principle constraints
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{I‘I’N)} = {Pl} \
describe this set

Q: Which 1-RDO p are possible?

(Fermionic Quantum Marginal Problem)

Pauli exclusion principle constraints
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A: M unitary equivalence:

p1 arises from |V yr) =
U py UT can arise from U® W)

.

== ONly Natural occupation numbers A relevant

Ll dependson N & d
N fermions & dim(H,) = d

" {X} = /P,\'.(/ C R{]

P0|yt0 pe [A.Klyachko., CMP 282, p287-322, 2008]
[A.Klyachko, J.Phys 36, p72-86, 2006]
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polytope

intersection of

> finitely many half
)\J- spaces
/\,‘A
--/ facet: CilAL + ... Cq M\ K
W ey Xy .. My 2K
>  space:
Aj
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AM2>X2>2...2Ax 20
AM+.-.+2A=3

AMFA+ A5+ A6<2
M+A3+ A+ A< 2
Ao+ A3+ A+ A5<2
AM+X+A+A:<2
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AMFA+ A+ A< 2
A+ A3+ A +XA5<2
A1+)\2+/\4+/\752

[AKlyachko., CMP 282, p287-322, 2008]
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in general:

Pirsa: 13010105 Page 28/100



in general:

Pauli exclusion principle

0< X <1
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in general:

e Px.d ,antisymmetry
7 /

Pauli exclusion principle

0< X<l
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Position of relevant states \; A

(e.g. ground state) ? 1
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Position of relevant states \; A

(e.g. ground state) ? 1

Slater determinants /

Ty) = [1,2,...,N)
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Position of relevant states \; A

(e.g. ground state) ? i |

Slater determinants /

Ty) = [1,2,...,N)

l 0

pr = [)(1] + ... + [N)(N

|

X = gpec(pp) = (1,...,1,0,0,...)
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or here ?

(

Position of relevant states A A

(e.g. ground state) ?
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or here ?

Position of relevant states i A (pinning)

(e.g. ground state) ? 1

point on boundary :

equality
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or here ?
(pinning)

Position of relevant states A A

(e.g. ground state) ?

point on boundary :

>
0 1 /\,’
equality
. ' . decay
kinematical constraints impossible

generalization of:

4
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analytical solvable:

ground state |Uy)
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s

N identical fermions with coupling parameter 0
analytical solvable:

_I*

ground state [Vy) . py = |Un)(¥y]

!

p1 = N Try_;[pn]
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= T+;1;:E’TM:2-'

diagonalization of M

“
=0 length scales:
l

i 7N
mw/1+
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diagonalization of M

length scales:

h

mo T \/mw\/lﬂND/(mwz)
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Now: Fermions

N

m—p restrictto AV[L}R) < L*R)

ground state: [zwangetal., arXiv 1108.1607, 2011]

” 1 1 1 o BEs
Un(Z) =N H (i — z;) | -exp [—W (F — ,—,) (z1+...+2N)" — 3% -

1<i<y<N i
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Now: Fermions

N

m—p restrictto AV[L}R) < L*R)

grou nd state: [ZWang et al., arXiv 1108.1607, 2011]

1 1 1 s 11 ,
Un(T) =N H (z; — x;) | -exp [—W (F — F) (1 +...+2N)" — 3% -

1<i<j<N i
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i

e gmund state: [zZWangetal, arXiv 1108.1607, 2011]

if non-interacti
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\

plz.x

!

T 11
N H (:r;—:r_,-))-e:\cp —ﬁ(ﬁ—i"—-) (:;+...+zy)2—§f}-;

1Si<EN

= p(z.z") exp[—a(z”+z7) + Bz
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ground state: [zwangetal., arXiv1108.1607, 2011]

= N H (I.'—IJ') -cxp[—%(l—-.l)(I|+...+I_v)2—;—l.12$]

el -

1<i<j<N

\

pi(x. )= p(z.x) exp[—a(z®+ %) + Bzz]
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H (xi — IJ)

1<i<j<N

pi(x.x') = p(z.z") exp[—a(z®+27) + Brr]]

\

spec(py) =
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Now: Fermions

N

m—p restrictto AV[L}R) < L*R)

grou nd state: [ZWang et al., arXiv 1108.1607, 2011]

1 ] 1 s Ll p
l[J\(r} = JV H (z; — .l'_,] -eXPp l—W (F — F) (Zy1+.-.-TIZN) — —)F ;

1<i<j3<N

/)1(.1'..1"') — p(.r...'") t'.\;l)[—n(.ﬁ'2 +..'"")) - .f..".z"]

A

spec(pr) = A
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properties of : X

-~

m  dependsonlyon D/(mw?) ie.on [/

y
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weak-interacting = |5| < 1
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hierarchy:

Ae = 0™ ° + 0% s
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4) Pinning Analysis

too difficult/
not known yet

dim(L*(R)) = o0 = )\ € Ps3

instead: check X,, = ALy vy Ag) w.rt Py

(quasi-)pinning of 3. - constraint
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4) Pinning Analysis

too difficult/
not known yet

dim(L*(R)) = o0 = X € Ps.

instead: check X,; = Ay e ey Ag) w.rt Ps

(quasi-)pinning of 3. - constraint
=
(quasi-)pinning of P; - constraint mod O(A 4 1)
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3 [Borland&Dennis, J.Phys. B, 5,1, 1972]
B A°[Hg) [Ruskai, Phys. Rev. A, 40,45, 2007]

AMF+FX=Xo+A5=A3+ =1
D((j) = /\5+/\(5—)\4 Z 0
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3 [Borland&Dennis, J.Phys. B, 5,1, 1972]
B A°[Hg) [Ruskai, Phys. Rev. A, 40,45, 2007]

MF A=A+ A3=N3+ 4 =1
D® = X5+ X — Ay >0
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3 [Borland&Dennis, J.Phys. B, 5,1, 1972]
B A [Hb] [Ruskai, Phys. Rev. A, 40,45, 2007]

MF A=A+ As=X\3+ Ny =1
DY =X 54+ X —Ag >0

) P;c — 3 — dim polytope
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3 [Borland&Dennis, J.Phys. B, 5,1, 1972]
B A°[Hg) [Ruskai, Phys. Rev. A, 40,45, 2007]

MFAN=A+As5=X3+\y=1
DY = X5+ X —Ag >0

-  P3c — 3 — dim polytope

(Ag, As, Ag)(0)
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3 [Borland&Dennis, J.Phys. B, 5,1, 1972]
B A°[Hg) [Ruskai, Phys. Rev. A, 40,45, 2007]

MF A=A+ A5=X\3+\y=1
DY =X 54+ X —Ag >0

m——p P3;; — 3 — dim polytope

(/\_1. /\f,. /\(; )(5)

M+ A=+ A= N3
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3 [Borland&Dennis, J.Phys. B, 5,1, 1972]
= Va5 [Hb] [Ruskai, Phys. Rev. A, 40,45, 2007]

MFAN=A+A5=X3+\y=1
D(G) = )\r,-l-/\(,'—/\_l Z 0

mm——p P;; — 3 — dim polytope

(/\_1. /\:,. /\(;)((S)
relevant as long

as \r ~ cd° = 0

‘ lower bound on
S = 59049 0 . pinning order
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2890

- §° 4+ O(8)
59049
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7o I 20 10
DR — _2103768 + 0(5")
— 1 10
ﬁé" + O(8'%)
90 4 10
S i OO
5390

S 10
590495 + 0(6™)
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5) Physical Relevance of Pinning

D(X) = Kg+K1A1+...+KgAg = 0
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5) Physical Relevance of Pinning

D(X) = Kg+K1A1+...+KgAg = 0

saturated by X(,:

u—

D()\g) =0

= Implication for corresponding |V x;

Physical Relevance of Pinning ?
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generalization of:
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generalization of:

X=(,...,10,..) =
A\?—/

stable:

X~ (1,.... 1.0,...)
b
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generalization of:

X=1(1,.... 1.0.... =
(1. 2 — \2%

stable:

X~ (1,.... A W) ~
e
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>
=

= BY - i,

= BV = {0k

B = Anlli1) ®-..® [in)]
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An[li1) ®...® [in)]

UN) = Z ci [2)
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D(X) = Kg+KLA1+...+KgAg = 0

y
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D(X) = Kg+KIA1+...+KgAg = 0

D= ff,()Id—i-maJ{aH—...—l—fsdaLad
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D(X) = Kg+KIA1+...+KgAg = 0

D= /{()Id+ﬁlaJ{a1+...+fﬁdaLad

—.  Selection Rule:

D i) # 0
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