Title: Exotic topological order from quantum fractal code
Date: Jan 14, 2013 04:00 PM
URL: http://pirsa.org/13010101

Abstract: <span>We present afamily of three-dimensional local

guantum codes with pairs of fractal logical operators. It has two polynomials

over finite fields& nbsp;as input parameters

which generate fractal shapes of anti-commuting logical operators, and

possesses exotic topological order with quantum glassiness which is beyond
descriptions of conventional topological field theory. A necessary and

sufficient condition for being free from string-like logical operatorsis

obtained under which the model works as marginally self-correcting quantum
memory. We also provide theoretical tools to analyze physical and coding properties
of trandlation symmetric stabilizer Hamiltonians.</span>
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Question:

- What is the limit on the amount of information
that can be reliably stored in a finite physical
system?
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Local Code bound

* Encode information into ground states of a gapped local Hamiltonian
on a D-dim lattice

local interactions
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Local Code bound

* Encode information into ground states of a gapped local Hamiltonian
on a D-dim lattice

Local Code Bound Bravyi, Terhal and Poulin ( )

local interactions

kd'/P < O(n)

k : number of logical bits

d : code distance Reliability

n : total number of spins
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Saturation for discrete systems ?

* Previously found systems are far below the bound ...

Bound for D=2

kd'/? < O(n) n=L*

A theoretical limit
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Saturation for discrete systems ?

* Previously found systems are far below the bound ...

Bound for D=2 Ex: Repetition c
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Saturation for discrete systems ?

* Previously found systems are far below the bound ...
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Bound for D=2

d'/? < O(n) n = L?

\ theoretical limit

Z

/ repetition code
l‘ T s‘\ |
+ “"-‘1_, » K
l [ L?

number of logical bits

Ex: Copies of repetition codes
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Repetition code
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Multiple ground states

* Physical realization ?
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Multiple ground states

* Physical realization ?

- “initial condition”

Time evolution of cellular automaton

«+——— uniquely determined
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The Sierpinski triangle (generalized)

* Physical Realization ?

Physically realizable with 3-dimensional spins !
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Asymptotic saturation (D=2)

» Sierpinski triangle with p-dim spins

Fractal dimension

log (22
8 2 ) — 2 for p— oo.
log p
d
/,l“
k~O(L), d~O(L*)
ld .
Asymptotically saturate the bound !
} » K
l L [
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Asymptotic saturation (D>2)

* Higher-dimensions ?

Fractal dimension

log(p(pH)---D({HD—l))

log(p)

» D

D — 00

Fractal codes saturate the bound for D > 2 too !
k~O(LP™h, d~ O(LP™),

Area-like Volume-like
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Quantum Fractal Code ?

Classical bound

kd'/P < O(n)
Quantum bound

kdp—1 < O(n)

Classical fractal code

Quantum fractal code ?

* The Cubic code has pairs of fractal logical operators.

1Z Z1 X X1
Z1 VA X1 I .
general construction ?

11 1Z XX [X

1Z Z1 IX X1
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Plan of Part 2

* Translation symmetric stabilizer Hamiltonians
- via polynomials over finite fields (a new theoretical framework)
* Quantum fractal code

- fractal logical operators

* Properties of quantum fractal code

- ground states (exotic topo order, entanglement entropy)
- quasi-particle excitations

- code distances (lower bounds)
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Stabilizer Hamiltonians

* Encode qubits into degenerate ground states with mass gap

H=-Y]8,| I[58]=0
j \--,...___
SjW) — W) Energy
Pauli Operators 0

|0> [1>
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Stabilizer Hamiltonians
* Encode qubits into degenerate ground states with mass gap
H=-Y]8,| I[5,5]=0

Silb) = [¥) Energy

Pauli Operators 0

10> 11>
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Pauli operators by polynomials over finite fields

Pauli operators by polynomials (1 dim)

. 2 1 0 1 2
[ = Z cjx’, c; =0,1 O 0 O
j=—o00
- c - ¢ (eg) — o~ ~l
z(f) = 1] 2. x(f)= [[ x f=l4z+2
S T Z(f) = ZodrZs

Page 21/58



Pauli operators by polynomials over finite fields

Pauli operators by polynomials (1 dim)

o 2 1 0 1 2
¥ = Z ¢z’ c; =0,1. © O O
j=—00
- cC = ¢ (eg) — . ld
Z(f): H ZJ_J’ X(/'): H X Ci f=1l4zxz+2x
J=—0C J o0

Translations of Pauli operators

[ = l+z+2¢2 — ;I;f:g;+3:2+:1::5
2(f) = 22122~ Z(af) = 712275
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Pauli operators by polynomials over finite fields

Pauli operators by polynomials (1 dim)

o 2 1 0 1 2
f= ), ¢zf, ¢=0,L A
j=—00
i b ; (eg) , _ L 2
Z(f): H ZJJ’ X(f)i H X f=1l4zxz+2x
J=—0C 7 o0

Translations of Pauli operators

[ = l+z+2¢2 — ;I;f:g;+3:2+:1::5
Z2(f) = 20212y —  Z(af) = 212223
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Pauli operators by polynomials over finite fields

Pauli operators by polynomials (1 dim)

- 2 1 0 1 2
f= ) ¢al, ¢=0,L ¢ o ¢
J=—00
— C - [4 (eg) — e ol
2= 11 27 xn= 11 %7 Foirers
’ > ! > Z(.f) - Z()ZlZQ

Translations of Pauli operators

[ = 1+:r:+:1:2 — -’Iff::I:+3:2+;I;3
2(f) = 22122~ Z(af) = 212275
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Pauli operators by polynomials over finite fields

Pauli operators by polynomials (1 dim)

. 2 10 1 2
f= ) ¢al, ¢=0,L ¢ ¢ o
J==—00
— ¢ - p (eg) . _ L 2
zfH= 11 z7. xH= [ x7 f=1+z+z
Jj=—-00 9 o0

Translations of Pauli operators

[ = l+z+2¢2 — 51ff:35+3:2+:1:3
Z(f) = 2ZoZrZ2  — Z(af) = 212223
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The Toric code via polynomials

The Toric code (qubits on edges)

X Z
X X z Z

X Z

A B,
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The Toric code via polynomials

The Toric code (qubits on edges) The Toric code (square lattice)

composite
particle
o)

¢/
4/ d
& d

=2

<

S

X Z >

A X| 2z z ocal unitary ZAZB| ZA XA
> " ZB X X
A, B
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The Toric code via polynomials

I S
-1 0 1
! -1
0 ZAZB| ZA
1 ZB
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The Toric code via polynomials

X X
-1 0 1 -1 0 1
y
d -1 -1 X
0 ZAZB| ZA 0 [ XB |[XAXB
1 Z8 1
142z 1 —1
Z x| Y
14y 14+ 21
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The Toric code via polynomials

X X
-1 0 1 -1 0 1
: -1 d -1 ’
0 ZAZB| ZA 0 [ XB |[XAXB
1 Z8 1

1 —1
7 +x x 14y
14y 1+ 21
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Theory for model with duality

7 duality R 1}
+ X 1 -
. ( z 14y~ )

1+ ’q_j ] + 1
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Theory for model with duality

» This duality is required for commutation of stabilizer generators

duality

z =z y—oyH
* Model with duality

o 3
Z
5 A &

“theory” via algebra on polynomials over finite fields

See a forthcoming paper for discussion on codes with duality.
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The Toric code via polynomials

X X
1 0 1 4 0 1
y y y 1 (
0 ZAZB| ZA 0 | XB |XaAXB
1 Z8 1

1 —~1
7 4+ x 14y
14y 14+ 21
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Theory for model with duality

» This duality is required for commutation of stabilizer generators

duality

z =z y—yH
* Model with duality
o
A X b
p o
“theory” via algebra on polynomials over finite fields

See a forthcoming paper for discussion on codes with duality.
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Theory for model with duality

» This duality is required for commutation of stabilizer generators

duality

z =z y—oy
* Model with duality

o 5
Z
5 A &

“theory” via algebra on polynomials over finite fields

See a forthcoming paper for discussion on codes with duality.
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Fractal geometries via polynomials

H A
EEEESEEESEEEEE i mess maas
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Fractal geometries via polynomials

e f =14 x over [y
Sierpinski triangle

powers of “f X
fo=1 1)
1 . )
ff=1+z Y|y zy)
fP=1+2° V) ey
fP=1+z+22+2°  (¥)Hey) e’y &y
f4=1+2 yh) ety
E / &= P 5\“{,’ 5 A0 P
S =1+z+z*+2° Y)Y ") @_@) \_ﬁ_

(f(:c,y) =1+ fu+ P9+ Py +--- |

A\ S/
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Quantum Fractal Code (3 dim)
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Fractal geometries via polynomials

43
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f=1+z Fa f=1+z+z° Fy f=14z Fq
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Quantum Fractal Code (3 dim)

» Two parameters a(x)  b(xz) over F,
e Interaction terms
7 1 +a(zx)y | X 1+ b(x)z
1+ b(x)z 1+ a(x)y

z—ozlyoyl,

* Fractal logical operators
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Quantum Fractal Code (3 dim)

 Two parameters  a(x) b(x) over F,

¢ Interaction terms

7 1 +a(zx)y | X 1+ b(x)z
1+ b(x)z 1+ a(x)y

;1:—>J:‘l,y—>y_l -1

v Z =2

 Fractal logical operators

a(x) — .‘ b(z)
Z(, | 0 )a/ Z(:r: b(:c.,z)")/
| z'a(z,y)) 0
x [ a(x,yx o ox [ 0 b(x)
0 a(z) \z'b(z, 2)
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Plan of Part 2

* Properties of quantum fractal code

- ground states (exotic topo order, entanglement entropy)
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Topological Order (Stability against perturbation)

Def: stability against perturbations

Energy Energy

IGap IGap
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L3

L2

Number of ground states

Number of solutions to

7 Number of ground states
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L2

Number of ground states

Number of solutions to

L3

—— Number of ground states

Discrete scale symmetries

k(pL1,pLo,pL3) = pk(L1, Lo, L3)

——— topological order with extensive degeneracy

—— beyond topological field theory
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L2

Number of ground states

Number of solutions to

L3

— Number of ground states

Discrete scale symmetries

k(pL1,pLo,pL3) = pk(L1, Lo, L3)

/

——— topological order with extensive degeneracy

—— beyond topological field theory
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L2

Number of ground states

Number of solutions to

L3

7 Number of ground states

Discrete scale symmetries

s

k(pL1,pL2,pL3) = pk(L1, Lo, L3)

——— topological order with extensive degeneracy

—— beyond topological field theory
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Quasi-particle excitations in quantum fractals

a=1+z+z?
b=14+2z

ZA
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Quasi-particle excitations in quantum fractals

O O a(z) O O a(z)
////' / =
I N

l
>

)

a=1+z+ x° b(z) O b(z)

b=1+z

ZA ZB ZAZB

* Propagations of quasi-particles are highly constrained (not free).

* Propagations can be discussed concisely via polynomials.
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No string logical operators

No string logical operators

(no point-like quasi-particle excitations)

/

N4

Marginally self-correcting (Logarithmic energy barrier)
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No string logical operators

No string logical operators

(no point-like quasi-particle excitations)

/

VW

Marginally self-correcting (Logarithmic energy barrier)
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No string logical operators

([ ( Cq, Cp ) does not exist : )
a(z)* = b(a)*

\ Ap. ,,

4 N

No string logical op¥érators

(no point-like quasi-particle excitations)

N4

Marginally self-correcting (Logarithmic energy barrier)

Pirsa: 13010101 Page 52/58



No string logical operators

([ ( Cq, Cp ) does not exist : )
a(z)" = b(z)"

\ ZAN )

4 N

No string logical op¥érators

(no point-like quasi-particle excitations)

N4

Marginally self-correcting (Logarithmic energy barrier)
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Plan of Part 2

* Properties of quantum fractal code

- code distances (lower bounds)
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Polynomial decomposition problem

Theorem (lower bound)

. . () C e . . .
Consider all the tensors C;" satisfying the following equation:

bt = Z;EE(L"'(Z{‘;), for all £

1]
. (5) . . : A
and consider all the tensors 1)”’ satisfying the following equation:

j/u,'t = Z;i:’b" ]),[:), for all #.
i

Weight(C¥)4) > W Weight(D'*)) > W for v #0 = d>W.
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Polynomial decomposition problem

Theorem (lower bound)

™
Consider all the tensors (.‘fj] satisfying the following equation:
bt = il '4) ot ¢
yb ZJ’T a’Cyy’, for all ¢£.
1]
and consider all the tensors fo} satisfying the following equation:
jru" = Z;i:“b" ]),[:], for all ¥¢.
LN
Weight(C¥)) > W Weight(D'9i) > W for v #0 = d>W.

* Reduced to some mathematical problem

e Still difficult to handle this problem
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Summary
Quantum fractal code
g(1te@y) 1+ b(z)z
1+ b(x)z 1 4+ a(x)y
* |s this universal ?
* Cubic code as quantum fractal code ?

Coding properties ?
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Summary
Quantum fractal code
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1+ b(x)z 1 +a(x)y
e |s this universal ?
* Cubic code as quantum fractal code ?

Coding properties ?

Pirsa: 13010101 Page 58/58



