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Specker’s example
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If the outcomes are fixed deterministically by the ontic state and are
independent of the context in which the measurement is performed, then
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Frustrated Networks

Nodes are binary variables
Edges imply joint measurability

— Qutcomes agree
o----o Qutcomes disagree

Frustration = no valuation satisfying all correlations

Pirsa: 13010077 Page 5/71



Frustrated Networks

Nodes are binary variables
Edges imply joint measurability
— Qutcomes agree
o-----o Outcomes disagree

Frustration = no valuation satisfying all correlations
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If the outcomes are fixed deterministically by the ontic siZtesg;
independent of the context in which the measurement is performe

3
p(success) < 3
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Klyachko’s example
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Klyachko’s example
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Klyachko's example
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Klyachko’s example
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Klyachko’s example
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5 projective mmts:
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Klyachko’s example
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Preparation: the 1) that lies on the symmetry axis
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Klyachko’s example

Consider measuring:
{la¥ 4|, I — [} : :
{l2){la| | T — [12) (2]} COsSAT= =

Equivalently: {|l:)(l1] . ll2){la| , [hi2) (a2}
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Klyachko’s example

Consider measuring:
{t) ] s T =)0} 1
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Klyachko’s example

Consider measuring:
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Probability of
anticorreled outcomes

1
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Klyachko’s example

Similarly for any pair of
measurements...

Probability of
anticorreled outcomes
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Klyachko’s example

Similarly for any pair of
measurements...

Probability of
anticorreled outcomes
2

V5

Quantum probability of success
p(success) = ==~ 0.89 > &

V5
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Klyachko’s example

cos? @ = -2

Similarly for any pair of
measurements...

Probability of

anticorreled outcomes
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Quantum probability of success

p(success) = == ~ (.89 > &
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Deterministic hidden variable model for pure
states and projective measurements

Ju(A)dx =1
lv) A
/ i /.L()/_\ A,

>reXxe(A) =1 for all A
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A

A

It is assumed that the
outcomes are
deterministic given A

[(lr) % = [ dAu(N)xp(N)
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The traditional definition of
noncontextuality in quantum

theory
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Deterministic hidden variable model for pure
states and projective measurements

[p(N)dA =1

/ |w) nes

S xe(A) =1 for all A

Y1 (A
. x1(A) i
Vs .
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x2(A) i

It is assumed that the
outcomes are
deterministic given A

[(]b) ]2 = [ dAu(N)xr(N)
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

lwo)
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

lwy) Y1 ()
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Traditional notion of noncontextuality

A given vector may appearin many different measurements

Iy x1(\)

)
[ws) <:> X2(/\)

x3(A)

x1(A)
X5(\)

x3(A\)

The traditional notion of noncontextuality:
Every vector is associated with the same  x(\)
regardless of how it is measured (i.e. the

=
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The traditional notion of noncontextuality (take 2):

For every A, every basis of vectors receives a 0-1 valuation,
wherein exactly one element is assigned the value 1
(corresponding to the outcome that would occur for \), and
every vector is assigned the same value regardless of the
basis it is considered a part (i.e. the context).
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

vy x1(\) o\
i) <:> x2(A) .y

x3(A) . )

x1(A) ik

<:> x5 () . )

x3 () .\

The traditional notion of noncontextuality:
Every vector is associated with the same  Xx(\)
regardless of how it is measured (i.e. the context)
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4

John S. Bell Ernst Specker (with son) and
Simon Kochen

Bell-Kochen-Specker theorem: A noncontextual hidden variable
model of quantum theory for Hilbert spaces of dimension 3 or
greater is impossible.
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Example: The CEGA 18 ray proof in 4d:
Cabello, Estebaranz, Garcia-Alcaine, Phys. Lett. A212, 183 (1996)

v, (1.0.0.0)
vy (0,0,0.1) v (0.1,0,0)
v ~(0,0,1.1)
vy (0.1.-1,0) v =(0,0.1.-1)

v (1.0.0.1) /A v, (1.-1.0,0)

v (1L 1-1) ) vio=(1.1-1.-1)

v (-1.1.1.1) O vm(LLLD

L v (1-1.1.-1)
va~(1.0.1.0) vy =(1.0.-1,0)
v, (0.1.0.1)
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Example: The CEGA 18 ray proof in 4d:
Cabello, Estebaranz, Garcia-Alcaine, Phys. Lett. A212, 183 (1996)

If we list all 9 orthogonal quadruples, each ray appears twice in the list

~1,1-1 00,10 1-1-11 1,111 1,411 1,4;7,-1
11540 0 0510, 08 G T = = S =
0-10 1001 100- 1-1,0,0 1010 1,00,

1,0-1 1,00-1 01-10 0,011 0,101 0,1,-10

0,0,0,1 0,0,0,1 1,-1,1,-1
0,010 0,100 1,-1,-11
1,1,0,0 1,0,1,0 1,1,0,0
1,-1,0,0 1,0,-1,0 0,0,1,1

1
1
1
0

1,0,
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Example: The CEGA 18 ray proof in 4d:
Cabello, Estebaranz, Garcia-Alcaine, Phys. Lett. A212, 183 (1996)

If we list all 9 orthogonal quadruples, each ray appears twice in the list

-1,1-1 0,0,1,00 1.-1-1,1 1,4-1,1 11111515151
1,100 0;1:0,00 ittt St Gt
1,0 1,001 100-1 1-100 1010 1,00,
0-1 1,00-1 01,-10 0011 0,10-1 01,10

0,0,0,1 00,01 1
0,0,1,0 0,100 1,
S 0012010
1,-1,0,0 1,0,-1,0 0

~1,1,-1
-1,-1,1

1,
1,
1
0

s
1|0l0 0
0,11 1

In each of the 9 quadruples, one ray is assigned 1, the other three 0
Therefore, 9 rays must be assigned 1

But each ray appears twice and so there must be an even number
of rays assigned 1

CONTRADICTION!
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Example: Kochen and Specker’s original 117 ray proof in 3d
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory

Pirsa: 13010077 Page 38/71



Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory

An operational notion of noncontextuality would determine
- whether any given operational theory admits of a

noncontextual model
- whether any given experimental data can be explained by
a noncontextual model
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An ontological model of an operational theory

Specifies an ontic state space 4

Preparation

Jup(A)dA =1

ﬂp(f\)/\
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An ontological model of an operational theory

Specifies an ontic state space 4

Preparation [ e (A =1

I‘P(f\)/\

0<émxi <1

Measurement
M Yréma(A) =1 for all A

Em.1(N) | o=

—= ()] @a_ Em,2(A)

Em.3(N)
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An ontological model of an operational theory
Specifies an ontic state space A

Preparation (s =

ﬂp()\)/\

0<&mir <1

Yréma(A) =1 for all A
EmaN N
Em2(A)

Em.3(A)

p(k[P, M) = [dX Em (X)) pp(N)
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Generalized definition of noncontextuality:

An ontological model of an operational theory is
noncontextual if

Operational equivalence Equivalent
of two experimental =——— representations

procedures in the ontological model
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Operational equivalence
classes
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Operational equivalence
classes
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Operational equivalence
classes
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Operational equivalence
classes

P is equivalent to P’ if
YMVYE :
p(k|P,M) = p(k|P’, M)
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Example from quantum theory

Different density op’s
/
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Example from quantum theory

1 1
= 210)(0l+ 1)
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Example from quantum theory

2/ = Tr.r[ (IO ) 10) + (1) [1))]

2f = Trpl—=(0)|+) + (1) [-))]

\/
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Example from quantum theory

1 1
= 210)(0l+ 5 11)
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Example from quantum theory

2/ = Tr.r[ (IO ) 10) + (1) [1))]

2/ = Trg[—=(|0)|+) + (1) |-))]

\/
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