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Specker’s example
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Specker’s example

D
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If the outcomes are fixed deterministically by the ontic state and are
independent of the context in which the measurement is performed, then

p(success) < %
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Frustrated Networks

Nodes are binary variables
Edges imply joint measurability

— Qutcomes agree
o----o Qutcomes disagree

Frustration = no valuation satisfying all correlations
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Frustrated Networks

Nodes are binary variables
Edges imply joint measurability
—— Qutcomes agree
o----o Outcomes disagree

Frustration = no valuation satisfying all correlations
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If the outcomes are fixed deterministically by the ontic siateg
independent of the context in which the measurement is performe™

3
p(success) < 3
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Klyachko’s example
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p(success) < ¢
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Klyachko’s example

< \? p(success) < %

{1t ] s T =1}

{lt2) 2|, 1 —[l2)(la]}

ENE l3)(l3

{11a) a| s T —|14)(lal}

{‘l_.-}><]_‘-,‘ I - ‘]’>< ‘} | Klyachko's example
where (lilliz1) =0 i€ {l,...,5}
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Klyachko’s example
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{1l I = [l (1]}

{li2) (2| , T —[l2)(l2]}

{l13) (13 I3) (I3

{[04){lal y T = [14)(lal}

(i) {1l 1= 1) 1)
where (lilliz1) =0 i€ {l,...,5}
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Klyachko’s example
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{[La)lal s T = [la) (L]} oA /!
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{175) (I |05)(l5 |} 1) "
where (|lis1) =0 i€{l,...,5}
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LD,

(
, I — |l2){l2|}
, I — |i3)(Is|}
» I — |lg)(lal}
Ve

(lillig1) =0 i€ {l
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5 projective mmts:

{l){ll s I — [l) (]}
{ll2) (2| , I —[l2){l2]}
Is|, I—|l3)(ls|}
|, I — [la){lal}

(

{124)
{lts)(ts] , 1= |Us) (5[}

where (li|liz1) =0 ie{l
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Klyachko’s example

2
COS“ U =
4)
5 projective mmts: 111) .
r\\\ [
[ ~d _
{“l><ll‘ , I — ‘]l>< l‘} ,—:—\"’"—:3:
i) el , T =) (2]} s} w2zl 1N
{lta) 1|, 1= 1)t SR
{lta) al s T = 1) (al}
DL
{Ils)(s] , I —|I5)(I5]} “nh_;:_i.
where (lillig1) =0 i€ {l,...,5}

Preparation: the v that lies on the symmetry axis
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Klyachko’s example

Consider measuring:
{la)ll , I = |h)(hl} 2
{li2){la] s I —[l2)(l2|} GO i

Equivalently: {|l)(l] . ll2)(la| , [l2) (laal}
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Klyachko’s example

Consider measuring:
{la)t], I—|t)nl} 1
{[l2)(la] , T — [l2)(l2[}

Equivalently: {|l) (L] . ll2)(la] , [ha) (laal}

Qi 1)
{lt2)(la]| « T ~*|l2){la]}

{lh){hl, 1 ~'ﬂ:><hi}
{U:ﬁzl o I = [la)(la]}

{{) . I-") 1}
{{la){la] . 1 —'ﬂz)(’:f}
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Klyachko’s example

Consider measuring:
{l) |, I =h)l}
{l2){la] s 1 — [l2)(la[}

Equivalently: {|l)) (1] . ll2)(la| . |lh2) (laal}

gl 1
(=) tal . 1 M) (tal)

{Ih)hl, T -'ﬁ:)(hl}
{“:f.(le = [la)(la]}

—

B

{{h) (], I =" (0}
{{la){la] . 1 -‘ﬁ:)(’:l}
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anticorreled outcomes

1
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Klyachko’s example

Similarly for any pair of
measurements...

Probability of
anticorreled outcomes
)

e -
—

V5

Quantum probability o

p(success) = -2
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Klyachko’s example

Similarly for any pair of
measurements...

Probability of

~ anticorreled outcomes

Y5

Quantum probability of success
p(success) = ==~ 0.89 > 1

vh
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Klyachko’s example

Similarly for any pair of
measurements...

Probability of

~ anticorreled outcomes

— L

5

Quantum probability of success
p(success) = == ~ (.89 > &

Vo
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Deterministic hidden variable model for pure
states and projective measurements

) aN="L
v) A
/ f I-L()/_\ 5

YreXxe(A) =1 for all A

[y

[ws)

= 2\

A

A

It is assumed that the
outcomes are
deterministic given A

[ |¥R) 2 = [ dAu(N)xx(N)
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The traditional definition of
noncontextuality in quantum

theory
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Deterministic hidden variable model for pure
states and projective measurements

[u(N)d\ = 1

/ v) ey

ZA: XA:()\) = 1 for all A\

Iy |
.. x1(A) N
lys)
- A
x2(A) .
/\/3()\) > /\

It is assumed that the
outcomes are
deterministic given A

[()b) ]2 = [ dAu(N)xp(N)
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

lvo)

| Ws3)

IW{Q
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

lvo) x1(\) o\
o) <:> x2(A) y

x3(A) . )\

<:> x1(A) .

X5(A) . )

x3(\) -\
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Traditional notion of noncontextuality

A given vector may appearin many different measurements

[y Xl(}\)

|\P:>
[ws) <::> X2(A)

x3(A)

x1(\)
X5()

X3 ()

The traditional notion of noncontextuality:
Every vector is associated with the same
regardless of how it is measured (i.e. the

=
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The traditional notion of noncontextuality (take 2):

For every A, every basis of vectors receives a 0-1 valuation,
wherein exactly one element is assigned the value 1
(corresponding to the outcome that would occur for \), and
every vector is assigned the same value regardless of the
basis it is considered a part (i.e. the context).

|y y) 1

I‘l’f}> 0
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

v x1 (V) o\
o) <:> x2(A) .

x3(A) . )\

<:> x1(A) . X

X5 (M) . )

X3(A) - )\

The traditional notion of noncontextuality:
Every vector is associated with the same X ()
regardless of how it is measured (i.e. the context)
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4

John S. Bell Ernst Specker (with son) and
Simon Kochen

Bell-Kochen-Specker theorem: A noncontextual hidden variable
model of quantum theory for Hilbert spaces of dimension 3 or
greater is impossible.
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Example: The CEGA 18 ray proof in 4d:
Cabello, Estebaranz, Garcia-Alcaine, Phys. Lett. A212, 183 (1996)

v(1.0,0,0)
vy (0,0.0.1) v ¢(0.1,0,0)
o v.=(0,0.1.1)
vy =(0.1:-1,0) v #(0,0.1.-1)

v (1.0,0.1) //\ v, (1,-1,0,0)

v (LLL-1) v (11-1.-1)

v (-LLLD 0 v=(L1LLD)

v (el
va~(1.0.1.0) vy =(1.0.-1,0)
v, (0.1.0,<1)

Page 32/71



Pirsa: 13010077

Example: The CEGA 18 ray proof in 4d:
Cabello, Estebaranz, Garcia-Alcaine, Phys. Lett. A212, 183 (1996)

If we list all 9 orthogonal quadruples, each ray appears twice in the list

~1,1-1 0,0,1,00 1-1,-1,1 1,1-151 1,15:-1,3° 1d515=1
A 05T 0 0 A e S = A o S = A
0-10 1001 100-1 1-100 1,010 1,00,1

J1.0-1 100-1 01-10 00,11 0101 0,1,-1,0

Q00001011
0,010 0,100 1,
(00RO 31015
1,-1,0,0 1,0,-1,0 0

-1,1,-1
-1,-1,1

1
1
1
0

1,0,0
01,1
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Example: The CEGA 18 ray proof in 4d:
Cabello, Estebaranz, Garcia-Alcaine, Phys. Lett. A212, 183 (1996)

If we list all 9 orthogonal quadruples, each ray appears twice in the list

0,00,1 0,0,0,1 1,
0,0,1,0 0,100 1,1,
GO0 R0 81317020

0,0,1,1

= ~1,1-1 0,0,1,00 1-1-1,1 1,1-151 1,151, 3 151515=1
1
1.-1,0,0 1,0,-1,0 0,01,

ol (ol Lo MO N b e oy B ey et bt i
0-10 1001 100-1 11,00 1,010 1,00,1
1,0-1 100-1 01,10 00411 01,0,-1 01,-1,0

-1
1

1
1
1
0

In each of the 9 quadruples, one ray is assigned 1, the other three 0
Therefore, 9 rays must be assigned 1

But each ray appears twice and so there must be an even number
of rays assigned 1

CONTRADICTION!
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Example: Kochen and Specker’s original 117 ray proof in 3d
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory

An operational notion of noncontextuality would determine
- whether any given operational theory admits of a

noncontextual model
- whether any given experimental data can be explained by
a noncontextual model
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An ontological model of an operational theory

Specifies an ontic state space 4

Preparation
P

= (V)
B 2 av

Jup(N)dA =1
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An ontological model of an operational theory

Specifies an ontic state space A

Pr '
eparation s e s

#P(f\)/\

0<émxi <1

Measurement
M Yr&mar(A) =1 for all A

| V(@) | I
o (D? Em,2(A) AT R

Em,3(A)

Pirsa: 13010077 Page 41/71



An ontological model of an operational theory
Specifies an ontic state space A

Preparation
P

[ <:> l‘p(}')
A D — /ABN

Jup(A)dA =1

0<&uir £l
Measurement
M Yrémar(A) =1 for all A

Em,1(N) [ N

- (D‘©a & W

Em.3(N)

p(k[P, M) = [dX &m (N) up(N)
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Generalized definition of noncontextuality:

An ontological model of an operational theory is
noncontextual if

Operational equivalence Equivalent
of two experimental =—— representations

procedures in the ontological model
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Operational equivalence
classes
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Operational equivalence
classes
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Operational equivalence
classes
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Operational equivalence
classes

P is equivalent to P’ if
VYMVE :
p(k|P, M) = p(k|P’/,M)

Operational equivalence
classos
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Example from quantum theory

Different density op’s
/
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Example from quantum theory

1 1
= 310)(0[+511) (]
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Example from quantum theory

51 = Tral5(0)10) +11) 1))
51 = Trals(0)14+) + (1))
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Example from quantum theory

1 1
= 210) (0l +511) ]
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Example from quantum theory

51 = Tral5(0)10) +11) 1))
51 = Tral5(0)14+) + (1))
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Preparation noncontextual
model
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Preparation contextual
model
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Preparation noncontextual
model
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Preparation contextual
model
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Definition of preparation
noncontextual model:

VM : p(k|P,M) = p(k|P’, M)
—  p(AIP) =p(A|P")

Definition of preparation

s

/'(.)7- Mo
noncontextual modal; 7 L -I@ M
28,
WM pUk (P, MY = k[P, M) / 3 ‘D?
f [ M M E'm M
—  p(AIP) = p(AIP) o &é
g y

‘ vu,ﬁ’?\ I
= ._\ : M:j? M ¢ N /l
j
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il (a) Five operational states
] ] of a qubit

iliE \@ (b) A preparation noncontextual

e AT model of these (Restricted

i [\..) <@ Statistical theory of bits)

- (c) A preparation contextual model

-y (A)
of these
(Kochen-Specker, 1967)
fiya(A)
—,_l,rf (M) 4 __',nlm = SHi0)(A) _',ul{\)
= I.l (A) 4 ,lljw (A)
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Difference of context
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Difference of context
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Example from quantum theory
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{lea) (sl I = [a) (@} {lvn) @l I = 1) (e}

9 T — [¢1) (vl I — |¢q) (¥
= |[v2) (V| + [vd(v3] = |¥5) (| + |vh) (]

©3

Example from quanihws
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Example from quantum theory
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Example from quantum theory
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(B, ]—E :
i\ i\
E= Q|I)<:,l-| (= Q)§I

 ABI-E}
B = 5/0)(0]+ (4

Example from quantum theory
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el =12 :
E=ql2){zl+1-a)3]

1 {E.Il— E}
E = 510)(0] + 5l+)(+]
Example from quantum theory

Pirsa: 13010077 Page 66/71



fM.l('\) | o a
Em2(N) fhasir]

EM Q) PN A aaNe
EMQ(’\) /-\ - l; N
Measurement contextual model

Pirsa: 13010077 Page 67/71



Em1 (V) [N A
Em.2(A) ANy

Measurement contextual model
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measurement

Generalized noncontextuality

noncontextuality n and
preparation
noncontextuality

Claim: Preparation noncontextuality is as natural (or

unnatural) as measurement noncontextuality
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measurement

Generalized noncontextuality

noncontextuality 5 and
preparation
noncontextuality

Claim: Preparation noncontextuality is as natural (or
unnatural) as measurement noncontextuality

Q: Why is noncontextuality plausible at all?

A: The methodological equivalence principle: if a difference
in set-up is not distinguished in the observable phenomena
then it should not be distinguished in the ontological picture
either
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measurement

Generalized noncontextuality

noncontextuality T and
preparation
noncontextuality

Claim: Preparation noncontextuality is as natural (or

unnatural) as measurement noncontextuality

Q: Why is noncontextuality plausible at all?

A: The methodological equivalence principle: if a difference
in set-up is not distinguished in the observable phenomena
then it should not be distinguished in the ontological picture
either
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