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Restricted Statistical
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Liouville mechanics

Whatis a good epistemic restriction to apply?
-- look to quantum mechanics

Pirsa: 13010074 Page 10/45



Liouville mechanics
What is a good epistemic restriction to apply?

-- look to quantum mechanics

Quantum mechanics

Uncertainty principle:

AzA?p— C2, > (7)2)3
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Liouville mechanics

u(z, p)
What is a good epistemic restriction to apply?
-- look to quantum mechanics

Liouville mechanics with
Quantum mechanics an epistemic restriction

Uncertainty principle: Uncertainty principle:

AzA2p— C2, > (F/2)? A2zAp - C2, > (B/2)?

where where
A3z = (z2) — (x)2
Crp = (xp) — () {(p)
(f(x,p)) = [dxdpf(z, p)u(z,p)
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Liouville mechanics

ANy

Quantum mechanics

Uncertainty principle:

A%z DN?p — CZ > (T)2)?

where

AZx = (.}‘:2) — (%)2

Czp = 5(Zp + PE) — (Z)(P)
(A) = Tr(Ap)

What is a good epistemic restriction to apply?
-- look to quantum mechanics

Liouville mechanics with
an epistemic restriction

Uncertainty principle:

A2z A?p — I » 2 (7}/2)2

where
AQ::-E< ) — (x)?
Cz.p = (xzp) — (){P)
(f(z,p)) = [daxdpf(x,p)u(x,p)
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Liouville mechanics with an epistemic restriction
Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that
satisfy

A2z A?p - CZ, > (R/2)?

and that have maximal entropy for a given set of second-order
moments.

Page 14/45



The Wigner representation

Phase point operators

7y 1 o _ipu/F
A(z,p) = 57 | etPy/

Wigner representation of an operator
Wa(z,p) = Tr[OA(x, p)]

xr + %g> <:r - %y’ dy.

Pirsa: 13010074 Page 15/45



Pirsa: 13010074

The Wigner representation

Phase point operators

Alz,p) = -2‘—_1‘_7‘; [ etPU/T | 4 %y> <'-TT = %U’ dy.

Wigner representation of an operator
Wo(z.p) = Tr[0A(z, p)]

0= Of e ”'()(,:r,p) eR
Tr(p) =1 — [dzdpW; (z,p) = 1.

SeLr=1 — 2Th D H'HA- (o) = 1l
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The Wigner representation

Phase point operators

Az, p) = -2’—_1‘_7‘; [ etPu/T |z 4 %,—y> <;}7 - %y‘ dy.

Wigner representation of an operator
H'O(;r.p) = Tr[OA(z,p)]

O=0" = H'()(.r.',p) ER
Tr(p) =1 — [ dedpW; (z,p) = 1.

By =TI — 2mh P ”'h';, () = 1l

and 277 [ dxdpW;(z, p)Wp, (,p) = Tr[pEy]
Wigner representation of a map &

We (2!, p'lx,p) = Tl‘[.;i(.l'f. p’)f(.*i(.l‘. )]
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The Wigner representation

Phase point operators

.*:i(-’lf. P) — 2’__];?; ’ CEP.U/T! T+ %—y> <;)7 == %yl dy

Wigner representation of an operator
We(z,p) = Tr[OA(z,p)]

O0=0t - H'O(.rr.p) ER
Tr(p) =1 — [ CLI'CIpH}, (e o)) = 1L

E"x‘. Ek e ] — 27h \:;‘. ”'1_‘-;._ (.I"p) =

and 277 [ dedpWj(z, p)Wp, (2,p) = Tr[pE}]
Wigner representation of a map &
We (@', p'le,p) = TrA(2/, p")E(A(x, p))]
and Weey(z,p) = [ d;r'dp’ll'g(.r.p|.a".p’)ll",~,(.1".p’)
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Valid pure epistemic states for one canonical system
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Valid pure epistemic states for one canonical system

These correspond to the Wigner representations of the pure squeezed
states in quantum mechanics
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all probability distributions
on phase space

invalid epistemic states
all pure quantum states

(Wigner distributions on
phase space)

valid epistemic states

Gaussian quantum states
(positive Wigner fn's)

e

all functions on
phase space

nonGaussian quantum states
(nonpositive Wigner fn's)
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Valid deterministic transformations

The group of canonical transformations with quadratic Hamiltonian

Only canonical transformations preserve the uncertainty principle
Only quadratic Hamiltonians preserve the gaussianity

)'r- r p \3\3 P
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Valid deterministic transformations

The group of canonical transformations with quadratic Hamiltonian

Only canonical transformations preserve the uncertainty principle
Only quadratic Hamiltonians preserve the gaussianity

n i ) & S P
/-/f‘ f \Q-\;\;\“’R
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Valid measurements
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems
or:

Allow all products of valid epistemic states

Allow canonical trafisformations with quadratic Hamiltonians on these
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems
or:

Allow all products of valid epistemic states

Allow canonical transformations with quadratic Hamiltonians on these

Eg T4—24—TB T —>TATITB

PA—PA—DB PB — PA+ PB
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems
or:

Allow all products of valid epistemic states

Allow canonical transformations with quadratic Hamiltonians on these
E.g. TA—>TA—TB IB — TA+ 2B

PA—PA—PB PB — PA+ PB
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems
or:

Allow all products of valid epistemic states

Allow canonical transformations with quadratic Hamiltonians on these

E.g. TA—>TA—TB TR = TA--TRB
PA—+DPA—DPB PB — PA T+ PB
Know X4 and Pp

p(ra.pa) X d(wq — a)

plrp,pp) X (g — b)
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems
or:

Allow all products of valid epistemic states

Allow canonical transformations with quadratic Hamiltonians on these

E.Q. TA—>TA—TB TR TA-CTRB
PA—DPA—PB PB — PA T DB

Know X4 and Pp
kKnow X4 — X and P, -+ Pg

pu(rq.pa) X vy —a)
[l(.l',.\.}’_.l..l'_{:.PL:)

X 0(xy—xp —a)d(pa +ps

correspa®s to EPR state
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How can one characterize the set of variables that can be jointly known?

They commute relative to the Poisson bracket!

— (OF 0G OF 0G
[F. G1(m) = (g% 55 — gpos) (™)

Recall:

A canonically conjugate pair [F,G] =1

e.g. {X1, A1}, {X2, P2}, and {X; + X5, P, + P>}
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For a pair of systems

Ws(x1,p1,72,02)
p\T1:P1, T2
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The Wigner representation for multiple systems

For a pair of systems

W5(x1,p1, %2, p2) = Tr[pA(z1,p1) ® A(z2,p2)]
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Gaussian Quantum Mechanics

= States with Gaussian Wigner rep'ns (a.k.a. squeezed states)
+ Measurements with Gaussian Wigner rep'ns

+ Transformations that preserve Gaussianity of states

Epistemically-restricted Liouville mechanics
= Gaussian quantum mechanics in the Wigner representation
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EPR effect in Epistemically Restricted Liouville mechanics

A B q

MEPR\94.PA.qB.PB) X 0(q4a — qB)o(pa + pB)

Qa= 0

}“}:—['_1:(]
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A single bit

Canonical variables

aX +bP a,b&Zo Addition is mod2
X, P, X+P
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A single bit

Canonical variables

aX +bP a,b & Zo Addition is mod2

X -+ P known

ol 1
0 0

Nothing Known

X
0
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The possible epistemic state space
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The valid epistemic state space
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The valid epistemic state space

(1,1)
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A 2-cycle

01
}I
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l6%) = 15(10)[0) £ |1)[1)) Teleportation
) = J5(10)11) £ [1)[0))
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j6%) = 15(10)[0) £ [1)[2)) Teleportation
%) = J5(10)11) £ [1)[0))

{|¥™), [¢T), |o7), |oH))
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l6%) = 15(10)[0) £ [1)[2)) Teleportation
) = 3(|0)[1) £ [1)]0))

{l¥:™), It.'+). l6™), |¢,‘1+)}
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[6%) = 1:(10}[0) = [1)[1)) Teleportation
[6%) = J5(10)[1) £ [1)]0))

{lv=), [t [67), [67)}
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