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Abstract: <span>Inthistalk | will sketch a project which aims at the

design of systematic and efficient proceduresto infer qguantum models from
measured data. Progress in experimental control have enabled an increasingly
fine tuned probing of the quantum nature of matter, e.g., in superconducting
qubits. Such experiments have shown that we not always have a good
understanding of how to model the experimentally performed measurements via
POV Ms. It turns out that the ad hoc postulation of POVMs can lead to
inconsistencies. For example, when doing asymptotic state tomography vialinear
inversion, one sometimes recovers density operators which are significantly not
positive semidefinite. Assuming the asymptotic regime, we suggest an
alternative procedure where we do not make a priori assumptions on the quantum
model, i.e., on the Hilbert space dimension, the prepared states or the

measured POV Ms. In other words, we simultaneously estimate the dimension of the
underlying Hilbert space, the quantum states and the POV Ms. We are guided by
Occam'srazor, i.e., we search for the minimal quantum model consistent with
the data.</span>
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Build up quantum experiment
Hilbert space, states, measurements unknown
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Build up quantum experiment
Hilbert space, states, measurements unknown

Collect measurement data

Find a quantum model (— this talk)
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Overview

» Setting

» Gram estimation

Pirsa: 12120042 Page 5/71



Overview

Setting
Gram estimation

Uniqueness

Projective, nhon-degenerate measurements
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Setting

» States: w e {1..... W}
Measurements: v € {1..... V}
Outcomes: k& {1..... K}
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Setting

» States: w e {1..... W}
Measurements: v € {1..... V}
Outcomes: ke {1..... K}

84 k
> fw.(vk) = {NWWVV}
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Setting

» States: w e {1..... W}
Measurements: v € {1..... V}
Outcomes: kK & {1..... K}

84 k
> fW.(vk) — {N:V}

> 'D —
a1y - fla.ky --- fi(v.1)
f>1.1) - f2(1.ky - f2.(v.1)

fw. 1.1y - fw.ak)y - fw.(v.a
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Setting

States: w € {1..... W}
Measurements: v € {1..... V}
Outcomes: ke {1..... K}

84 k
fw.(v.k) — {N:V}

D

fl.(1.1) f1.(1.K) fi(v.1)
> (1.1) Tt f2.(1.K) T fa.(v.1)

fw.a1.1y - fw.aky - fw.(v.a
Goal: find quantum model.
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Setting

Some common approaches to find quantum models:!

'Quantum model = (dim(7H).states. measurements)
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Setting

Some common approaches to find quantum models:?

» State tomography?
(assumptions about dim(7?), measurements)

'Quantum model = (dim(7H).states. measurements)
*[Helstrom 1976], [Hradil 1997], [Gross 2011], [Flammia et al. 2012]
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Setting

Some common approaches to find quantum models:!

» State tomography?
(assumptions about dim(7?), measurements)

» Falsification of target models, fidelity to target models?
(relation to target model; no explicit expressions)

'Quantum model = (dim(7H).states. measurements)
*[Helstrom 1976], [Hradil 1997], [Gross 2011], [Flammia et al. 2012]
*[Emerson et al. 2005], [Moroder et al. 2012]
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» State tomography?
(assumptions about dim(7?), measurements)
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Setting

Some common approaches to find quantum models:!

» State tomography?
(assumptions about dim(7?), measurements)

» Falsification of target models, fidelity to target models?
(relation to target model; no explicit expressions)

» Dimension witnessing?
(lower bounds on dim(H))

'Quantum model = (dim(7H).states. measurements)

’[Helstrom 1976], [Hradil 1997], [Gross 2011], [Flammia et al. 2012]
*[Emerson et al. 2005], [Moroder et al. 2012]

*[Gallego et al. 2010], [Hendrych et al. 2012]
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oco.

fw.vk — Pw.vk
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oco.

fw.vk — Pw.vk

» Born's rule:
fw.vk — tl'(l"vavk) — £
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oc.

fw.vk — Pw.vk

» Born's rule:
. =T =
fw.vk — “(I’wEvk) — /’WEvk

> Pf(/;'1|---|I)'W|511|"'|51K|"'|EV1|"'|EVK)

Pirsa: 12120042 Page 18/71



Setting

» Our assumption: asymptotic limit, i.e., N,, — oo.

fw.vk —> Pw.vk

» Born's rule:
_ T =
fw.vk = tr(pwEvwk) = Py Evi

> P=(p1|---|pwl|Eirl|---|Eixk|---|Evi|---| Evk)

» States-measurements Gram matrix

G=PTP

G | D
DT Gll]
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oo.

fw.vk — Pw.vk

» Born's rule:
Jr:1.f|./.vl‘.‘ - tl'(l"vavk) — ITVCEvk

» P=(p1|---|pw | Eir|l---|Eik|---|Evi|---| Evk)

» States-measurements Gram matrix

G=PTP

G:—-l
DT | G
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oco.

fw.vk — Pw.vk

Born's rule:
. . =T =
fw.vk — t'(1"’vavk) — /’WEvk

PT(/)-1|"'|!)‘W|EllI'--lglK|.“|EV1I"'|EVK)

States-measurements Gram matrix
G=P"P

Gt D
DT | G

rank(?D) < rank(G) rank(P) d?

— 7
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oc.

fw.vk — Pw.vk

Born's rule:
. _ =T E
fw.vk — tl(1"’w./Evf<) — /’WEvk

P=@l---lpwlEirl---|Eik|l---|Evi|---| Evk)

States-measurements Gram matrix
G=P"P

Gt D
DT | G

rank(?D) < rank(G) rank(P) d?

= ¥
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Setting

» Our assumption: asymptotic limit, i.e., N,,, — oco.

fw.vk — Pw.vk

Born's rule:
. . =TI =
fw.vk — “(I’wEvk) = /’WEvk

P=(pl---|1pwl|En|---|Eik|---|Evi|---|Evk)

States-measurements Gram matrix
G=P"P

Gt D
DT | G

— 7

rank(?D) < rank(G) rank(P) d?
rank(Psi). rank(Py,) = d? = rank(D) = d?
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Gram estimation

» Our goal: data-compatible quantum model.
» Gigantic family of data-compatible quantum descriptions.

» Occam’s razor:

argmin rank G

subject to G € {quantum Gram matrices}.

e D
== ( DT % )
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Gram estimation

» OQur goal: data-compatible quantum model.

» Gigantic family of data-compatible quantum descriptions.
» Occam’s razor:

argmin rank G
subject to G € {quantum Gram matrices}.

on D
c=(»r 7)

» Convex relaxtion: hard problem > similar convex problem

» NP-hard”

» feasible set > convex feasible set
objective function > convex objective function

"[Recht, Fazel, Parillo, 2010]
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Feasible set — convex feasible set

» Choose a dimension cut-off d,,.x.
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Feasible set — convex feasible set

» Choose a dimension cut-off d,,.x.

» Rough replacement:

ST D {quantum Gram matrices} +— S M B|. || < Mo (dimax ) -
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N\
s

Objective function > convex objective function

» rank(-) — Convex envelope of rank(-)

L
]
]
L]
]
]
1
]
L}
]
L]
L}
L]
]
1
]
L}
]
L]
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Convex relaxation

» Relaxed Gram estimation:®

argmin tr G
subject to G = 0. ||G|| < .

4 D
c=(»r V)

®See also [Fazel, Hindi, Boyd, 2001] (relaxation wrt. Bj|.||< Mo (drmas)

instead of S™ M By|.||< Mo (dinax ) ) -
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Convex relaxation

» Relaxed Gram estimation:®

argmin tr G
subject to G = 0. ||G]|| = Mg

* D
c=(» V)

» Semidefinite program (SDP)

®See also [Fazel, Hindi, Boyd, 2001] (relaxation wrt. Bj|.||< Mo (drmas)

instead of S™ M By|.||< Mo (dinax ) ) -
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Convex relaxation

» Relaxed Gram estimation:®

argmin tr G
subject to G = 0. ||G]|| = Mg

* D
c=(» V)

» Semidefinite program (SDP)

®See also [Fazel, Hindi, Boyd, 2001] (relaxation wrt. B||.||< M (demox)

instead of S™ M By|.||< Mo (dinnx ) ) -
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Convex relaxation

» Risk: Gostimated € {quantum Gram matrices} possible.
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Convex relaxation

» Risk: Gostimated € {quantum Gram matrices} possible.

» Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () #4 {correct feasible} C {relaxed feasible}.
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Convex relaxation

» Risk: Gostimated € {quantum Gram matrices} possible.

» Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () #4 {correct feasible} C {relaxed feasible}.

» Consequently, Gastimated € {correct feasible}.
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Convex relaxation

» Risk: Gostimated € {quantum Gram matrices} possible.

» Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () #4 {correct feasible} C {relaxed feasible}.

» Consequently, Gastimated € {correct feasible}.
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Convex relaxation

Risk: Geostimated € {quantum Gram matrices} possible.

Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () #4 {correct feasible} C {relaxed feasible}.
Consequently, Gastimated € {correct feasible}.

Uniqueness? —» no
(independent of d, W, V and K).
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Convex relaxation

» Risk: Gostimated € {quantum Gram matrices} possible.

» Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () 4 {correct feasible} C {relaxed feasible}.
» Consequently, Gastimated € {correct feasible}.

» Uniqueness? —» no
(independent of d, W, V and K).

Pirsa: 12120042 Page 37/71



Convex relaxation

» Risk: Gostimated € {quantum Gram matrices} possible.

» Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () 4 {correct feasible} € {relaxed feasible}.
» Consequently, Gastimated € {correct feasible}.

» Uniqueness? — no

(independent of d, W, V and K).
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Convex relaxation

Risk: Gostimated € {quantum Gram matrices} possible.

Assume: {relaxed feasible} = {G} =

{relaxed feasible} = {correct feasible}

because () #4 {correct feasible} C {relaxed feasible}.
Consequently, Gastimated € {correct feasible}.

Uniqueness? —» no
(independent of d, W, V and K).
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Convex relaxation

» 17 reasonable assumptions such that

{relaxed feasible} N {assumptions} = {G} (%)
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Convex relaxation

» 17 reasonable assumptions such that

{relaxed feasible} M {assumptions} = {G} (*)

» In the remainder:
“assumptions’ = ‘some Gg;, G,,-entries are known'',

G-:-J 'D
D" G
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Convex relaxation

» 17 reasonable assumptions such that

{relaxed feasible} M {assumptions} = {@} (*)

» In the remainder:
“assumptions’ = ‘some Gg;, G,,-entries are known'',

G\J T)
D" Gn

» Known entries marked by (2.
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Convex relaxation

17 reasonable assumptions such that

{relaxed feasible} M {assumptions} = {G} (*)

In the remainder:
“assumptions’ = ‘some Gg;, G,,-entries are known'',

G-:-J 'D
D" Gn

Known entries marked by 2.

(*) — application of ideas from rigidity theory®

°In conjunction with d° = rank(D), or scan through d < dmax.

Page 43/71



Uniqueness analysis aiming at {relaxed feasible} { G}

» Let pi..... pp € R arbitrary and generic.
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Uniqueness analysis aiming at {relaxed feasible} { G}

» Let p1..... Ppp € R* arbitrary and generic.
» Set G; = p/ p;, G € R"=".

» Known entries marked by 2.
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Uniqueness analysis aiming at {relaxed feasible} { G}

Let pi..... Pn € R* arbitrary and generic.
Set G; = p/ p;, G € R"™".

Known entries marked by 2.

Q: Does G uniquely determine G7

O

A: G uniquel? =

. — ~> 1 5 >
rank (VPG;(I_M(P). ..... Ve Ggqg ‘/iQi(P)) = d“n — 2.d“(d" — 1)

0 . .
1°Up to discrete symmetries.
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Uniqueness analysis aiming at {relaxed feasible} { G}

Let p1..... Pn € R? arbitrary and generic.
Set G; = p/ p;, G € R"™".

Known entries marked by 2.

Q: Does G uniquely determine G7

O

A: G uniquel? =

== = > 1 5 >
rank (vPGk1-/1(P)~ ..... Ve Ggqg ‘/if?i(P)) = d“n — 2.d"(d" — 1)

“"Asimow-Roth Theorem”

10 : :
Up to discrete symmetries.
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Uniqueness analysis aiming at {relaxed feasible} {G}

Let pi..... Pn € R? arbitrary and generic.
Set G; = p p;, G € R"™".

Known entries marked by 2.

Q: Does G uniquely determine G7

O

A: G uniquel? =

= = > 1 > >
rank (vpc,q.,l(P). ..... Ve Gl .,:Qi(P)) = d?n — Sd?(d? — 1)

“Asimow-Roth Theorem”

10 : :
Up to discrete symmetries.
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Uniqueness analysis aiming at {relaxed feasible} { G}
31 -ees P € R arbitrary and generic.
Fj{Tﬁsj' G  RnNxn.
Known entries marked by 2.

Q: Does G uniquely determine G7
A: G uniquel? =

- - - 1 +~ 4
vank (VpGry 1 (P). .. V p Grigy i (P)) = d?n — 5d*(d? — 1)

“Asimow-Roth Theorem”
Gquantum unique due to additional assumptions <=

— — > 1 > >
vank (VP Giy 4 (P). .. VP Grg 10 (P)) = d?n — 5d?(d? — 1)

10 : :
Up to discrete symmetries.
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Uniqueness analysis aiming at {relaxed feasible} { G}

Let pi..... Pn € R arbitrary and generic.
Set G; = p/ p;, G € R"™".
Known entries marked by 2.

Q: Does G uniquely determine G7

0

A: G uniquel? =

= . S P
vank (VpGry 1 (P). .. V p Grigy i (P)) = d?n — 5d*(d> — 1)

“Asimow-Roth Theorem”

Gquantum unique due to additional assumptions <=

= = > 1 - >
vank (Ve Gi, 4 (P). ..V p Gig 10 (P)) = d?n — 5d?(d? — 1)

10 : :
Up to discrete symmetries.
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Phase diagrams

Goal: answer uniqueness-question before knowing P

Possible for generic P.11

Universality —— phase diagrams valid for generic
states-measurement configurations P

'1See also [Cucuringu, Singer, 2010] (no proof)
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Pure states and projective, non-degenerate measurements.
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Overview

Setting
Gram estimation
Uniqueness

Projective, non-degenerate measurements

Summary
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Projective, non-degenerate measurements

» Recall that
Gai D

=\ D7 G
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Projective, non-degenerate measurements

» Recall that
Gﬁl ’D

G =

DT GIII

» Assume: measurements are projective, non-degenerate, and
states are post-measurement states.
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Projective, non-degenerate measurements

» Recall that

G — Gy D

’DT GIII

» Assume: measurements are projective, non-degenerate, and
states are post-measurement states.

> Then, Pvk — EV;( —>
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Projective, non-degenerate measurements

» Recall that

G — G D

’DT GIII

» Assume: measurements are projective, non-degenerate, and
states are post-measurement states.

> Then, Pvk — Evk —

Theorem (Converse)

Assume dim(H) = d and (). Then, pu« = Eyk, and
Gr«l =D = GIII'
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Representative density matrices and POVM elements

» arXiv:1210.1105
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Summary

Gram estimation guided by Occam’s razor
~-+ rank minimization (NP-hard)

Convex relaxation

Observation: Gestimated & {quantum Gram matrices} possible.
~~ Uniqueness analysis (of independent interest)

Special case: projective, non-degenerate measurements
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Summary

Gram estimation guided by Occam’s razor
~-+ rank minimization (NP-hard)

Convex relaxation

Observation: Gestimated € {quantum Gram matrices} possible.
~~ Uniqueness analysis (of independent interest)

Special case: projective, non-degenerate measurements

Representative density matrices and POVMs via a heuristic
procedure.
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Summary

Gram estimation guided by Occam’s razor
~~ rank minimization (NP-hard)

Convex relaxation

Observation: Gestimated € {quantum Gram matrices} possible.
~~ Uniqueness analysis (of independent interest)

Special case: projective, non-degenerate measurements

Representative density matrices and POVMs via a heuristic
procedure.
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Uniqueness analysis aiming at {relaxed feasible} {G)

Let p1..... Pn € R arbitrary and generic.
Set G; = p p;, G € R"™".

Known entries marked by 2.

Q: Does G uniquely determine G7

O

A: G uniquel? =

- — - 1 5 >
rank (VpG;q\/l(P)- ..... Ve Ggqg ‘/|Q|(P)) = d“n — 2.d‘(d“ — 1)

“"Asimow-Roth Theorem”

e symmetries.
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