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Abstract: <span>Quantumé& nbsp;chaos& nbsp;is the study
of & nbsp; quantumé& nbsp;systems whose classical description is& nbsp;chaotic.

How does& nbsp;chaos& nbsp; manifest itself in

the& nbsp;quantumé& nbsp;world? In recent years, attempts have& nbsp;been& nbsp;made
to address this question from the perspective of & nbsp;quantumé& nbsp;information
theory. It isin this spirit that& nbsp;we study the connection

between& nbsp; quantumé& nbsp;chaos& nbsp;and& nbsp;informati on& nbsp; gain& nbsp;in the
time series of a measurement record used for& nbsp;quantumé& nbsp;tomography. The
record is obtained as a sequence of expectation values of a Hermitian operator

evolving under repeated application of the Floquet operator of

the& nbsp;quantumé& nbsp;kicked top on alarge ensemble of identical systems. We

find an increase in& nbsp;informati on& nbsp; gai n& nbsp;and hence higher fidelities

in the process when the Floquet maps employed increase in chaoticity. We make
predictions for the& nbsp;informati on& nbsp;gain& nbsp;using random matrix theory

in the fully& nbsp;chaoti c& nbsp;regime and show a remarkabl e agreement between

the two.& nbsp;</span>
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The B ig Picture

The universe, as we know, 1s quantum.
Classical mechanics gives an excellent (](*\cri])ti()n

of the macroscopic world !
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A tale of two theories: Quantum and
Classical Physics

Quantum superposition QUANTURF | § LLASST Newton’s LLaws

and

imnterference . haos

Entlanglement

How does classical behavior emerge out ni'_(]u;tnturn mechanics?

Are there any footprints of classical chaos in the quantum world?
Y I |
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\X " hat 1s Classical Chaos?’

*® .\]'H_'l‘i(n[it‘ l(:n:_’, cerim [)t'll;l\‘i()l‘ 1N a

deterministic svstem.

e Sensitive dependence to initial conditions.

Ax, = e " Axo
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Quantum Chaos’

Quantum mechanics preserves the inner
product between state vectors. Unitary
evolution gives us:

(HO)1£(0)) = (b UTIU 4y = (b(8)14(£))
What are other ways to characterize chaos in
quantum mechanical systems?

Quantum Chaology : What are the quantum

signatures of classical chaos’?

We have a new quantum signature of chaos.

Michael Berry 1989 Phys. Scr. 40 3:
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Quantum Chaos’

Quantum mechanics preserves the inner
I)l'(!([[l(_'[ between state vectors. Unitary
evolution gives us:

(H(0)|(0)) = (p UT|U ) = (p(t) |2 ())

What are other ways to characterize chaos in
quantum mechanical systems?

Quantum Chaology : What are the quantum

signatures of classical chaos?

We have a new quantum signature of chaos.
Michael Berry 1989 Phys. Scr. 40 3
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Information Gain: A

Classical Analogue

H, = —> p,logp;
J

Chaotic trajectory acts as an information source

As one follows a single trajectory, one gains information about
the initial conditions of the trajectory
K-S Entropy: Rate of information gain about the initial
Y conditions on iI]L‘l‘L';lsillgl}-' finer scales
H s > 0 for a chaotic system
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Information Gain: A

Classical Analogue

H, = —> p,logp;
3

Chaotic trajectory acts as an information source

As one follows a single trajectory, one gains information about
the initial conditions of the trajectory
K-S Entropy: Rate of information gain about the initial
Y conditions on incl‘czlsingl}-' finer scales
Hri s > 0 for a chaotic system
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Continuous Measurement
Quantum Tomography

N copic

Po S ErTy—— M (t) . P

Unknown Measured . Reconstructed

Quantum Quantum

Signal
State i State
M(t) = N(O(t)) + n(t)

We gain information about the initial state by
continuously measuring the system.
Silberfarb ez /. PRL 95, 030402 (2005%) G. Smith ez z/. PRL 97, 180403 (2006)

Riofrio ez a/. J. Phys. B. 15, 154007 (zo11).
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Reconstruction 1’\1g(')rithn1

A[’_ 1822 ’[’.,.(()?_‘/)“) SR ()-[l,": Measurement at time |

& =0

1 :
f)() —— 1[ + E r(\:l’;(y O rthonormal basis of hermitian
(e}

matrices
o i—1

d2—-1

M; = > raTr(O:Eq) + oW,

i —1

O'O) '"O'M | .east square estimate

where . [ (O; E..
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Reconstruction z\lg()rithnl
d?—1
M;= > 1aTr(O:E.) + oW,

=1

1 2
p (M|r) o< exp {—202 E [M; — E OiaTal }

7

xexp(—= (" —ramrc) ' C7(r — rarr))

2

Maximum likelihood solution T"AMI — g :(1)!(1) I(‘)" N

(O O) is the Covariance Matrix O
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Tomography and Chaos

.ﬂ[,’_ — '1'1"((),/)(]) -4 ('T“',

[ et (), — (/r‘["()”(/i. repeated application of the same maj
How does the nature of (f :|[i-1'| t the Ic:]]‘[::lg‘l‘.I])I\A\'

P

ln]‘t]l CSS !

Tomography by the kicked top dynamics

E o(t — NT)I'E. Kicked top l]|>.|tlu t map

n=——oo

A

H = aFx + 32

1S Il|n' [§ l|,i(:llt 1TV l)‘!I‘I[Il"ll'I

z
Phase space (mixe d) for the kicked top ,

A= 205
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The Kicked Top Phase Space

( ' Kicked top floquet map

A 1s the L'll;l()[i(‘i[}' parameter

e T P T b e
Lt U > --"'-
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Tomography Fidelity Vs Chaoticity

Tuesday, December 11, 12

Pirsa: 12120036 Page 15/35



Tomography and Information

gain

Pirsa: 12120036 Page 16/35



Fisher Information

For a family of probability densities, f(x;0)

E[...|0] is the expectation with respect to f(x;0)

given a particular @

Fisher information tells us how well we can estimate
a parameter based on a sequence of data

For n 11d observations : te) = nl(0)
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Fisher Information

For example : For a gaussian density
1 St
f(xz: @) = N0, )= iR

V2760

. - - . |
Fisher information 7(0) = E [( 2 log if \i0)) .;[_

167

Fisher Information and parameter estimation

Cramer Rao g 1
T VAl h, .0 X)) = 7-(0)
Bound 1
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Multivariate Fisher Information

For a singl(’ variable ) = k& [ ( 55 0 F(X:0)) y

) ! '
Multivariable E | (55 m(X:0)) (5, Inf(X:0))|0

For a multivariate P(r|M) < exp(—=(r — rarr)TC~ (r — rarL))

gaussian

I1(0) =C !
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Multivariate Fisher Information

For a multivariate gaussian ]([)) — ('*l

Tr{{(po — MY =D ((Ar)?) = [IOT] =T

e = Tr(C)

Thus, we get a single number to capture the

information gain in t(nn()gr;lpll}'

1/Tr(C) 1is the collective Fisher information.
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Fisher Information vs Chaoticity

1 1 1 1 i i i 1
200 400 600 800 O 1200 1400 1600 1800 2000
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nformation content i1n the

Covariance matrix
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Multivariate Fisher Information

For a multivariate gaussian [([}) — r—1

Tr{{(po — P = D> ((Ara)?) = (IO  =Tr(©)

e = Tr(C)

Thus, we get a single number to capture the

information gain in t()nl()gr:lplly

1/Tr(C) is the collective Fisher information.
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Multivariate Fisher Information

For a singlc variable ) = L [ ( 55 In F(X:0)) y

i) ) ]
Multivariable E| (55 mf(X:0)) (55 InF(X:0)) |0

ALY X7t . | T
For a multivariate P(r|M) ox exp(— 5 (r — racr )X C 2 (r ' — rarr))

gaussian

I1(0) =C
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nformation content i1n the

Covariance matrix
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Random Matrix theory and Quantum Chaos

How well our analysis agrees with

the Random Matrix theory 7
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The Random Matrix conjecture of
Quantum Chaos.

When Hamiltonian or Floquet map 1s
completely chaotic, then its statistical properties
can be described by a Random Matrix picked
from an appropriate ensemble.
Signatures of chaos/integrability: ILLevel statistics, L.evel repulsion are

described by the Random Matrix theory.

O. Bohigas, ,\I,_], (Giannoni, and C. Schmuit, 1’11'\'\., Rewv. Lett 52, 1 (1984.)

F. Haake, Quantum Signatures of Chaos (Spring-Verlag, Berlin, 1991.)
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Choice of the appropriate ensemble of
Random Matrix
Appropriate ensemble is given by fundamental symmetries of the
Hamiltonian e.g Time reversal invariance
The kicked top is Time reversal Invariant.
iy B . 3
A= (,—I.)\ Y ()—J.(rl‘_,.
ITU[ £ 1M L i) ibay RNt (_-i.(wf“_,-(,i)\ :;f
where, T is an anti-unitary operator.
For the kicked top: T = =
and: T% =1

Thus, the appropriate ensemble for the kicked top is the OE.

dar 11, 12
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RMT predictions for the kicked top

| O S —

Fidelity

Shannon i o I'isher
EEntropy L Information
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Conclusion

We have a new quantum signature of classical chaos!

Quantum chaos intimately related to information gain
and consequences are manifested in the fidelities of

reconstruction.

Information gain in chaotic systems has a remarkable

agreement with the Random Matrix theory:
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The System: Description of
the dynamics

H=AI-J+ > (t—nt)BJ.

n=—-—0OoQ

e I'loquet map:
) A e—tol-J _—iBJz — (,—-;uz"'l/z()—;ﬁ.l:
Rotation of J about Z axis by an angle 3
followed by a precession of I and J about F
by an angle «|F|
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Evidence of Entanglement as a signature of

chaos: Dynamaics
Spin size = F. =150
We « z)[l‘-.l(]r'[ 1‘: e {) \lll)\lj;I(-K',
Initial state: Product state t:lv\]ﬂn coherent state associated with each spin

(b)
b

(a) The classical ]1[‘1451‘ space

(b ))l.ong time average "I].I.III._‘"I"IIIF'III as a funcrtion of the

initial POS1t1O1 ¢ f the coherent states
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Continuous Measurement
Quantum Tomography

N copie:

Po M (1) . P

Unknown Measured 130 ' Reconstructed

Quantum Quantum

Signal
State i State
M(t) = N(O(t)) + n(t)

We gain information about the initial state by
continuously measuring the system.
Silberfarb ez /. PRL 95, 030402 (2005%) G. Smith ez 2/ PRL 97, 180403 (2006)

Riofrio et a/. J. Phys. B. 15, 154007 (zo11).
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The Kicked Top Phase Space

. d Kicked top H(nlLlL‘t map

P Bk ] PP, o

o
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Fisher Information
For example : For a gaussian density

f(x:;:0) = N(0,8) —

Fisher information = 7(0) — E {( '

isher Information and parameter estimation

» o ) -

Vo(ZT'(Xh, ..., X)) = 1=

T

Pirsa: 12120036 Page 35/35



