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Intro + Qutline

» Correlations, Quantum Correlations
» Why study Quantum Correlations?

» Different Quantification Methods:
1) Information-Based

2) Local Operation

) Measurement-Based

) Distance Measure

) Geometric Representation

» Evolution of Quantum Correlations
1) Entanglement Sudden Death in Two Qubits
2) Entanglement Sudden Death in Two Harmonic Oscillators
3) Correlations in Atomic Spectroscopy
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State Representation of Quantum Systems

’0> two-level
\1> quantum
system
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State Representation of Quantum Systems

|0> two-level
|1> gquantum
system

Pure State
DEEOEED p:wxw:(

A" AB*
BA* |BJ
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System C = System A + System B

Y. #lw),®ly),
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System C = System A + System B

Y. #lw),®ly),

W)= (o1)-10))

72
/

Bell State

Maximally Entangled
Pure State
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Bennett et. al., PRA, 53 (4), 2046 (1996).
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How much entanglement is there
between the two qubits?

Look at m realizations of the pair
of qubits, and ask :

Bennett et. al., PRA, 53 (4), 2046 (1996).
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A0, 0x

Vele d

Lo |

=
[ ]

Bob

How much entanglement is there
between the two qubits?

Look at m realizations of the pair
of qubits, and ask :

By performing local operations and classically communicating
with each, how many Bell states (n) can Alice and Bob create?

Bennett et. al., PRA, 53 (4), 2046 (1996).
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How much information is required to create the
state of interest?

W. K. Wootters, Phys, Rev. Lett. 80 (10), 2245 (1998).
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How much information is required to create the
state of interest? Ebits!!

W. K. Wootters, Phys, Rev. Lett. 80 (10), 2245 (1998).
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How much information is required to create the
state of interest? Ebits!!

Entanglement of Formation = von Neumann entropy of the
reduced density matrix of p

W. K. Wootters, Phys, Rev. Lett. 80 (10), 2245 (1998).
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How much information is required to create the
state of interest? Ebits!!

Entanglement of Formation = von Neumann entropy of the
reduced density matrix of p

E(/O) — S’(p}‘id) — *Sy(pfid)

/ not as straightforward

straightforward for mixed states
for pure states

W. K. Wootters, Phys, Rev. Lett. 80 (10), 2245 (1998).
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How much information is required to create the
state of interest? Ebits!!

Entanglement of Formation = von Neumann entropy of the
reduced density matrix of p

E(/O) — Sr(pi“id) — *Sy(pffd)

/ not as straightforward

straightforward for mixed states
for pure states
P = sz'|l//z‘><wi|
Monotonic Function .’
of Concurrence — E(p) = min Z pr(Wi )
i

W. K. Wootters, Phys, Rev. Lett. 80 (10), 2245 (1998).
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Concurrence iIs a very useful tool to study entanglement

Asma Al-Qasimi and Daniel F. V. James Phys RevA 77,012117 (2008).
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Concurrence iIs a very useful tool to study entanglement

Example: Studies of Entanglement Sudden Death (ESD)

Asma Al-Qasimi and Daniel F. V. James Phys RevA 77,012117 (2008).
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Mathematical Description of System Investigated and
its Dynamics

X-states
ait) 0 0wt
o 0 b)) zt) 0
A = 0 z'(t) ctt) 0
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Mathematical Description of System Investigated and
its Dynamics

X-states
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Mathematical Description of System Investigated and
its Dynamics

X-states
‘a(t)y 0 0 w(t)
. 0 bt) zit) O
PO=l 0 2@ ety o
wi(t) 0 0 dt) | _ _
' ' Unitary evolution
Liouvillian of the two
Master Equation yd _qubits

-~ p'.
~
~ B e

00 _ 1
P=1[A,L1+L{A+LJA]

Llo)= (ﬁg L (61,661 1+[6-6.6')

+ﬁ2£f[dg_pd'_]+[dgp.dl_].
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Mathematical Description of System Investigated and
its Dynamics

X-states
(a(t) 0 0 wi(t))
1) 0 b(t) zt) 0
Ph=1 z'(t) ct) O
w () 0 0 dt) ,
K . Unitary evolution
/ Liouvillian of the two
Master Equation P _qubits
PR 1L (A1 A]
= + +
3 H
0 |7‘l 1 2
(R s A - Depopulation due to stimulated and
L,[P]=(n+21) [oL,po ]+[oLpol] * spontaneous emissions

+ﬁ2£f[dg_pd'_]+[dgp.dl_].
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How to Calculate Concurrence

For mixed density matrix p,
Find eigenvalues, {A}, of the R matrix,

where R = pAp'Aand A=0,®0,,

C =max(./A; —-/A, = /As =/, 0),

)\1>)\2>)\3>)\4
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How to Calculate Concurrence

For mixed density matrix p,
Find eigenvalues, {A}, of the R matrix,

where R = pAp'Aand A=0,®0,,

C =max(./A; —-/A, = /As = /A, 0),

)\1>)\2>)\3>)\4

C = 0 no entanglement
C =1 maximally entangled
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Find P(t) =

C =2max{0,| z(t)| --/a(t)d(t), | w(t) | —/b(t)c(t) |

C = 0 equivalent to solving two quartic equations in X.

X — e-(2"ﬁ+1)Ft
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Find P(t) =

C =2max{0,| z(t)| --/a(t)d(t), | w(t) | —/b(t)c(t) |

C = 0 equivalent to solving two quartic equations in X.

_ t=0 =>X=1
X: -(2A+1)I't
© t=0=X=0
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0
: 1
PO=3109
0

O_\_\.O
o O O

o o0 o 9
—
|
Q

T. Yu and J. H. Eberly.
Phys. Rev. Lett 93,
140404 (2004).

Pirsa: 12110096 Page 29/90



o 0 0 O
5(0) 110 1 1 O
p(0)=
310 1 1 0
00 0 1-a
T. Yu and J. H. Eberly.
Phys. Rev. Lett 93,
140404 (2004).
showed that, at T=0 there is no \ ............. / X
suddendeath forO<a<1/3only. "% * °" SR
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Partial Transpose Criterion for Separability

p = density matrix of total system

transpose over one system: g = Z n',_\(;)._’\)r ® p_,’{
A

Tmpnr = Pnpmv

A. Peres, Phys. Rev. Lett. 77, No. 8, 1413-1415 (1996).
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Partial Transpose Criterion for Separability

P = density matrix of total system

transpose over one system: Z '® P A A
A

Tmpnr = Pnpwmr

o has at least one negative eigenvalue - System entangled

Otherwise = System either entangled or separable

A. Peres, Phys. Rev. Lett. 77, No. 8, 1413-1415 (1996).
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The weakness in the separability criterion does not
prevent it from being useful in some studies.

For example, in the study of the phenomena of
Entanglement sudden death (ESD), the
nonexistence of ESD can be proven with certainty,
but not its existence.
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The weakness in the separability criterion does not
prevent it from being useful in some studies.

For example, in the study of the phenomena of
Entanglement sudden death (ESD), the
nonexistence of ESD can be proven with certainty,
but not its existence.
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(General) N-photon-two-mode state undergoing dephasing

N
p(1)=Y pu(O|N —k,k)YN —k.k|

k=0

—-1(1\"—;::)3{1"1 +T5 )

N
+ Y Pen(0)e 2

k.m=0
k#Zm

N =k, kXN —m,m|
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For opr:
|
V) =+

IS an eigenvector with eigenvalue:

{e“IN—k,m)~|N-m.k) |
9=Arg(ﬁkm)

——(/\ m)* (I, +T, )t
e -

‘p/m(f)‘ — ‘/Oim(o)

Al-Qasimi and James , Optics Letters 34, 268-270 (2009).
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For opr:
|
V) =+

IS an eigenvector with eigenvalue:

{e°IN—k,m)~|N-m.k) |
9=Arg(ﬁkm)

——(A m)* (I, +T, )t
€ - Negative!

o ‘/O/m-z (f)‘ ‘pl\m (O)

For a general two-mode-N-photon state
undergoing pure dephasing, there is no sudden
death of entanglement.

Al-Qasimi and James , Optics Letters 34, 268-270 (2009).
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For opr:
1
V) =+

IS an eigenvector with eigenvalue:

{e°IN—k,m)~|N-m.k)|
9=Arg(ﬁkm)

——(A m)* (I, +T )t
€ - Negative!

o ‘pkm (f)‘ ‘)O/\m (O)

For a general two-mode-N-photon state
undergoing pure dephasing, there is no sudden
death of entanglement.

Al-Qasimi and James , Optics Letters 34, 268-270 (2009).
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Quantum Discord: Measurement of Quantum Systems
Disturbs Them

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001).
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Quantum Discord: Measurement of Quantum Systems
Disturbs Them

A B

I(0) = S(pA)+S(p B)-S(p) ity matrix

of system |

Perform a measurement on system B only.

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001).
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Quantum Discord: Measurement of Quantum Systems
Disturbs Them

A B

I(p) = S(pA)+S(p B)-S(p) ity matrix

of system |

Perform a measurement on system B only.

Calculate I(p) before and after the measurement and compare.

|

1(,0)

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001).
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Quantum Discord: Measurement of Quantum Systems
Disturbs Them

A B

(0) = S(PA+S(PB)-S(0) doneity mans

of system |

Perform a measurement on system B only.

Calculate I(p) before and after the measurement and compare.

L/

Q(p) = l(p)- C(p)

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001).
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Quantum Discord: Measurement of Quantum Systems
Disturbs Them

A B
(0) = S(PA+S(PB)-S(0)  doneity manis
of system |

Perform a measurement on system B only.

Calculate I(p) before and after the measurement and compare.

l / To obtain final

Q(p) - |(p) - C(p) form of C(p),

maximize over
all measurements

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001).
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Discord versus Entanglement

(B0 0 B (¢ 0 0 a)
f T . . . |
0 11-8) 1-4) 0 1/0 (I-«) 0 0O
,0==l,‘ /1. ' f‘. ' , Pa=3| .
~|0 '1—[;" 'l—[:“ OI 0.9} Maximally Mixed Marginals ~|0 0 l1-a) 0
| A R Mkt  states | |
/;l 0 0 ﬁ 0.8/ ®  Wermer states _G.’ 0 0 «
pure states
| states
0.7
T 06|
| .
8 0.5 .
2 o
Qo
0.3 o0
02/
0.1
0. L L L
0 01 02 03 04 05 06 0.7 08 09 1

Entanglement of Formation

|-z
I+ 2|y Xy \m:%(\oown))

pﬂ'emer =

Al-Qasimi and James, Physical Review A , 83, 032101 (2011).
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Discord versus Entanglement

(B 0 0 B (¢ 0 0 a)
100 (1=-8) (=810 1 ' ' - . _1/0 (l-e) 0 0
J“}’=_‘ \ \ | ) f_“':_ !
. :IO |1—ﬂ| ll—ﬂ| OI 0.9 Maximally Mixed Marginals 3|0 0 -] 0
————— u states ' J
'-ﬂ 0 0 ﬁl 0.8/ ®  Wermer states _G.’ 0 0 @
pure states
[} states
0.7}
T 06|
| .
8 0.5 e
2 .
Qo8
03"" o
02/
0.1

0 01 02 03 0.4 05 06 0.7 08 09 1

Entanglement of Formation

1-z
I+ 2|y Xy \m:%(\oown))

pU'emer =

Al-Qasimi and James, Physical Review A , 83, 032101 (2011).
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Discord versus Entropy

fa 0 0 a

_[fO (1-a=b) 0 0
P2 =310 0 (l-a=b) 0
}(1 0 0 a)

0.9 2-parameter states |

®  Wemer states
08! .{t! “““““ « slates
- + MEMS
07}

06}

05}

Discord

04

03}

0.2}

01}

0 0.1 02 03 0.4 05 06 07 08 09 1

Linear Entropy
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Spectroscopy Using Atoms

1

v)=ple)+e

1@

e))

In a Ramsey Experiment, by measuring the population of atoms in
a certain state, ¢ can be determined.

* Chwalla et al., Appl. Phys. B 89, 483 (2007).
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Spectroscopy Using Atoms

v)=ple)+e

In a Ramsey Experiment, by measuring the population of atoms in
a certain state, ¢ can be determined.

* Chwalla et al., Appl. Phys. B 89, 483 (2007).
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Spectroscopy Using Atoms

1

v)=ple)+e

1@

e))

In a Ramsey Experiment, by measuring the population of atoms in
a certain state, ¢ can be determined.

* Chwalla et al., Appl. Phys. B 89, 483 (2007).
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Correlations in Quantum-Enhanced Atomic Spectroscopy®

2 ions in a trap with dephasing going on.

* Al-Qasimi, James, Blatt, and White (In Preparation)
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Correlations in Quantum-Enhanced Atomic Spectroscopy*

2 ions in a trap with dephasing going on.

Initial
State ]l,/f>=A‘Lg>~+~B‘ge>+C|eg>+D‘ee>
a 0 0 0
Evolves into 10 bz 0
the form: P=lo %
0 0 0 d

* Al-Qasimi, James, Blatt, and White (In Preparation)
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Parit (1 how well the relative phase
Y r=2Reyz is being measured

* Quesada, Al-Qasimi, and James, J. Mod. Opt., §9 (15), 1322 (2012).
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Parit (1 how well the relative phase
Y r=2Reyz is being measured

{-ad |

Entanglement C=2max{0,

* Quesada, Al-Qasimi, and James, J. Mod. Opt., §9 (15), 1322 (2012).
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Parit (1 how well the relative phase
Y r=2Reyz is being measured

{-vad |

Discord* O~ S(pg)— S(p)+ 111111{N1,N2}

Entanglement C=2max{0,

* Quesada, Al-Qasimi, and James, J. Mod. Opt., §9 (15), 1322 (2012).
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Parit (1 how well the relative phase
4 P=2Reyzy is being measured

{-vad |

Discord* O~ S(pB)-—S(p)+min{N1,N2}

Entanglement C=2max{0,

1 1 5 ~ H(y)=-vlog, »
Nl =H(5+5\/(0M6‘]+b"—“C) +4z" ] _(1_}.)10g3(1_}‘)

Binary Entropy Function

* Quesada, Al-Qasimi, and James, J. Mod. Opt., §9 (15), 1322 (2012).
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Parit (1 how well the relative phase
4 P=2Reyzy is being measured

{-vad |

Discord* O~ S(pB)-—S(p)+min{N1,N2}

Entanglement C=2max{0,

1 1 5 ~ H(y)=-vlog,»
Nl =H(5+5\/(0M6‘]+b'—“C) +4z" ] _(1_-1.)10g3(1_-1‘)

a b
N, =—-alog, —blog,
- ‘ OC“LWJ Oc{ber}

—clog, < —d log, i
la+c Lb+d

* Quesada, Al-Qasimi, and James, J. Mod. Opt., §9 (15), 1322 (2012).

Binary Entropy Function
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Examples

Initial state is a Bell state

T
discord

concurrence
classical correlations

Party

comelationsfcoherences
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Initial state is a separable state

) =(]00) +[01)-+10)+ 1))

discord
concurrence
classical correlations | -
Farity
"
15 2
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Using ‘Distance’ to Quantify Correlations

not entangled

— /

/"~ set of separable
" density matrices

~ ///
closest
separable
state Vedral et. al., PRL, 78 (12), 2275 (1997).
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Hierarchy of Separable States

Modi et. al., PRL, 104, 080501 (2010).
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Hierarchy of Separable States

Modi et. al., PRL, 104, 080501 (2010).
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Hierarchy of Separable States

et —— Z — Z p /\"1/\"3
kn

«f/ N <k1k2

ki, )k,

kk,)=6 .0

ki, kyks

Modi et. al., PRL, 104, 080501 (2010).
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Hierarchy of Separable States

O Z — Z p /\"1/\" 2
kn

«f/ N <k1k2

ki, )ik,

kk,)=6 .0

feky ko,

~—_ — Modi et. al., PRL, 104, 080501 (2010).
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Hierarchy of Separable States

— A= Z P, kik, ) ki,
kh‘

ks

kk,)=6 .0

ke, koky

Modi et. al., PRL, 104, 080501 (2010).
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Given density matrix p

Modi et. al., PRL, 104, 080501 (2010).
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Given density matrix p

Entanglement — shortest distance between pand a
separable state (¢’)

Discord — shortest distance between p and a classical state (y')

Modi et. al., PRL, 104, 080501 (2010).
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Given density matrix p

Entanglement — shortest distance between pand a
separable state (¢’)

Discord — shortest distance between p and a classical state (y')

Dissonance — shortest distance between ¢’ and a
classical state (y”)

Modi et. al., PRL, 104, 080501 (2010).
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/1 Entanglement
I

Discord ,’

Correlations/
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/
Discord / | Entanglement

/7
/ ,, Dissonance

Correla lons:j
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Measuring the Distance

D(p|lo)

Quantity should be zero when it is known that the correlation
Is absent.

Quantity should be invariant under local unitary operations.

Quantity cannot increase under
local general measurements + classical communications

Von Neumann

: _ P
‘S(/O H O-) =1race P In— Relative Entropy

O

Vedral et. al., PRL, 78 (12), 2275 (1997).
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Measuring the Distance

D(p|lo)

Quantity should be zero when it is known that the correlation
Is absent.

Quantity should be invariant under local unitary operations.

Quantity cannot increase under
local general measurements + classical communications

Von Neumann

: _ P
‘S(/O H O-) = Irace P In— Relative Entropy

O

Vedral et. al., PRL, 78 (12), 2275 (1997).
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Bloch Sphere Representation of a Qubit

t Z

0)
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Bloch Sphere Representation of a Qubit

t Z

0)
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Bloch Sphere Representation of a Qubit

0)
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Bloch Sphere Representation of a Qubit

0 )
0 —sin2(0) + e cos Z
| > |w> SIn ; ‘O) + e CoS ; |1>




>
(SN
 —
>
>
oy
.
e ]
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C,=(6,-41)®(6, -B1)

Cross-Correlation Tensor

/5,45 :%[i—FZAIOA'I]@%(]A%—ZB]&]]
' J=1

+ — ZCO‘@O‘

ij i
1;1
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C,=(6,-41)®(6, -B1)

Cross-Correlation Tensor

/5,45 :%[i%—ZAIOA'I]@%(]A%—ZB]&]]
' J=1

+ — ZCO‘@O‘

ij i
1;1
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Determinant of C; tells us about the existence/absence
of quantum correlations

1) When Entanglement > 0, Det(C;) <0

Al-Qasimi and James (In Preparation)
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Determinant of C; tells us about the existence/absence
of quantum correlations

1) When Entanglement > 0, Det(C;) <0
2) When Det(C;) < 0, Discord >0

Al-Qasimi and James (In Preparation)
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Determinant of C; tells us about the existence/absence
of quantum correlations

1) When Entanglement > 0, Det(C;) <0
2) When Det(C;) < 0, Discord >0

States with Det(Cij) < 0 — Sinister States

Al-Qasimi and James (In Preparation)
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DDE’ T Ll | Ll T L] T

-0.05

0.1

-0.15

Det(C;)

0.2

-0.25

O3k -

_035 1 1 1 L 1 | 1
0 0.1 0.2 0.3 0.4 05 0.6 0.7 08

Concurrence
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Why Sinister?

(. = Zsl_a_(k)b(_k) Singular Value
! =1 S Decomposition
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Why Sinister?

(. = Zsl_a_(k)b(_k) Singular Value
! =1 S Decomposition
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Why Sinister?
A N TR Singular Value
CU - Zékaz b} Dl gU . .u
=1 ecomposition

The label k, from 1 to 3, is ordered starting from the
largest sinqular value.
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Why Sinister?

C = Zgl_a_("')b(_") Singular Value
o=t Decomposition

The label k, from 1 to 3, is ordered starting from the
largest sinqular value.

The vector set: g, ¥, @’ can be right-handed (RH)
or left-handed (LH). Similarly for {6}
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Why Sinister?

C. = Zgl_a_("')b(_"') Singular Value
o=t Decomposition

The label k, from 1 to 3, is ordered starting from the
largest sinqular value.

The vector set: g, ¥, @’ can be right-handed (RH)
or left-handed (LH). Similarly for {6}

If one of the vector sets is LH (and the other RH), Det(Cij) < 0.

Sinister = Latin for Left
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Conclusions

* Quantify Quantum Correlations (QC) by the amount of
information required to create the state.

* Detect QC by performing a local operation

» Quantify QC by the fact that measurements disturb quantum
systems.

» Quantify correlations by the distance between the state of
interest and the closest state that lacks the quantity of interest.

» Quantify QC by the determinant of the Cross-Correlation Matrix

« Concurrence and Partial Transpose Criterion for Separability to
study ESD

* Correlations in Atomic Spectroscopy
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