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Abstract: <span>A gquantum communication channel can be put to many uses: it can transmit
classical information, private classical information, or quantum information.

It can be used alone, with shared entanglement, or together with other

channels. For each of these settings there is a capacity that quantifies a

channel's fundamental potential for communication. &nbsp;ln this introductory

talk, I will discuss what we known about the various capacities of a quantum

channel, including a discussion of synergies between different channels and

related additivity questions.</span>
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“The most valuable commodity | khnow of is
information.” -Gordon Gekko, Wall Street (1987)
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Information Theory

- “A Mathematical Theory of
Communication”, C.E. Shannon, 1948

e Lies at the intersection of Electrical
Engineering, Mathematics, and Computer
Science

- Concerns the reliable and efficient storage
and transmission of information.



Information Theory: Some Hits

Low density parity check codes
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Voyager (Reed Solomon codes)
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Quantum Shannon Theory

VWhen we include quantum mechanics (which

was there all along!) things get much more
Interesting!

Secure communication, entanglement enhanced
communication, sending quantum information,...

Capacity, error correction, compression, entropy..
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Channel Capacity

AN—" Y

P(Y|X)

Capacity: bits per channel use in the limit of many channels

C = maxy 1(X;Y)
1OX;Y) = HX)+H(Y)-H(XY) is the mutual information



Outline

- Quantum capacity of quantum channel
- Sketch coherent information achievability
 Additivity and superadditivity
(quantum synergy!)
« Classical and private capacities
« Gaussian quantum channels

- Open questions



Quantum Capacities

There are several kinds of information you can
try to send with a quantum channel:

e Classical Information
 Private Classical Information
e Quantum Information

There are different capacities for each of these.

Actually, there are even more: | might give you
free entanglement or free two-way classical
communication to help.
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Quantum Capacities

There are several kinds of information you can
try to send with a quantum channel:

e Classical Information
 Private Classical Information
e Quantum Information

There are different capacities for each of these.

Actually, there are even more: | might give you
free entanglement or free two-way classical
communication to help.
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Noisy Quantum Channels

« Noiseless quantum evolution: p — UpU’
Unitary satisfies U'U = |

- Noisy quantum evolution: unitary
iINteraction with inaccessible environment
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—* Encoder

Quantum Capacity

[ - « If we try to transmit
— an arbitrary
- p 0i quantum state, we

arrive at the _
quantum capacity,

= Q(N).

- The quantum
capacity, measured
INn qubits per
channel use,

Decoder
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characterizes the
| ultimate limit on

quantum error

correction.

Page 13/70



Quantum Capacity

Define the coherent information:

e QY(N) = max, H(B) — H(E).

with entropies evaluated on
UdUi.  Then, we can show

that Q1(Y\V) is an achievable
rate for quantum
communication, so

QM = QUM

Furthermore,
QM =
lim,_ (1/MQAQND ...QN)

See Lloyd 97, Shor 02, Devetak 03
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Coherent Information and no-cloning

* No cloning: there is no physical operation that
copies an unknown quantum state.

- Basically, because |\w) — |Ww)|wy) isn’t linear

H(B) is how much information B has
H(E) is how much information E has

Q1 = H(B) — H(E) iIs how much more Bob knows than Eve.

~ how much secret information we can send to Bob
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Outline

- Quantum capacity of quantam—ehanhel—

e Quantum coding theorem

« Additivity and superadditivity
(quantum synergy!)

 classical and private capacities
« Gaussian quantum channels
- Open questions



Sketch of Achievability of
Coherent Information
« Step 1: If you can transmit half of a

maximally entangled state reliably, then
you can transmit a quantum state.

« Step 2: If you can decouple your reference
system from the environment, then you
have a pure entangled state.

Hayden, Horodecki, Yard, Winter ‘08
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Decoupling

Bn

En

If prE~» = pr ® pE~, then prpB, B, E» = |P)RB,|V)B.E"
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Entropy and Typical Spaces

* Any pp = Tra |Y)(Y|as
- H(pg) =-Tr pylog p 5 Is the entropy
It measures the uncertainty in B

- Given n copies of |¢) g, We can reversibly
map B to a space of dimension 2" HrB),
This is the “typical space.”



Decoupling with Random encoding

|P)rA
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Decoupling with Random encoding

Vv

|®) rA
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N

Choose V randomly.

R’ Consider the state this circuit generates
on R'E".

2 2
(/ dV||oergn(V) — 6B @ crEnlll)
< |R'E™|(Tr(crE"))?

—— Bn

—Eh Estimate: |R’| = 2n(rate)

IEnl — 2"'I H(E)

Spectrum of RE is same as spectrum
of B. When iid, this is maximally

mixed with dimensipn 2nHB)  This
giveS (Tl'(O'RE-n ))_ -~ W
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Decoupling with Random encoding

Choose V randomly.

NG — L R’ Consider the state this circuit generates
on R'E".
, . .
|(-"')> RA (/ dV0||lergn(V) — o g™ @ ogn ||1>
< |R'E™|(Tr(ocre")?)
A B
N . .
— En Estimate: |R’| = 2n(rate)
IEnl — 2"'I H{E)
So, as long as rate < S(B) — S(E), the Spectrum of RE is same as spectrum
deviation from a product state of B. When iid, this is maximally
between R’ and E" becomes mixed with dimension 2"H®). This
arbitrarily small. Which enables gives (Tr(ocren)?) == m

transmission.
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Outline

- Quantum capacity of-cuantum-channel

—Quantum-coding-theorem

- Zero Quantum capacity channels and
Superactivation (quantum synergy!)

 Classical and private capacities

 Additivity in general

- Gaussian quantum channels

- Open questions
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Superactivation of Capacities
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There are N, N, with zero quantum capacity but Q(\ ;& A\,) > 0.
G. Smith and J. Yard, Science, 321, 1812-1815 (2008)
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Zero-quantum-capacity channels

Q>0
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Zero Quantum Capacity Channels:
Symmetric Channels

Output
symmetric

U

b — B

0

2—-‘

/ in Band E

U

- X,

Example: 50% attenuation channel
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Zero Quantum Capacity Channels:
Symmetric Channels

Suppose a symmetric channel had Q >0

0 |'—E
W — B
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Zero Quantum Capacity Channels:
Symmetric Channels

Suppose a symmetric channel had Q >0
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Zero Quantum Capacity Channels:
Symmetric Channels

Suppose a symmetric channel had Q >0

So, symmetric channels
/ D O must have zero quantum

o capacity. Specifically, the
U N 50% erasure channel has
zero capacity. It will be one

) - —
E of our two zero quantum

IMPOSSIBLE!
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Zero Quantum Capacity Channels:
Positive Partial Transpose

- Partial transpose:
(1) dla@lk) i)t = ) (la@Il) (Klg
 If pag?’ Is Nnot positive, then the state is entangled

« If pag’! = O, It may be entangled, but then it is
very noisy. Bound entanglement---can’t get any
pure entanglement from it.

« A PPT-channel enforces PPT between output
and purification of the input:

pa = I QN (pap) is PPT
* Implies Q(WN) =0

Peres, Horodeckis ‘96
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Outline

- Quantum capacity of-cuantam-channel
—Quantum-coeding-theorem

- Zero Quantum _capacity chanrrmetsand
—Superactivation (quantum synergy!)

 Classical and private capacities
 Additivity iIn general

- Gaussian quantum channels

- Open questions




Classical Capacity of Quantum Channel

Send a classical
message over a
quantum message
using a code

m e

0
m-Em such that all O, can

be distinguished at
the channel output.

C is th
(®)|s e

capacity
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Private Classical Capacity

£ = U N
D o .

* Quantum channel looks like a broadcast channel---one
sender, two receivers.

- Best rate for classical messages from A to B while E
learns nothing = private capacity. Call it P(V).

- Related to quantum key distribution---the fact than by
analysing the map from A to B we can infer the map

from A to E allows unconditional security that is
iImpossible classically.
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Private Classical Capacity

A
A B A

e Let PY (M) = max, ., I(V:B)- (V:E), with mutual
informations evaluated on >, p, |Vv) (V| & U¢p U’

« Random coding and privacy amplification shows
P(N) = PY(NV) and, in fact we can get

PV =lim,_ . (1MP(ND ... D N)

See Devetak |[EEE IT 03 -
N uses
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Classical Capacity of Quantum Channel

We can understand coding schemes for classical
information in terms of the Holevo Information:

7Y (N) = maxg, y (X;B)
where 1(X; B) )H(X) + H(B) — H(XB) uses von Neumann
entropy and is evaluated on the state > p, |X) (X] @A (py)

Random coding arguments show that y(A) is an

achievable rate, so C(A) = %(N). Furthermor?/ n uses
CwnV)= Ilim,_ .. (AMN) (N ... 2N)

(see Holevo 73, 79, 98, Schumacher-\Westmoreland 97)
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Classical Capacity of Quantum Channel

Send a classical
message over a
quantum message
using a code

m 18,

0
m-Em such that all (0, can

be distinguished at
the channel output.

C is th
(®)|s e

capacity
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Private Classical Capacity

P U MR
= ~

* Quantum channel looks like a broadcast channel---one
sender, two receivers.

- Best rate for classical messages from A to B while E
learns nothing = private capacity. Call it P(\V).

- Related to quantum key distribution---the fact than by
analysing the map from A to B we can infer the map

from A to E allows unconditional security that is
impossible classically.
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Private Classical Capacity

A
A B A

e Let PY (N = max, ., I(V:B)- I(V:E), with mutual
informations evaluated on >, p, |Vv) (V| @& U¢p U’

« Random coding and privacy amplification shows
P(N) = P (V) and, in fact we can get

PV =lim, . . (1M PND ... D N)

See Devetak |EEE IT 03 .
N uses

irsa: 12110066 Page 49/70



Outline

- Quantum capacity of-guantum-channel
—Quantum-coding-theorem

« Zero Quantum _capacity charretsand
—Superactivation (quantum synergy!)

- Classicalanmdprivate—capacities—
 Additivity in general

- Gaussian quantum channels

- Open questions




Additivity: definition and motivation

« A function on channels is called additive if
f(NV M) = H(N) + f(M)

« Recall that Q(»N) = lim, . __(1/n)QT(N=N). If we
could show that Q' was additive, we’d have
Q(N) = QT(N).

- Similarly, C(N) =Ilim, . __(1/n) x(n*") and
P(~N) =lim, . (1/n)PY(~N®M), so if x and P! were
additive, we’'d have single-letter capacities for
classical and private communication.
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