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Abstract: <span>Using techniques originating in acertain

approach to Clifford bundles known as "geometric algebra’, | discuss
ageometric reformulation of constrained generalized Killing spinor equations
which proves to be particularly effective in the study and classification of
supersymmetric flux compactifications of string and M-theory. As an
application, | discuss the most general N=2 compactifications of M-theory to
three dimensions, which were never studied in full generality before. | aso
touch upon the connection of such techniques with a certain variant of the
guantization of spin systems.</span>

Pirsa: 12110058 Page 1/78



AR CY e (L liz e

12110058 Page 2/78




Pirsa: 12110058 Page 3/78




Pirsa: 12110058 Page 4/78




Pirsa: 12110058 Page 5/78




Pirsa: 12110058 Page 6/78




A (‘nr"n(l.{[r 2 ¢

Pirsa: 12110058 Page 7/78




A (‘Il (A

["Ltf 06

e

Pirsa: 12110058 Page 8/78




(1€ Ne i\’

Pirsa: 12110058 Page 9/78




Pirsa: 12110058 Page 10/78




"
-

=T

U ('r;-:c A=- 6.‘.\1 ' lso
Q.-T"'n )

| - 7 v Al ; 7, . : :
il L L’“’-) R B AR H?) 1t = 3ol ;  Ads, — R

K=0

Pirsa: 12110058 Page 11/78




'“ ‘0':1".\ - :'-oﬂfm '

(‘H ot
%Tﬂ'n )

Pirsa: 12110058 Page 12/78




{/‘ A : ’
ooy o Boghe (Mp ) Hedion 30k
-/ {‘N-‘J

%T'\'N )

o i | FSals
l Thia 06 What We Wém'i )

\

Pirsa: 12110058 Page 13/78




\/} '

b .h‘.{\;{.‘, K H?} “'0!1.»\ -3 30&’15(1?
e
%T'\'N )

A - i
| This U5 What Wae

Pirsa: 12110058 Page 14/78




v/ Ay SRl |.|"J.I
(‘I ’ M{’\;\ & K Hp) 1'{ 0!1 ‘\f\ - }aam g A6rq< m I’R ‘

(s A=- Ex*
%T’\'n ) (
| - {HH 48

2 ey - ‘\'LL""‘ LS What We b.!f.m't ) K=0

43 U’! W

' kyo (,
| ]Z’ |= () / [. 'n"ff'!"'--'
I T
y \ - [ -

1l ¢ h p s ﬁ'" () bws / '\.r, ! ///1\ q"‘"“‘-‘ :“& :
\j[t“u\'l;\l?:\:l-.;\' k J(j; :( ‘ C . H_Jll- \;\]/ (_i ; f
‘I d o |' M OV lwar __l \! \ L('l_'lr.:l':'- [’"YL r‘f 9 I

oee b HagoV ! 2 o 1y

/ L”\ g1 M
11

h I“'Wl’ 'l

\

Pirsa: 12110058

Page 15/78



I~ %
““Uhu‘f\ - 3aam; A&r‘;‘uK ;_-;I’R' ‘

{‘"{' A=- B koo (
%Tﬂ'n ) 2
K=0

e (6] cossideang ¢
[ |

: \A
vt v Hadol iy -\

(
3 - A bt
3 .~ 1Y -'.1\ ' Y v \
k.fn ! !
" ’L!
,.: o At |
\

0p (1 (
f Al ree

‘ '“"rw e [,"lt*\
| ] B
L (4

N AWVEIL )y
acoial V@ Mo so4

|

Pirsa: 12110058 Page 16/78




]

i . | l:_ ]
AT KH?} (Gt = 3olimg s A, ;—:lﬂ' |
{‘H-‘J 1

%T'\'N

¥
k‘

i S| v J
l | Vaiq U5 What We Wam, }
i\ = { \ /

) ‘ ; e AR
IKLJ‘J .-“ ( Cow ‘I.’J\'ru.\?‘/ AXNS & L 3_

i N

i |
Col{ . ey

Ma J\.’J \ ey =\ ‘.’J “ﬂl

S—

Pirsa: 12110058 Page 17/78




‘U'i-'\;\\ v (SSues

l){ t-"'\' _R.“_;\\Irv I

-

NEVER |

n ~ \ P any .'_."[\
.\.h. f{l I E, .\( | \L’

-}'I/Hf. \u) :\"_‘.‘Ef NE N
4L CoNDIT (oK
\i'~.\\< {[_ (.

/

i /

\ : 2 ‘
S

Pirsa: 12110058

|-|:_I
.._,.,I’R| ‘

Kb )

‘“‘Uzi m = 300’1'*/1 : A&fc,(

("“'-‘.1 W
syt )

F
e

K=0

..H - L, ) / J
| Va1 LS What We W, )

/

%ll?? (',{L {_1K

I\

"

\

' NOT
‘M o NeEEY, [
k D"ﬁ!:\j U\»H.\ b

o ' L
\p\\ L \

fbot ree

! -“.'r"-* L [I{ f 1

| J(‘(“ o
(L o e

L(I{'”""""\ Vafe-Honisoq F<them )

- /

Page 18/78




Pirsa: 12110058 Page 19/78




Warped compactifications of M-theory on an 8-manifold

We consider 11-dim SUGRA on a connected 11-manifold M whose first two Stiefel-Whitney
classes vanish. ( @ (M) =0 < M is orientable, @, (M )=0 < A admits spin structures.)

The ficlds of 11-diun SUGRA: a Lorentzian metrnice g (taken of signature (-

n 3-form potential C7 with 4=form field strength G =

v +)),

dC and a gravitino Wy,.

Supersymmetric backgrounds are those for which the supersymmetry variation of the
gravitino vamshes

\;é(r:? ((‘5,3 \i’ ) (.—\’ ) L ﬁ_\' I} = ()
a7

The component form is obtained by taking X = ¢, for a local orthonormal frame of TAS

a'ﬁ"i'.u = Dyi =0

parallel transport equation for 77 with respect to the supercovariant connection D

1

T * m— vl — —
D_lf - v“! 2\%8

5 SV P 2 =V P
((-'.v.'--an' PRt = 8Cunrel™! {J)

-~ . l -~ .
S -~ AU 5
Vi = Oar + M IS
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Warped compactifications of M-theory on an 8-manifold

We consider 11-dim SUGRA on a connected 11-manifold M whose first two Sticfel-Whitney
classes vanish. ( @ (M) =0 < M is orientable, @, (M )=0 < A/ admits spin struetures.)
The ficlds of 11-diun SUGRA: a Lorentzian metric g (taken of signature (—, 4., ..., +)).

n 3-form potential O wiath 4=form field strength G = dC and a gravitimno W,

Supersymmetric backgrounds are those for which the supersymmetry variation of the
gravitino vamshes

(3, U)(X) := Dxij =0

The component form is obtained by taking X = ¢, for a local orthonormal frame of T AS

J,—,‘i'_“ = ﬁ_.\!!? = ()

parallel transport equation for 77 with ﬁ‘hpﬂ'i to the supercovariant connection D

3 v ] l . Y ~ = I =
Dy = Vi, — T ((:-V!-'Qnr"” QR — 8C nnrl™Y! cg)
N 1. b
Vi = O + UM pLV?

Pirsa: 12110058 Page 21/78



The warped product ansatz

We consider backgrounds \f — Ay x M. with metric of the form:
Ansatz for metric: dsfl — 3-%13‘;’1
(15.-1!1 - (1(: +4 Clsb .q.lu.-d-r"‘lcl-rlj -+ gvllrr(la‘,"d.'l"‘

p.r=0,1.2 m,n=3,....10

Ansatz for flux: G = 22G with G =volsA f + F
I '=A-1orm [f=I1-form on \{'{}‘{i

vols = volume form of (Af3, _q,,,,]

. - . .
Ansatz for susy generator: 77 = ¢ 21 with » € I'(S) :

T ’1-)” = ; 'D” \\']ll']'l' D‘\f = ‘Z-)-‘r + '.—)(‘)J“g A
Rescaling and decomposition of gamma matrices -

-

- 0l 5 —_ A )
F;l =1 (‘:"n Or F:"Q) . rrrr = ¢ (1 Or ’)'n:)
~n and 7, are the gamma matrices of Cly» in rep. 77, respectively of Clpg in rep. g
Setting v9 1= 7, ...7, we have 45 =1
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The warped product ansatz

We consider backgrounds N/ — My x M. with metric of the form:
Ansatz for metric: ds—fl — cm‘ds'f!
dsi, = dsj + dsi = g,,.dx*da” + g,.,,dx™da"
p.r=0,1.2 m,n=3,....10

Ansatz for flux: (¢ = %3G with G = vols A [ + F
I'=A1-form [f=I1-form on ANy,
volz = volume form of (Alz, g, )
. LA . :
Ansatz for susy generator: 77 = ¢ 21 with 5 € I'(.S) :
T ’1-)” = 27 ; 'D” \\']ll'rl' D‘\f = ‘Z-)-‘r + '.—)(‘)J“gA
Rescaling and decomposition of gamma matrices -

-

Fjl = ('A(‘T}l Or A."Q) s fnr = (A(l O ’Tau)

~p and 7, are the gamma matrices of Cly» in rep. 77, respectively of Clps in rep. g
Setting v9 1= 7, ...7, we have 45 = 1
SJ-F
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The susy condition decomposes into external and internal parts:
D=0+ D,n =0 D, =V, @a 1+ 9, @= (10Q)
D,.it = 0 <> D,n = 0 D = 1 @ D,

Vi the spin connection of (A, g,..) and:

= 1 1 1
( = —"D, A\ 4+ — My —— AP
2 2 b) (j.fn') ] 288 Ay )
= 1 1 1
5 ~ T —~ —~ L) ~pegrs ) ~Jrr
])rn — v”, E n S m fO = E.f:r: Jo = m(}‘pqrn ."; J wm h! mpgr "r d )
Ansatz for the decomposition of i;: n= RE
\ .
Majorana spinor liclds on .\1; , respectively My
\-L
The case of maximally symmetric A/, &M
T’;: + Ky, =0 Killing spinor equation for (M. g,.) v € T(5;y)
integrability condition =» A — 842 For A = 0 (x = 0). M3 = Minkowski space
For A < 0 (x #0), Mz = AdSj
= D,£=0 . Q=0 supersymmetry conditions

£ is a Q constrained generalized Killing spinor
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The warped product ansatz

We consider backgrounds \f — Ay x Mg, with metric of the form:
Ansatz for metric: dsfl — ,53—'3(13‘;’1
(15;121 - (13:'-_!!, -+ dsg - .Q'.lll—'cl-ri‘ll‘-—‘l-rlj =t g,,,,,d;l""d.l‘"
p.r=0,1,2 m,n=3,....10

Ansatz for flux: (¢ = %3¢ with G = vols A [ + F
I'=A1-form [f=I1-form on Ny,
volg = volume form (Q‘Iﬁ M3, g )
a . .
Ansatz for susy generator: 77 = ¢ 21 with 5 € I'(.S) :
T ’1-)” = g ;. 'D” \\']ll'rl' D‘\f = JZ-)-‘I + '.—)(‘)J“gA
Rescaling and decomposition of ganmma matrices -

-

rjl = "A(‘:"’n Or A."Q) - fnr = (A(l Or ’Tna)

~p and 7, are the gamma matrices of Cly 2 in rep. 77, respectively of Clpg in rep. g
Setting yo 1= 7 ... 7, we have 45 =1
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The susy condition decomposes into external and internal parts:

D=0 = D,y =0 D, = VS @a 1+ 9, @= (7Q)

f)"'f] =0 <= Drrn’?} = 0 Dnz = ] R Dn?
V;} the spin connection of (Af;. g,. ) and:
= 1 1 1
( —_— IJ‘:),'A + —In ny A,'ll — i pors
2 2 g/ = 5gg Frare?
= 1 1 1
])rn - v‘- el £ " m T = =m0 T T rqﬂqur’n? — RF, mp 'Aff“lf
ree 12 f 9 (}-f 9 288( rqra | ng )
Ansatz for the decomposition of ;: = RE
\ N

Majorana spinor liclds on Ay | respectively Ay

The case of maximally symmetric A/,

IH- II - g~ . II e
Vo + 57y, =0

l{illi% spinor equation for (M;.q,..) v € T'(5y)
4
integrability condition —» A

= —8x% For A =0 (x = 0). M3 = Minkowski space
For A << 0 (w7 0), My = AdSj3
supersymmetry conditions

£ is a Q constrained generalized Killing spinor

.——\_U

mE=0 . Q=0
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The susy condition decomposes into external and internal parts:

D, i} =0 <= D,y = 0 D, = VS @a 1+ 9, @ (1Q)
f),..f] = () &> D,”?} = () Dnz — 1 e Dn?

Vi the spin connection of (A, g, ) and:

= 1 1 1

C it “‘:)n-'ﬁ'*' Jdn '"ﬂ." - 3 rs gt

g 2 gm0 = 5gg Fearad

= 1 1 1

])rn - v‘. Y uﬂ""mh“ - =Jm o = J rqﬂqurl‘nw — 8 F, mp tﬂfr“”

e = 13m0 = GIm = Seg(Fperan e )
Ansatz for the decomposition of i;: = RE
\ \
Majorana spinor liclds on Ay | respectively Ay
The case of maximally symmetric A/,
V;I + K1y, =0 Killing spinor equation for (M. g,.) v € T(S5;y)
integrability condition = A — 842 For A = 0 (x = 0). M3 = Minkowski space
For A << 0 (x #0), Mz = AdSj

= D=0 . Q=0 supersymmectry conditions
£ is a Q constrained generalized Killing spinor
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The susy condition decomposes into external and internal parts:

’IA)HJ} =0+ D,n =0 D, = V: Qe 1 + v, Or (“.-u(?)

D,.in =0 < D,,n =0 Dpe = 1 R D,

Vi the spin connection of (A, g,..) and:

= 1 1 1

C = —" .73|A+ =Sy vy — — F, ra YU H

2 2 g/ = 5gg Frare?

= . 1 1 1

])rn - V-q S | " m T ™ wImTT — oo F, rqﬂqurl‘nw - H!"nz » "Aff“lf'

e 12 f 9 (}-f /4 288( rqra | g / )
Ansatz for the decomposition of ;: n=y RE
\ N

Majorana spinor liclds on Ay | respectively Ay

The case of maximally symmetric A/,

T’;: 4 h‘."}',,'q," = () Killing spinor equation for (M. q,..) v € |

integrability condition —» A —

—8x2 For A =0 (k = 0), M3 = Minkowski spacc
For A << 0 (w7 0), Mz = AdSj3
= DPul=gh . Q=0 supersymmetry conditions

£ is a Q constrained generalized Killing spinor
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The susy condition decomposes into external and internal parts:

D=0« D,y =0 D, = VS @a 1+ 9, @= (1Q)
f),..f] = () &> D,”?} = () Drn — 1 HRAe Dn?

Vi the spin connection of (A, g,..) and:

= 1 1 1
( _— u‘:)"A_*_ — I '"ﬂ." — }: - pagrs
’ 2 gm0 = ggg Frare?
= 1 1 1
])rn - v‘. v uﬂ""mh“ — =m0 = T F; rqﬂfi.qr’n? — RF, mp rﬂrr"”
m = 1gdn T m 0 = GIm e = seg(Fpara i )
Ansatz for the decomposition of i;: = RE
\ \
Majorana spinor liclds on Ay | respectively Ay
The case of maximally symmetric A/,
ﬂg“:, + K7y, = 0 Killing spinor equation for (M. g,.) v € T(5;)
intégrability condition =» A — 842 For A = 0 (x = 0). M3 = Minkowski space
For A < 0 (x #0), Mz = AdSj

= D=0 . Q=0 supersymmetry conditions
£ is a Q constrained generalized Killing spinor
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in S-dimensions or 9-dimensions, it is enough to give all relations up to rank -

| Hodge dualisation rules |

]
-

B (—l)s.sk-x‘

ey, ap o (59) ay ... by b
R f (8 — &)! ‘ by by / 5&5
8 dlm. Sz(!\'".‘:)‘ - {_ IJA ity -“h—LSE(H_‘x‘.j
(*h' :Ifll Sy T ’_1 01y ...005 by .. b
. Ak —1)
9 dim: _..'.'ll....'*s, — (_'l) - (.-'11 A A Baok
/ (‘J o Iu.]' FEFIN £ PN T
R 1 Ok
Lok . Bh..Boon 4(9=k)
(+A JAL... A = AL A Ay By_s
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D=0 . Q=0

’ m = Tﬁ . 'l",

rr

The connection A, and the endomorphism Q in 9 dimensions are isomorphic with:

< | |

‘1,“ == _1-(='"_|]-_' +- ~—1-(?," A (f AN ()]
1

cj 7;(A—~fA9—mb

where 0 = ';: corresponds to 6, = 8,4

The transpose of Q is isomorphic with:

IS | 1 1
Q) = §JA 1 B,IAH_ﬁi-

where the maimm anti-antomorphism 7 (the ‘reversion’) has the following action on a A-form:

k=1) .
F(@®) = (=1)"F

i

{k)(r (“’) C—

. Ah” . n:_-(c_’))('"l

o

A&, TJa,...a, (H’:’)) = Way...ax
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Given the nontrivial bilinear forms in our casc

=T e

"l.-n — :;'lf'_.ua‘:l \.'-,ru - :;-{_ .‘N{z ‘;:lu . :‘I 5‘2
1\-"’“ — :‘1/,. .rnn_\r“'_
(.inn{; — LI,"‘ yufrlln\:..
(_'Jllun‘m’ — f__]!‘ "”“.‘"n“..';l ()1’“"("’1' - ‘_::.}'.Inun'ju)::_z ,;:r.vu}w — i"lf'.l runpq:‘-]
(&Gl =&l =1 (&.&) = 0)
one can choose a basis for the Killing algebra:
. 1 . ;
o = 1(.(‘-: + I 4 Y 4 )
) ]
- I . . generators
,L‘.-_:] —_— 'm[‘:;_ 1\ —l_'_+_t_l:L) i :—'_I'«.I'_]]
. | i
Evy=—(14+V+¢)
16
. 1 )
.b;g;g = l—((l -+ 1;3‘+‘f.)‘"').
)
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The entire system of constraints reduces to:

Qo FEi o =FE07(Q) =0
D, s =0

Eioo Fis =0
Fioo7(FE2) o Fi2 = Fi2

Expansion for w & Q°?(M) and all 1 € Q9(M) with p << g:

P
womn = 2—“( —1 )*("_k}+lk longn
k=0
now = [-—1)‘"’(-—1)“{"-k+l)+lk/2]¢~‘AkI] {‘I?

generalized products Ay are the homogeneous components of <

1
A = FE] Ag

A are the contracted wedge products

wApn=wAn . WA 1= g"'""(enow) Nx (enan)
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LANgEtny
N

Using Ricci (a Mathematica package for tensor computations)

Eg2 = GenProd (2, F, Wedge[V1l, ], tangent] // BasisExpand // TensorSimplify ; //.

{Null —» """}

NewDummy [Eg2] [L[k], L[l1], L[(m], L[n]] // TensorSimplify
Hold [GenProd (2, F, Wedge [V1, ], tangent] ]

1
- F Vi
Z mnopg
>

¥ '-.’lE

kn pg
1 .
- P Vi
2 X npa
1
- F Vi
< inpag
1
= F_ Vi
Z 1l mp g

il pul -

Hold [GenPrcd (2,

E.

93

9

|

o,

=3 q
Vi W
np g k m
- F V1 ¥
2 1 npg m
3
'-)'Ll o
k mp g n
- F vl o
2 XK mp g9 n
- F V1 W
2 < nopoo 1 m
- E V1 ¥
2 =mp g

tangent])

q
n
i ¢ P9 .
n =
P g
4;.‘\'_ -
e Q.l:r 9 -
m n
/1 i ¢ 4 +
n m
vi ¢ P9
m n

FAL(V) A )

Pirsa: 12110058

Page 51/78



Algebraic constraints separated on ranks:

QoLE ,FLE207(Q)=0

Pirsa: 12110058

(S AO)IK = 0
(dA) LK + %(‘f @)y — (l—iu_;F = 0
%!\’_.{f ANy = é!-'A;,m;g 4+ (A VAV; =0 -
(dA) 05 — :]_;\--:‘ AFAOD+ f'—;\.;i./-‘ - %*c AL Bs) + %*U' AOA G =0
[N Ay — ;;f AN AN — éI\'A1 I - :Jg;[ f A{g}‘;\ Y1) + (ulj»,(}-‘A.;,'o_) = 0 ]
—:—il"ng 4+ (dA)IVy = (O
:1;11 S Ad) — EI;*(F A oy) =0
(@) + %(f NDVA VK + %!\'JI-' -+ %#[ FAaw)=0
%(I HANA Y + %t"AgF + ‘l—;k(ﬁ' ALF) 4+ (dAYA KN =0
:l—;(f A OYA oy :—j!"A;,c:-; | (]—_,*(F AVy) —=((dA) A o3) =0 o
Page 52/78



The differential constraints obtained, separated on ranks:

(!L-l'_z — ("‘“ ;‘A‘. v”)L:,‘]z —_ _(j"” ."h\ :."'lgn. Eli]—_c,

pu

P 1 . _
'{":.'] = ;(f)”A:;I' — (j FAN ())..J('.‘JI-;
AK = ([ A O)VA L + AL F
3 |
i = __El*‘AI N 4 3!".&3(*{-") 2% f AONY)— [ ANOANK

1 : L :
_dpy = =2 AV, + 1 T k([T )A D) ;—)-rt"‘ Ao ((r ,fl?’\ FAOYA dy)
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-

Fierz relations for the generators of the algebra

.E:lg < Elg =0 (

f:;p_n < T(F.‘|;3) < ,:"‘]-_!

== 7(E2) o T(E12) = U)

= F ( = 7(Fr2) 0 Fhao7(Fhy) = F-‘l;:)

all quadratic Fierz

> (F1):
— (F3) :
® FbH):
(FT) :
®(F9):

> (F11) :
(F13) :
>(F15) :

:1
Eyy
E

- 192

-{-:ll

I:-l] .
Elyy -

Faq -

F?]g

EALLY

I'('lﬁﬁt;llﬁ for all the basis elements £, for ¢, 4

< IJT| 9 = 0,

o Ky = Ky,
o Eyy = Ey,,
— 0, <

- —

(F2) -
> (F4) :

,—‘;12 < F.‘-_;]

ﬁl-_n < F:1|

<1ﬂ6:| : El1 OEl-_l
> (F"S} : Enhy o Eg-_r

(F10) :
(F12) :
(F11) -
(F16) :

Eoy o Fyy
E';n < 15-3-3
]:?-3'3 o 1::1-3

Foy o Fy

Pirsa: 12110058
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Independent constraints:

I\- = "-1 Al ‘,’;

by = Vi A

Vy, = =V,
IvilP=1. |IVsl*=1, |l¢|*=T7,
(Vi.V3) =0, Moty =0, Vaay =0,

(BFANY S O=(Vh3 A Vg A 'L'-')
i = =VaAn U — =V A Vg A f]
o Vanyw— (V) AVy A y) {‘I?

independent forms Vi, Vi and
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Independent constraints:

I\- e "-1 FaY ‘,';
b= Vi A
Ve = =V,
IvillP=1. |[Vsl|?=1, | ¢|*=T,
("| . l") —_ (} ']_ll"' — (), \"_lf — ()
AW = OC=(Vh3 A Vg A 'L"}
i = =Va A — =V A Vg A f]
‘;’L’ ".i NY — *(".I A "i N\ fJ.J

independent forms Vi, Vi and 4

Sy

Sy
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Other

relations (non-independent constraits) involving the dependent forims ¢; and &,

| & ||17= 14 .
Viad, = 0,
Vaag, = —q
*(VIi Aoy ) = oy
#*(V) AV A @)
# (VoA =V, Ay .
Yagy = *(Vi Ady A W) =TVh
#(0 AN @) = =TV A V.
Vi A (o)
Vi A (o)
(D1, @)
#() A ) = 14V * (a2 N Pa)
(WA D) =06V Ay
N A =0, D Asgs
1D, = —120,.

'{."A'_gc)l -6y .

| & ||2= 14.
0.

= /)

V9 ads
Voo
* (V) A @a) = —cho

#*(V] AV A oy) = —20,

*(Va A o) = V) A

Pagy = —x(Vi A g2 Ay) = =TV,
#(0 N o) = =TV, AV,

#(y A Y) =TV A VY

*(ho AN Y) = =TV AV

0.

—14V *¥(y A o) =0,

(A D) = =6V, A ¢ .

0 . *(1 Dq¢0) = O.

DoDNory = —12¢,

A Dy = —6u»
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| ||?'= 1.
0.

| s |1= 7.
N g, = N gy = 0,
(@2 03) = =6y,
Viads =
#(UVA, @) = 605 .
BFA YD
(I [y I

GRVAG T

f"'A] (i

C’]A;;C)_'{ —_— T‘] A "; . (L"'_'_)A;;C?;{

I

I

Other relations (non-mdependent constraits) mvolving the dependent forms i and oy

<(_'31 L) = (2. ch3) =0
N s = 0
* (D1 A10y) = 6v

Vg = 0,

0,

Kooy =

# (VA 0s) = —06dy .
0 .

-7V

(BYAQY

ORYA P

—T""l FAY "; . (L":;A:SC-":{ = 0.
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Relations between all form bilinears written with Clifford produact:

""1

2

Va | K

)

""| <o ""1 = =]
ViolVa = —1
VieVyg=-—-K
To K
Vioy = ¢y
‘-”1 S = dn
Viodr = —¢n

= V3

|
Voo Vo =1
VaoVy=—K
Vie K = —=Vj
‘3 O u = —qgy3
Voo o = —dy
Voo = a9

V3oV ==K
VaoVo=K
“"3 O ‘3 =1
1'4 o K = —""1
Vaod = j(d2 — ¢1)
Viod) = —y + ¢
Vio g =y + d3

KoV =-V;
KoVo=1,
KolVz=V
KoK =-1

Kot = —{;(01 + @)
Ke M =u — Q3
Kopa=dv+ oy

oV = —da
TR "’f_:_; C'):-;
olVy = :1;((.-‘4 — )
oK = —7'.;(01 + &)
o= =7=23(0) + &)
vod = =TV3 4+ TK + 6y — Go3
vogy=TVe+ TR + 6 + Gdy

Viedy =1 Vaoga=—4 || Vaodz=3(or + ) || Kodz=%(o1 — ) Vo gz =TV] + 3(¢y1 — ¢2)
I 3} | I &0 ” 3 |
& oV = oy oV = —¢» d30 V) = —o

W O "’2 = — P
droVy=d+ 3(o) — d2)
oy o W =+ %I:(Dl — 0a)
Do =TV3+ TK + 6 + G
drog =14+ 14V) + 12¢
o do = 0
@) O Py = 7"] + TR + 6y + GV‘;

du o Vy = gy
doo Vi = —dr+ o3
molN =y — o3
oot =—-TVy 4+ TK + 6 — 6y
gao o =10
o @ = 14— 14V] + 1209
dody =TV —THK — G + 6oy

Dy & “J-} =
@30V = 3(¢1 + ¢a)
@30 K = (o2 — &)

3o = —TVy — 3(dhy — &)
@3 O P = T“’?{ - TK — Gy + Gy
dyaodn =TV — TK — Gy m.’la
O30 dy =T+ 3(d) + o»)
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Other relations (non-mdependent constraits) mvolving the dependent forms i and oy

L d

| o3 |I?= 7.

| /& ||%= 1.
N, =0, N s = 0,
* (P2 103) = —6y .
Viads = ¢,
(VA ¢,) = 6053 .
VAL

g

G RVAGT

f"'A] (i

C’]A;;C‘)_’{ — T‘] A "; . (L')'_'_)A;;C?;;

I

I

{1, 3) = (P2.3) =0
I by = 0 Ny =0,
* (1 AN103) = 61U

Vaagy = 0,

*(WLA O2) = —06dy .

0 .

— 7V

(BYAQY

IO ETAD o

—T‘*’. FAY "; . (Ll’:;A:SC-":{ = 0.
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Other relations (non-mdependent constraits) mvolving the dependent forms IV and ¢y

I K |1*= 1.

N, = 0,

| s 1= 7.
N gy = 0,
*( P2 103) = =06y
Viads = ¢,
*(UVA, &) = 605 .
BFA YD
(I [y 151

(ORVAGTe

f"'."A] ¢

Do DNy

I

I

(D1, y) = (Pa.d3) =0
I by = 0 o = 0 |
* (1 A1003) = 6

Vaagy = 0,

# (VA 0s) = —06dy .

0.

-7V

WA

[OETADT oI

-7V A Vy @330z = 0 .
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The differential constraints obtained, separated on ranks:

(!L-y_g =" A V",,,I_:.H-_g = =" N :-"'ltn- El}!]—.o

~

- 1 . .
l'{"-.-] — ;(f)”A:;I' — (j A ()).J('.‘JI-;
A = (f A O A + wALF
3 |
i = ;EI*‘AI N ;!“A;»,(x{:") 4+ 22« f AON ) — [ ANONK

1 : 1 . .
dpy = =2 AV, + 5f T x ([l )A  Dy) ‘-;ff’” AN N AD)VA L Dy)

-_—

W0
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/\ Th = 9—) 1'\1‘-]-\1"
Ko
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