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Abstract: <span>String-like objects arise in many quantum field theories.

Well known examples include flux tubes in QCD and cosmic strings. To a first approximation,
their dynamics is governed by the Nambu-Goto action, but for QCD flux tubes

numerical calculations of the energy levels of these objects have become so

accurate that a systematic understanding of corrections to this simple

description is desirable.

In the first part of my talk, | discuss an effective

field theory describing long relativistic strings. The construction parallels
that of the chiral Lagrangian in that it is based on the pattern of symmetry
breaking. To compare with previous works, | will present the results of the
calculation of the S-matrix describing the scattering of excitations on the
string worldsheet.

In the second part of my talk, | will discuss critical

strings from the same point of view and show that the worldsheet S-matrix in

this case is non-trivial but can be calculated exactly. | will show that it

encodes the familiar square-root formula for the energy levels of the string,

the Hagedorn behavior of strings, and argue that the theory on the string
worldsheet behaves like a 1+1 dimensional theory of quantum gravity rather than
a field theory.

If time permits, | will return to the task of computing

the energy levels of flux-tubes using lessons learned from the second part of
my talk.</span>
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Introducdion

For example

® Flux tubes|in SU(N) gauge theories (in D=4)

(without dynamical quarks)
[ ——

R>>€SN

440MeV

open string
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Introducqion

or

® Strings in Abelian Higgs model (ANO string)

Consider a ¢gomplex scalar coupled to U(l) gauge field

with

e

irsa: 12100040 Page 3/69



| Introducdion

What would we like to know about them?

81 }ﬂ Their energy levels ag a
! SR : {| function of their len
+
6t . . +
P ¥ ¥
B s ; ) o Data from arXiv:1007.4720
4r . 1 Athenodorou, Bringoltz, Teper
b closed strings in SU(3) (D=3+I
25,
3 3 4 5 6
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Introduction

What would we like to know about them?

8% {~ Their energy levels ag a
L R : function of their len
o A
L] = !
e s J :
4 o - Athenodorou, Bri

closed strings in S
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Effective Field Theory for Long Strings

Why should| there be a single effective
theory for different kinds of long strings?

® Typical exditations have E 2 1/£,,

® but there are massless excitations with £ ~ 1/R
because of Goldstone’s theorem.

@ For long stringsR > £,,the low lying energy levels are
thus determined by the dynamics of the Goldstone

bosons.
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Effective Field Theory for Long Strinés

Pictorial prgof

2 Z

A A

X

X

same energies \‘
because of translation invariarim

g
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Effective Field Theory for Long Strinﬁs

® Genericall{/ we expect only these Goldstone degrees
of freedom to be massless.

® Their actig
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Effective Field Theory for Long Strinés

This implies

S=—E,]d2 —dcthag(1+£—(K“a) )

using the (convenient notation

e —

haf = 0aX 08Xy, XU =7 —o

1
The extrinsic curvature term enters at O ( =
making the behavior of long strings rather

universal.
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. Effective Field Theory for Long Strinés

So far this was all classical. To preserve the
convenlient covariant form of the action in
the quantum theory, we need a regulator ‘
that respects the symmetry.
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Effective Field Theory for Long Strinés

So the buylk action is

1 2
S = —@L dda\/—dethag (1—!— :;—;( <

+C / ddO' — det hagR(h) + .-

For closad strings one simply compacti
and calculates energy levels from it.

For open strings one should add
appropriate boundary terms.
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Relation #o Previous Work

PolchinskitStrominger (1991)

Only works in D=26.
Away from D=26, one must keep track of the

gauge fixing determinant.

e

One can borrow from the quantization of the
Polyakov pction with ¢ = In 9, X*9%X,./2

and conjecture

Sps= [0 | ~5 0uX")'- 20D Gtk
2SEas _‘32 247 [(a‘r‘x'v)gl

]
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Relation #o Previous Work

Scattering amplitude in Polchinski-Strominger gauge

D — 26
1927

fi (51'_';'63:133 QL 5ik6jit3 +6i16jku3) x

time

annihilation and reflection bSQgo transmission

(plus interactions arising from const

Pirsa: 12100040 Page 13/69



Relation #o Previous Work

Scattering amplitude in Polchinski-Strominger gauge

D — 26
1927

XS

annihilation and reflection  but no transmission

?3 (é'ij(skisfi I (Siko‘jitB i 5'i15jku3) ‘

time

I

(plus interactions arising from constraints)
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Relation #o Previous Work

Scattering amplitude in static gauge at tree level

Mij it = —42(6%6" su+ 567" st) G

I 2

Lorentz invariant theory only has transmission

(consistent with interactions arising from constraints in PS gauge)
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Relation #o Previous Work

Scattering amplitude in static gauge at one loop

7N 7 surprisingly
i +
many more
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Relation to Previous Work

Divergent part

D—8 .. ki
— 9 6* ¢4 stu + crossings
96me : ‘

can be candelled by inclusion of Einstein-Hilbert
term alone,consistent with non-linearly realized

Lorentz invariance.

Mijkt = —

Vanishes for 2-d kinematics since tu = 0
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Relation #o Previous Work

Conclusion

No extra|terms should be added in static gauge
provided the regularization procedure respects the ‘
non-linearly realized Lorentz invariance.

If the cutdff does not respect non-linearly realized
Lorentz ifvariance, non-covariant counterterms must

be added:

1 :
While R— R is local in conformal gauge and appears
in the Wilsonian action, in static gauge it is not and
appears in the |-PI effective action.
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Relation to Previous Work

Conclusion

2
MES =

D — 26

Top s (0705 8" + 5§ + 6167 u’)
i

From an effective field theory viewpoint, what is

special aboyt the critical string is the absence of
annihilations and reflections.
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Energy leyels - Part |

Let’s now compactify the theory and compute
energy levels in a “naive” derivative expansion.

Ground state k
R (D —=2)r (2 *  free theory of (D-2)
Eo(R) = 2 ( (ﬁ) bosons (with c.c.)
=0
o N R
(D=2
B 439 ...

. '.f’

-~ non-universal higher order terms) \
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Energy leyels - Part |

after fitting|the one free parameter to the data

8
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Energy leyels - Part |

| left-mover and | right-mover (D=4)

iEo(R) + 2(E1(R) — Eo(R))

3 C 4
(%)

sign for scalar and antisymmetric flavor
for symmetric tensor.

upper .
wave function, lower sign
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Energy levels - Part |

| left-mover and | right-mover (D=4)

Eo(R) + 2(E1(R) — Ep(R))

8n” (&), 8or° (f_)‘
T AR 3R \R

4(D - 26)7® [£,\"
:}:I(D Yot (_)

3R R

upper sign for scalar and antisymmetri_c flavor
wave function, lower sign for symmetric tensor.
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Energy levels - Part |

| left-mover and | right-mover (D=4)

Eo(R) + 2(E1(R) — Eo(R))

finally D-36
Aharony et al ‘I |

scalar and antisymmetric flavor

upper sign for
lower sign for symmetric tensor.

wave function,
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Energy leyels - Part |

| left-mover and | right-mover (D=4)

Splitting qualitatively
correct, but otherwise
very disappointing.

symmetric
tensor

The naive Herivative
expansion only works
where we have no data

anti-symmetric tensor
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Exact S-matrix for Critical Strings

[ =

VWe know the|exact spectrum of excitations

= e ‘171'2 J\l’___j{/'g R:i A 1 D—2
ELC(A’al\’)Jf\/ (RQ ) +F+TZ(*‘V+"V— o )k

Goddard, Goldstone, Rebbi, Thorn'73
® This is |not a free theory § -+ winding

Y
Y A

® There |s no particle production

® The energies only depend on the level. \
Different SO(D-2) representations are

degenerate implying the absence of
annihilations and reflections.
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& " Py b el - -
Exact S-matrix for Critical Strings

VWe know the|exact spectrum of excitations

e 4w2(N — N)2 R\ _dr 9
Ero(N, ) &  FRn (o o D=2
R? F(,;:'P\_Xj;f A== k
'y Godddrd, Goldstone, Rebbi Thon73
® This is |not a free theory L3 + winding
: .\
® There [s no particle production

@ The energies only depend on the |&vel.
Different SO(D-2) representations 2
degenerate implying the absence of
annihilations and reflections.
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Exact S-matrix for Critical Strings

Pirsa: 12100040

Consider s
right-movi

cattering of a left-moving excitation and a
ng excitation

5

Stationary state has

(2i6(8) _ e—,((AE(N,N))-Q(AE(N,O)))R/z

scattering time evolution

with AE(N, N) = E(N,N) — E(0,0)

2N

PL=PR: R
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Exact S-matrix for Critical Strings

Consider gcattering of a left-moving excitation and a
right-moving excitation

g

Stationary state has

£2i6(s) _ —i((AE(N,N))-2(AE(N,0)R/2

PL=PR =
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Exact S-matrix for Critical Strings

Infinite volume phase shift

g NIE pR pR o EE
20(5) = — Hl-l—lih:x: "2— (E (g, E) = E(OU) — 2AF o ,0
One finds

26(pL, PA= CPLPR
or

S = 6(p1 — p3)d(p2 — pa) S e e/ (3 4+ 4)
n — n scattering factorizes.

The theory is integrable -
h
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Exact S-matrix for Critica

Infinite volume phase shift
i (E (pR ”R) E(0,0) — 2AE (—_f_? o))

5

20(s) = — 111}130 0 o o >

One finds
20(pL,Pr) = L3PLPR

5 = 8(py — pa)o(p2 — pa)5 B8+ (3 0 )

n — n scattering factorizes.

The theory is integrable

Page 32/69
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Exact S-matrix for Critical

This S-matri

® agrees with our perturbative calculation
to the order we have calculated

® is factorized and reflectionless
(yet pot discussed in the extensive literature)

This is a thepry of massless particles.
Shouldn’t one worry about the existence of an S-matrix?

@ No - the theory is IR free
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.

Exact S-matrix for Critical Strings

This S-matri

® agrees with our perturbative calculation
to the order we have calculated

® is factorized and reflectionless
(yet pot discussed in the extensive literature)

This is a thepry of massless particles.
Shouldn’t one worry about the existence of an S-matrix?

@ No - the theory is IR free
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Exact S-matrix for Critical Strings

How does it fit in?

Based on unjtarity, allyticity, Lorentz invariance and
crossing, diagonal, massNgs, reflectionless, factorizable k
S-matrices must be of theXorm (Zamolodchikov "91)

N

»
N

Im(s) >0

e25) LT[ Hi ¥ S iP(s)

) =

J

e —
!
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Exact S-matrix for Critical Strings

How does it fit in?

Based on unjtarity, analyticity, Lorentz invariance and
crossing, diagonal, massless, reflectionless, factorizable

S-matrices

€

210(s) .

ust be of the form (Zamolodchikov "21)

H Hj TS iP(s)
Hj — 8

J

5
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Exact S-matrix for Critical Strings

Locality sugj[ests P(s)=0

The simplest S-matrix is then

iM?% — s
iM? + s

e219Gala(s) —

Correspond|ng to 2d Volkov-Akulov Goldstino theory
‘ 1
o — —/dzg (‘rbéffb s I,Z_)BJJ - 11;2 l,")al,f)ll—'glf’ 2 )

Describes RG flow from cri-critical to critical Ising model

(seemingly only valid up to M, but UV completes itself)

Pirsa: 12100040
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Exact S-matrix for Critical Strings

Locality suggests P(s) = 0
The simplest S-matrix is then

'I'JUQ — S
iM? + s

2i0golals) —

€

Correspond|ng to 2d Volkov-Akulov Goldstino theory

8

= - 4 -
o = /d20' (l,b()t,f) -+ l,bat/) -— Wﬂ)a'lﬂrﬁ)aw )

Describes RG flow from tri-critical to critical Ising model

(seemingly only valid up to M. but UV completes itself)

Pirsa: 12100040
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Exact S-matrix for Critical Strings

[~

Pirsa: 12100040

The S-matrix for critical strings

(2i8(s) _ gilys/4 ‘

is the simplest factagized, massless, reflectionless
S-matrix with P(s) # Rgolynomially bounded

on the physical sheet. X

2
)

low betwsgn two CFTs?

hL

Does it describe an RG f
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Exact S-matrix for Critical Strings
O

One can ektract the central charge of the UV
CFT and scaling dimensions of its operators from
the spectrum of the theory on a small circle. 3

E(R) 2 nspeichs C
R TN T 24

In generaljthe energy levels are not RQWn but have
to be obtained from the S-matrix using\ge
Thermodynamic Bethe Ansatz. ‘

Pirsa: 12100040
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Exact S-matrix for Critical Strings

One can extract the central charge of the UV
CFT and scaling dimensions of its operators from
the spectrum of the theory on a small circle.

27 - 3 :
E(R) ~ -'E (h+ ’L— 4 = 4)

In generaljthe energy levels are not known but have
to be obtained from the S-matrix using the
Thermodynamic Bethe Ansatz.

Pirsa: 12100040
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Exact S-matrix for Critical Strings

Ve know Eenergy levels

- 472(N — N)2 v S
Erc(N,N): \[ (ij = +_£R_‘ 72

. |

At small radii

® gro nd state becomes unstable

2m -
® excited states go as E(R) ~ T?—IN — N|

Does not describe flow between two CFTs and is
not controlled by a UV CEI

Pirsa: 12100040
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Exact S-matrix for Critical Strings

VWe know

EL(:(.N, l\-.")

energy levels

,

At small radii

472(N — N)2  R?
( )i

Rﬁ

® groyind state becomes unstable

Does not describe flow between two CFTs and is
not controlled by a UV CEIt

Pirsa: 12100040
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Energy leyvels from TBA

(Asymptotic) Lethe Ansatz (cont'd)

Consider ¥(z1,z2) = (OI.-\"(:trl)z\"(iftz)lp(ﬁ)-l)(r}{ )

i /1 for large R (ignoring wrapping interactions)

— - T
-,E] > 1'2 ‘p(l‘l,-‘n')) =e IPLIICIIJR

—ip;_;rlt

i ‘\i r1 < To VU(z1,22)=¢€

Periodicity of the wave function then implies
e~ PL R — 2i6(PL.PR)

pr.rR+26(pL,PR) = 2N, R

Pirsa: 12100040

b

JIPRT2 c:.’id(p;, \PR)

Page 44/69



Energy leyels from TBA

(Asymptotic) Lethe Ansatz (contd)

Consider ¥(z,,z2) = (0 X (1) X7 (z2)|p; ) PR)

: /1 for large R (ignoring wrapping interactions)

iE] S .’ITg ‘I’(:E],I‘_}) — C-—:M,Ilczpn:z:

j x\i L1 < Lo lp(:l,'l,:EQ) =€ ‘

Periodicity of the wave function then implies
6—ipL.nR — 216(pL.PR)

pr.rR +26(pL,pr) = 2TNL,R

Pirsa: 12100040
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Energy leyels from TBA

ThermodynJLmic Bethe Ansatz (cont'd)

|dea Il + Free energy from Bethe Ansatz

n'?
pilk.b =5 Z / p}\_ R!p pl[_,(p)dlr = kR

(Exact|in thermodynamic limit)

Intro&lcing level density

D-2 .00
. 0 ! ) ! vt i
ompa(p) =L+ 6 ) /D Ppi(P)dp
i=1

(Constraint)

Pirsa: 12100040
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Energy levels from TBA

Thermodynlmic Bethe Ansatz (cont'd)

Minimizing the free energy

] 1 1 1 J P !
FpiL, PR PL, PR] = H(piL, Pir) — E‘S[pleIR-PL-PR] ‘

subject to the constraint yields

D-{2 foe) / 00 i.i' e
R (ip —R&,( ') . ay ( _ —ReR(p ])
Fo(R) = = + ‘/“ — In (1 —e L\P) 4 5 1B 1—e

C’ 21 j=1

=1

with -

2 —Re, (P
g 8 dp’ lu L
eLr(P) =P 1*‘97{32/ P )
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Energy levels from TBA

Thermodynlmic Bethe Ansatz (contd)

For excited states
Bethe Ansatz

0o ﬂi{lzd(hi}},!b’) l[] (l =1 c—“t;:(p')) _
dp’

+right-movers
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Energy levels from TBA

Pirsa: 12100040

For strings integral equations are still algebraic

d7 (p) = cLp

and

€r(p) = crp

w2 D-—2

And one finds

crrR* 12

473 (
E(Nr,Ngr) =

47

2 D
——"l'—:,"(NL + Np—

]
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Energy levels from TBA

Thermodynamic Bethe Ansatz (cont'd)

For strings integral equations are still algebraic

i(p) =SCI'D and e (p) = crp

ot 2ml:NR.L wls D—2
( — o 0
T cr.LR* crrR* 12

8

And one finds

47
E(N,Nr) = \/7
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Properties derived from exact S-mati

FACLN &

The S-matrix implies

®No UV fixed point

®A maximum temperature
@ A iminimal length
@ A time delay that grows with energy

@ Absence of local off-shell okgervables
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Properties derived from exact S-matii:

Maximum temperature

1
F(T) 2 Ty = E\/E

Heat capadity and its integral diverges

hTé)'-’F B TTh
—‘ oT?  2(T? - T2)3/2

Ct' — ~ (Tf'f — T)—3/2

Need infinite amount of energy (per unit volume) to
reach Hagedorn temperature.

Speed of sound vanishes at Hagedorn temperature

Pirsa: 12100040
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Properties derived from exact S-matrix

Minimal length and time delay

trace out right mover (& > tint)

PL PR ‘
1 ( (t+2e ‘f“_"ff‘}

2A17

N, T, TL) = — @XP
[( : ) ‘..’JTA;I'L

PR W PL

A TRt o A
with Az} = 7 (AI’L- + 46, ApR)

implies

WAz, ATr 2

f

5
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Properties derived from exact S-matii

Minimal length and time delay

trace out right mover (t > tint)

1 . (t+zr — prE)*
p(t‘IL.IL) = —\/:):T_E—ATLCRP = 23_{'}:

PL

PR : 5 :
with Azf = — (Apg”~ + 4¢3 ApR)

i

implies

AzpAzr > 6
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Properties derived from exact S-mattix

Minimal length and time delay

trace out right mover (¢ > tint)

PL .
1 ) (t+zL — ;;R(';']'-"*
p(LIntL) s \/EAIL t‘\p 2.’3.!'}!‘
pR 1)L n -l —y | b | 2
with Az} = A (Apz” + ML rk)

|

implies 2 growing with energy WV
Aty = pré, ‘ N
(consistent with formation of “bIaNg

or 2 e e
Ecmsg.q holes”, c.f. At = FpE D"4) 3

Atems =

| =
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