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Abstract: <span>While entanglement is believed to underlie the power of
guantum computation

and communication, it is not generally well understood
for multipartite

systems. Recently, it has been appreciated that there
exists proper

no-signaling probability distributions derivable from
operators that do not

represent valid quantum states.& nbsp; Such systems exhibit supra-correlations

that are stronger than allowed by quantum mechanics, but
less than the

algebraically allowed maximum in Bell-inequalities (in
the bipartite case).

Some of these probability distributions are derivable
from an entanglement

witness W, which is a non-positive Hermitian operator
constructed such that

its expectation value with a separable quantum state
(positive density

matrix) rho_sep is non-negative (so that Tr[W rho]< 0
indicates entanglement
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in guantum state rho). In the bipartite case, it is known
that by a

modification of the local no-signaling measurements by
spacelike separated

parties A and B, the supra-correlations exhibited by any
W can be modeled as

derivable from a physically realizable quantum state [e.
However, this result

does not generalize to the n-partite case for n>2.
Supra-correlations can

also be exhibited in 2- and 3-qubit systems by explicitly
constructing

"states" O (not necessarily positive quantum
states) that exhibit PR

correlations for afixed, but arbitrary number, of
measurements available to

each party. In this paper we examine the structure of
"states' that exhibit

supra-correlations. In addition, we examine the affect
upon the distribution

of the correlations amongst the partiesinvolved when
constraints of

positivity and purity are imposed. We investigate
circumstances in which

such "states" do and do not represent valid
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guantum states.</span>
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Bell Inequalities and P
Correlation Distances S

Bell Inequalities can be viewed as a violation of a classical quadrilateral inequality

Schumacher, PRA 44, 7047 (1991) B A
Consider a bipartite system A® B with c A(BC) B
measurement directions A,B<_ 1 and C,De« B A(AC) A(BD)
taking values {+ 1}

A A D B

Correlations (expectation values) s s i

between A f" and C' ,."‘r /-//.IT‘II?-:I,'}. setting (/input)

- -

E(AC) <.‘l('> 2_‘ aclla.c) .4.C) A(AD)

a.c=(%1)

P(+.+| A.C) + P(

| A.C) — P(+.—| A.

For a bipartite system 4 Fawith
measurement directions A,B:‘41 and C,D=B

A(AC) =1—E(AC) = P(+.— | A.C) + P(—+| 4.C) =0 | Classically: A(AC) + A(BC) + A(BD) = A(AD)
(Using: 3" P(a.c|A.C)=1,VA,C)

a.cmg2l)
Then A(AC)+A(BC)+ A(BD)
:-l.\' E(AC)+ E(BC)Y+ E(BD)—E£(AD) < +2 I
Which the CHSH Bell inequality with bounds
Classical: |So|<2; QM: ]""u < 24/2: Algebraic Maximum: |S | < 4

Quantum Mechanically: this can be violated,
. A(AD) e.g. A(AC) + A(BC) + A(BD) < A(AD)
with singlet state (|T1)—|1T))/V2 = (|01)~|10))/V2
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Bell Inequalities and P
Correlation Distances .

Bell Inequalities can be viewed as a violation of a classical quadrilateral inequality

Schumacher, PRA 44, 7047 (1991)

Consider a bipartite system A® B with
measurement directions A,B<_4 and C,De ‘5
taking values {+ 1}

Correlations (expectation values) e s

between A< and C=B ‘/‘/,IT‘II?.;IL‘.. setting (/input)

-

E(AC) <.‘l('> 2_ aclPla,c) 4.C)

a.c=(%1)

A A.C) + P(—. A.C P(+.—| A.C)— P(

Define Correlation Distance: A(AC)

A(AC)=1—-E(AC) P(-+, A CY+P(—.+| A,C)=20 |

(Using: D" P(a.c|A4.C)=1,VA4,C)

a,c={%1)
Then A(ACO)+A(BCO)+ A(BD) = A(AD)

:-l.\' E(AC)+ E(BC)Y+ E(BD)—E£(AD) < +2 I
Which the CHSH Bell inequality with bounds

B A
C aABCc) B
A(AC) A(BD)

A A D B

A(AD)

For a bipartite system 41 Fawith
measurement directions A,B=‘1 and C,D=R

Classically: A(AC) + A(BC) + A(BD) = A(AD)

Quantum Mechanically: this can be violated,
e.g. A(AC) + A(BC) + A(BD) < A(AD)
with singlet state (|T1)—|1T))/V2 = (|01)~|10))/V2

Classical: |S.|<2; QM: ],S'U < 22 Algebraic Maximum: |8 ie]| = 4
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A 2
\_/ No Signaling (NS) Theories

No Signaling Theories represent valid joint probability distributions (non-local)
with valid marginal distributions

Linear constraints on any joint NS prob. distrib. ’Nm‘umli/miun: 2. Pla,blx»)

a.b={0.1)}

No Signaling: P(ay,@ss...58% | Xise.esy)

> -
E P o [los,

Ay a, «{0.1}

No Signaling Principle: (two inputs/outputs)

P(a|x.v) C Pla.b|x.v)=P(a|x)Vy
BT s O | s 5 g b3 4 | %,. i ‘

b {01}

Pb|x,v) © P(a,b|x.v)=PD|v)Vx
PR Box: | ' Z’ | ) ’

awm{0,1}
Jlr”Z iIfa®@bdb=x-
Pla.,b|x, »)

. =] ) - > ;
1 0 otherwise Then Plx. )= 3 Pla.b|x, ¥

be=(0,1)

P(a,0|x,») l Pla,l| x, )
Then 4 4
AaPb=aPO=ag aPb=aPl=g
}_; P(a.b| x.yv) 1/2 &4, x ¥ r 1/2 Sy y
a.b=(0,1) ; . i . "
P(0.0|x. )+ P(l.1| x.») +P(0,1| x.»)+ P(1.0 | x, y [1/2+0 (ifa=0&x. y=0), 0+1/2(fa=0&x . y=1)
- . |lo+1/2 (ifa 1&x . y=0),1/24+00fa & x - y=1)
a®@b=0 a®b=1 '
y - y 5 = 1/2 Va,x,y
1/2) 85, +@Q/2 + 1/2) & .., .
1/2
P(a|x) Va,x

(thas 1s Isomropic, 1.e. P(a|x) =1/2 indep of x)

Page 8/35



Q 2
\/ Structure of NS probability distributions

L4

Consider a set of n-spacelike separated measurements
(Acin et ﬂl-, PRL 104, 140404 ‘2011) measurement setting (/input)
No-Signaling M
' non-sig
(local) measurements

MH®...@M:
ay a,,

measurement value (output)
Probability Distribution = — - - = =7 N
- % X TOM @---QAM™ ] = (
from“Trace Rule” for fixed set il IrlOA ['r: ‘{u.. | ’
of measurements

projectors: M) =11} =|a) (a|

Probability Distribution from o XypeesX, ) T"l W MM -G A ] > 0
“Trace Rule” for al/l measurements - s i a,

(Gleason correlations) (W is an Entanglement Witness)

n=2only: Bp(a.b|x,v)=Tr[W M @M} ] /'r[;h. oy MG M)

Entanglement Witness

(Barnum et al.,, PRL 104, 140401 (2011)
* A gquantum state p is positive semidefinite (p=0) Hermitian matrix with Tr[p]=1
* A separable state (classical correlations) has the form o =35~ PPN ®pt ®...® ph
An entangled state is a state that cannot be written as separable: p = p*°P
An entanglement witness W is constructed to be positive on all separable states {(a,.a,....|W|a,.a,
i.e. Tr[p**®» W] =2 0 (follows from usingo* =3 pl|wi)(w)|)

Hence, if Tr[p W] = 0, then the quantum state p is entangled
W is generally not a quantum state p=0, since W can have negative eigenvalues
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\\/' Bipartite (2-qubits) case: Properties
_— m-inputs (x,y), r = 2 outputs (a,b)

where »1, m,,, m

even - odd

(=]

A

o Fig i H, ¥,y Fig ¥y 71y 7y

1/2 A, ] 0.237 0.395 0.072 0406 0.052 0.581 0.710 0623
= 0162 0.018 0.381 0. 004 0.350 0.927 0.522 0.982
0.469 0.449 0.341 0.457 0.875 0.796 0.365 0.829
0.249 0.038 0.481 0.024 i 0.004 0.847 0.923 0.905

V2|, ey
/2
P(a=0b=0 |x=201, V=01 ) Pla=0_b=1n, 5, " :
o / ’ E P(awl), bed) | xomtbi, , Yol E(m, 7,)

/ - / slati a .
a®b=0 P=1/2 a®Pb=1,P=12 g el probabilities correlations

(x,y t{(e.e).(e.0).(o.e)}. (x.y) e {(o.0)}.
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