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Abstract: <span>Using the Deutsch approach, we show that the no-cloning theorem can be circumvented in the presence of closed timelike curves,
allowing the perfect cloning of a quantum state chosen randomly from a finite alphabet of states. Further, we show that a universal cloner can be
constructed that when acting on a completely arbitrary qubit state, exceeds the no-cloning bound on fidelity. Since the &omo cloning theorem&a€s
has played a central role in the development of quantum information science, it is clear that the existence of closed timelike curves would radically
change the rules for quantum information technol ogy.</span>
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Quantum Cloning
* Suppose we have an operation that maps an
arbitrary state |¢) = «|0) + 3[1), to:

) = [¥) @ [¢)
* Then the arbitrary state \(/)> Is mapped by:

0) = |¢) @ [9)

* By the linearity of QM, we expect:

) +[9) = [¥) @ [¥) +|9) ® |§)
* However:

¥) ® |¥) +[9) ®|9) # ([¥) +|0)) ® (1¥) +|9))
* So we have failed to copy |¢) + |¢®)

* Wooters & Zurek, Nat. 1982; Gottesman quant-ph/9705052
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Cloning with CTC’s

Brun et al. have conjectured a CTC-assisted
quantum cloner could exist with Fid =» 1 at the
cost of increasing the available dimensions of the

CTC ancilla.

This conjecture is based on their results showing
that CTC’s can perfectly distinguish any quantum
states. For example: distinguish |()) from |—).

) T A

pcrc | H— pcrc

*Brun, Harringtom & Wilde PRL 2009.
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Outline

* |n this presentation, we consider the cloning
of an arbitrary qubit state.

o We consider building a quantum cloner from a
quantum broadcasting circuit.

o We test the broadcasting circuit’s ability to
clone as a function of the number of states
broadcast.

o We find that we can violate the No Cloning
bound.
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Background

* We consider Deutsch type closed time curves
{€TC’s).
l@) Pout

U

PCTC PCTEC

* Must satisfy the consistency conditions:
pcrc = Tri [U(|¥)(¥| ® porc)UT]
Pout — Tr? U( LIJ><\IJ 0 pCTC)UT:

D. Deutsch PRD 1991

irsa: 12060075 Page 7/38



Background

* We consider Deutsch type closed time curves
(CTC’s).
|‘If> Pout

U

PETC PCTC
* Must satisfy the consistency conditions:

porc = Tr [U(|9)(¥| @ porc)UT]
Pout — TI‘Q: LIJ><\IJ X PCTC)UT:

D. Deutsch PRD 1991
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State Broadcasting

* Generalisation of quantum cloning for mixed
states.

* There is no physical process, consistent with
the laws of quantum mechanics, that allows

Ps 028 Panc — [;s

where ps € {/)_;}_‘;-\;T)l is one of /N possible

states and T1'1[ [L] —_—

1y [ﬁS] — Ps

Barnum et al. PRL 1996
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Pure State Broadcasting

* This is also true for pure state broadcasting.

* Thatis, guantum mechanics does not allow
the broadcasting of [V distinct states [?);) in
a space of dimension N,

where |1);) € {|1; >}}_() '
* Theset {|1;)} is not necessarily
orthonormal.
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Pure State Broadcasting with a CTC

* |f we allow a CTC ancilla, pure state
broadcasting is possible

Ahn, Ralph & Mann arXiv:1008.0221v2
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perc —K

convotea: C'SUM (|i) @ |
s 19 3, [K)(k

= X 0u] o1
conolear; Y Ul @ 1 ® |m)m|




e |nitial state: Pin = |YN V| ®| 00| ® pcTc
N —1

where pctTc = Z )\m-n‘“’xn‘

m.n=>0

. . O\ %
with Zn Ann = 1 and App = /\nm -

* Given the Brun et al. conditions*:
Uk”d)ll) — “\)q U;j“l> o ‘&k)
GlURY;) #0 Vi, k.

* The first consistency condition gives:

*Brun, Harringtom & Wilde PRL 2009.



perc —K . &P vcrc

-
Au,.b = Z A N <‘” ‘LII)LF(T ‘“') <f.-”n ‘ W > <” l Ui ’lI’)(\P'U,JE lb>

.,

) = |¢s)

; It / Al Bl % L s Nl r rt
We find: Aa.b = E Aimn (| UpUT | (400|900 ) (a| Uy, | ¥ XU | b)

M., n+s

+ /\ 88 “-f 18 f)‘h.\

. - . >k
But since Z”_ /\'nn. = 1 and /\'m#n.. (ot )\'H,‘HL
We have pCTC = S><S
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* |In general, the second consistency condition
gives:

Pout = Z (Amn (8| Un \\p><\p|(ﬁ!’t i)) (’r;'-i-”"><"'|('[i ® [m X ¥nl-

1,07, N

e Since PCTC — ’5><5‘

e We have pout = |Us XWs| ®| Vs X5

* Perfect pure state broadcasting.
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Cloning with Pure State Broadcasting

» If we can broadcast the N states |¢;) € {[v;)}=

can we use this to clone an arbitrary qubit state:
(W) = al0) + be'?|1) ?

* |f the answer is yes, what value of )V breaks

the no-cloning bound?
)
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* We proceed by encoding our qubit state | U)
into an NV dimensional space.

* We now need to construct the unitaries [/,
explicitly.

* Remember, the requirement is they must
satisfy the Brun et al. condition™:

Uklt) = |k), ULIk) = |vx)
(G|Uklb;) #0 Vi, k.

*Brun, Harringtom & Wilde PRL 2009.
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* Using the Brun et al. recipe*, we find one
possible (non-unique) solution for the
unitaries to be:

N
Uik = [k)X¢x| + Ve /N — 1 Z WY(k+1)mod N| = Y(k+1)mod -\-'|‘»'A-><(J'AH
J |

J

N-=2 m
E m|m + 1) 4 7)1 (m
e\ m m —+ } im1

where II; = Iy — (|0) — |k)) ({0 —(k|)
and NA \/1—’ “A—+—1111()(l\/‘(*’ >‘2

*Brun, Harringtom & Wilde PRL 2009.
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* As before, after the first consistency condition,
we have:

Aab = Z Am.n <”-‘U1)Uj M) (U |¥m) <”‘Um ’\II><\IJ|UI |b>

.,

where |U) = a|0) + be'?|1) is the arbitrary
qubit state to be cloned.

* After the second consistency condition, the
fidelities with respectto |W) @ |W):
(U pout|¥) ® |¥),
Trg[pout] [ ¥),
Fa = \/(¥[Tra[pout] V).
are given by:
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[’("[‘(" x S ’/’( 10O

1

= Z Amn (8| U | W) (W (",ill':_:' (WL ': ImXn|Us; | 9) (¥ [ ) (¥ '4’)}

1.,0m.n

= [ N iU ) (W[ 3} o ) U ol )|
im.n

Z ’\”“ <l'}[-"”|lll> <ll}‘( 'r;.ifl‘” (‘IJ“ 'H><" 'n \ lIJ> y ’

)
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Choosing the N states |v;) € {|v;)} Y

* Before we investigate how well we clone, we
need to first choose the )\ states to broadcast.

* Logical choice: choose )N equidistant points
on the Bloch sphere.

Choosing )\ equally spaced points on a sphere
is a very difficult mathematical problem, with
no analytical solution.

We instead consider two of the best
approximations to having )N equally spaced
points on the Bloch sphere.
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Tammes problem

* Numerical solutions! to the Tammes problem,
where we consider packing a given number of
circles on the surface of a sphere such that the
minimum distance between circles is maximised.

1: N.J.A.Sloane, R.H.Hardin and W.D.Smith, ~Spherical Codes",
http://www2.research.att.com/~njas/packings/

Thomson problem

* Numerical solutions? to the Thomson problem,
where we instead consider the equilibrium
configuration of )V electrons on the surface of a
sphere, such that the potential energy is minimised.

2: N.J.A.Sloane, R.H.Hardin and W.D.Smith, “"Minimal
Energy Arrangements of Points on a Sphere",
http://www?2.research.att.com/~njas/electrons/
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How to test the broadcasting circuit

* We generate 10,000 random points on the Bloch
sphere and calculate the fidelity of cloning each

of these points as a function of )\

L

I

4 ’J I

R( U|pout| ) @ |P),
TrB [/)()u.f]l\p>-
TrAlPout] [ T).

irsa: 12060075 Page 25/38



The output is both asymmetric and state
dependent:

Fr = [ > Aun(i|Un|[ W) (W|US i) (U] [m)n|U; | W) (@0 -,,,><;,~,,\1;>]

1,01

. 1
S \ / PN Fak b (rrT \/ r _
— [ 57 M (iU | %) (WU [0} (0 | ) (% U [mm ,tv>] |

¢TI, T

1

E A (8| U [0 (U i) (W |10 ) (00 | ) |
§ 7]
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How to test the broadcasting circuit

* We generate 10,000 random points on the Bloch
sphere and calculate the fidelity of cloning each

of these points as a function of )\

L

I

£ ’ I

R( U|pout| V) @ |P),
: TI'B [[)()u.l]l\p>-
TI'A [f)r)u.l] \\l}> -
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The output is both asymmetric and state
dependent: |
= Z /\,,,,,(i\(",,,\lli}{llf\[r,t\/>{lll|(-"f'|' m)(n?(",}[l)(\llt,",,,)(t.‘,,|\IJ)] 3.

1,0

- ‘],
- 2:AMNJMJWHWH]@thwﬁwumeMan}ﬂ

. m,n

S xmyMQWNWf;nmmhmwmwﬂi

1,7
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* The Brun et al. condition™:

Uslyr) = k), ULlk) = [v)
GlUR|W;) #0 V5, k.

* Using the Brun et al. recipe*, we find one
possible (non-unique) solution for the unitaries to
be:

N —1
. 1 o , .
Ui = |k)X¢k| 4 Vs L1} L J) [\¥(k+1)mod N ( Y(k+1)mod .\'\f-“ﬁ-ﬂf,’f\-”

N eV N ] =1

Il
b Z 1 mlim + 1) 4
=1V 'm(m + 1)

where I, = 1y — (|0) — |k)) ((O] —( k|)
and Ny = \/1 —’ '(k+1)mod NW’A)\

*Brun, Harringtom & Wilde PRL 2009.
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* The Brun et al. condition™:

Uklve) = |k), U,Wc) = |g)
(G|UR|w;) #0 Vi, k.

* Using the Brun et al. recipe®, we find one
possible (non-unique) solution for the unitaries to
be:

N —1
. 1 =~ gy i ,
Uk = |kXvk| o L1 L 1) [{¥(k+1)mod N| —{ ¥(k+1)mod .\'\f‘“A)(f,’A-H

N kv N [ =

N—2

" |
f — [1,. mim + 1) 17| (m+1
D { S| e

=RV milim

where II; = Iy — (|0) — |k)) (0] —( k)
and Nl, \/1_| (k+1) m()(lN]lf/T >‘2

*Brun, Harringtom & Wilde PRL 2009.
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Conclusions

We have shown that we can violate the no-cloning
bound given we broadcast at least V = 54 states
and have access to an }\J dimensional CTC.

The scaling of the circuit required to clone qubit scales
linearly with }\/.
There are still some things to investigate:

o There is freedom when defining UA

o There is also freedom when choosmg the \J

states |1,) € {]z)}] ' Could just consider
random points. ‘

This work only provides numerical evidence for
quantum cloning. Next step would be to analytical
investigate the perfect cloning of an arbitrary qubit

state }\I})
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Background

* We consider Deutsch type closed time curves
(CTC’s).
|‘If> Pout

U

PCTC PCTC
* Must satisfy the consistency conditions:

porc = Tri[U(|W){(¥| ® porc)UT]
Pout — TI“Z: le><\Ij X PCTC)UT:

D. Deutsch PRD 1991
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