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Abstract: <span>I'll describe a special information-theoretic property of

guantum field theories with holographic duals: the mutual informations among
arbitrary digoint spatial regions A,B,C obey the inequality I(A:BC) >=
[(A:B)+I(A:C), provided entanglement entropies are given by the Ryu-Takayanagi
formula. Inequalities of this type are known as monogamy relations and are
characteristic of measures of quantum entanglement. This suggests that
correlations in holographic theories arise primarily from entanglement rather

than classical correlations. Moreover, monogamy property implies that the
Ryu-Takayanagi formulais consistent with all known general inequalities obeyed
by the entanglement entropy, including an infinite set recently discovered by
Cadney, Linden, and Winter; this constitutes significant evidence in favour of

its validity.</span>
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Outline

Ryu-Takayanagi proposal for entanglement entropy
in holographic field theories
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— Non-Extensivity and Monogamy

— Behaviour in general field theories
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Entanglement entropy in
AdS/CFT

Example:
Type IIB string theory on AdSg x S°

Supersymmetric N=4 Yang-Mills

\
)
\

Bulk: d+2 dimensional
theory with gravity
(asymptotically AdS)

Boundary: d+1
dimensional CFT

' 4

Conjecture: Equivalence of string (gravity) theory in bulk with CFT on boundary [Maldacena’97]
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Entanglement entropy in
AdS/CFT

Restrict to static spacetimes. Work in a timeslice.

S(A) = —trpa log PA
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Entanglement entropy in
AdS/CFT

Restrict to static spacetimes. Work in a timeslice.
S(A) = —trpalogpa
Ryu-Takayanagi proposal:

1
min(area(ya))

S(A) = 4GN YA
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Entanglement entropy in
AdS/CFT

Restrict to static spacetimes. Work in a timeslice.

S(A) = —trpalogpa
Ryu-Takayanagi proposal:

1 :
= Iminl| areal -y,
4G N 4 ( (’7.1))

Minimize over spatial codimension 1 bulk
surfaces y, homologous to A.

S(A)
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Entanglement entropy in
AdS/CFT

Restrict to static spacetimes. Work in a timeslice.

S(A) = —1trpalogpa
Ryu-Takayanagi proposal:

1 :
= I11n| area
4G N 4 ( (7.1))

Minimize over spatial codimension 1 bulk
surfaces y, homologous to A.

S(A)

Evidence: * Analytical agreement in AdS,/CFT, [RT'06]
* Satisfies strong subaddivitiy [Headrick-T'07]
* Proof for spherical A [Casini-Huerta-Myers'11]

*
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Entanglement entropy in
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Restrict to static spacetimes. Work in a timeslice.

S(A) = —trpa log PA
Ryu-Takayanagi proposal:
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= Iminl| area y
4G N 4 ( (7‘1))

Minimize over spatial codimension 1 bulk
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Entanglement entropy in
AdS/CFT

Restrict to static spacetimes. Work in a timeslice.
S(A) = —trpalogpa
Ryu-Takayanagi proposal:
— min(area(74))
— min(area(ya
AGN 74

Minimize over spatial codimension 1 bulk
surfaces y, homologous to A.

S(A)

Evidence: * Analytical agreement in AdS,/CFT, [RT'06]
* Satisfies strong subaddivitiy [Headrick-T'07]
* Proof for spherical A [Casini-Huerta-Myers'11]

*
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S(A) 5(B)

Mutual information AS
S(A‘I;)\J

I(A;B) = S(A) + S(B) - S(AB) What'’s to like?

For an information theorist:
* Zero if and only if state is product
* Quantifies number of bits of noise required to destroy all correlations
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S(A) 5(B)

Mutual information AS
S(A‘B)\J

I(A;B) = S(A) + S(B) - S(AB) What'’s to like?

For an information theorist:
* Zero if and only if state is product
* Quantifies number of bits of noise required to destroy all correlations
. m

liminf — = I(A; B)

I P
} CAB =2 0A X OR
B [Groisman, Popescu, Winter ‘05]

For a field theorist:
* Cancels ultraviolet divergences in the entanglement entropy
* Upper bound on two-point correlation functions
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S(A) 5(B)

Mutual information -
S(A‘B)\J

I(A;B) = S(A) + S(B) - S(AB) What'’s to like?

For an information theorist:
* Zero if and only if state is product
* Quantifies number of bits of noise required to destroy all correlations
.m

liminf — = I(A; B)

I P
} CAB = 0A X OB
B [Groisman, Popescu, Winter ‘05]

For a field theorist:
* Cancels ultraviolet divergences in the entanglement entropy
* Upper bound on two-point correlation functions

((O\On) — (04)(OB)
[OAll|OB]|

) < 2I(A; B)

[Quantum Pinsker inequality]
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S(A) 5(B)

Mutual information AS
S(A‘B)\J

I(A:B) = S(A) + S(B) - S(AB) What'’s to like?

For an information theorist:
* Zero if and only if state is product
* Quantifies number of bits of noise required to destroy all correlations
.m

liminf — = I(A; B)

I p
} OAB =2 0A QOB
B [Groisman, Popescu, Winter ‘05]

For a field theorist:
* Cancels ultraviolet divergences in the entanglement entropy
* Upper bound on two-point correlation functions

((O.\O/;} — (04)(OB)
10|08

) < 2I(A; B)

[Quantum Pinsker inequality]
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Mutual information and extensivity

S(A) S(8) I3(A; B;C), :=

\IJ;(A;B;C)

5(C)

—S(AB), — S(BC), — S(AC), + S(ABC),
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Mutual information and extensivity

S(A) S(B) I3(A; B;C), := S(A),+ S(B),+ S(C), —
~-S(AB), — S(BC), — S(AC), + S(ABC),

\IJ;(A;B;C)
Identity: I3(A;B;C), = I(4;B),+ I(A;C), - I(A;BC),

5(C)

I; measures extensivity of mutual information
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Mutual information and extensivity

S(A) S(B) I3(A; B;C), := S(A),+ S(B),+S(C),—
—-S(AB), — S(BC), — S(AC), + S(ABC),

\-I;(A;B;C)
Identity: I3(A;B;C), = I(4;B),+I(A;C), - I(A;BC),

5(C)

I; measures extensivity of mutual information

l
p = 5 (/000)(000]apc + [111)(111| apc)
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Mutual information and extensivity

S(A) S(B) Ia(A; B;C), =
—-S(AB), — S(BC), — S(AC), + S(ABC),

\IJ;(A;B;C)
Identity: I3(A;B;C), = I(A;B),+ I(A;C),— I(A;BC)),

5(C)

I; measures extensivity of mutual information

l
p=: (1000)(000| g + [111){111|apc)
I(A;B), = I(A;C), = I(A; BC), =1

Is(A; B, C), =I(A; B), + I(A;C), — I(A; BC), =1>0
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Mutual information and extensivity

S(A) S(B) I3(A; B;C), := S(A),+ S(B),+ S(C), —
—-S(AB), — S(BC), — S(AC), + S(ABC),

\IJ;(A;B;C)
Identity: I3(A; B;C), = I(4;B),+ I(A;C), — I(A;BC),

5(C)

I; measures extensivity of mutual information

l
p = 5 (000)(000|apc + [111)(111]apc)
I(A;B), = 1(A;C), =I(A; BC), =1

Mutua\'\nfo““a I3(A; B;C), = 1(A;B), + I(4;C), — I(A; BC), =1>0

1
m = 7 (1000)(000] apc + [011)(011] ape + [101)(101|ape + |110)(110]45c)
I(A;B) = I(A;C) =0 I(A; BC), =1
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Mutual information and extensivity

S(A) S(B) I3(A; B;C), = S(A),+ S(B),+ S(C),—
—-S(AB), — S(BC), — S(AC), + S(ABC),

\IJ;(A;B;C)
Identity: I3(A; B;C), = I(A;B),+ I(A;C),— I(A; BC),

5(C)

I; measures extensivity of mutual information

|
p = 5 (1000)(000[apc + [111)(111| apc)

I(A;B), = 1(A;C), =I(A; BC), =1

N\utuannforma I3(A; B;C), = I(4;B), + I(A4;C), — I(A;BC), =1>0

1
T -l-(I(ll}n‘;muul,mf' F011)(011| 4 +1401)(101| agc + |110)(110| s 5c)

tion'\SSUPerexte”SiVe I(A: B) = I(A:C) =0
a

I3(A; B;C), = I(A; B), + I(A4;C), — I(A; BC),
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S(A)

Extensivity in field theories

S(B) I3(A; B;C),

\lj(A}B}C)

5(C)

1+1 dim CFT with smallest scaling
dimension A < 1/2

1+1 dim CFT with smallest scaling

dimension A=1/2

1+1 dim massive fermion

2+1 massive theory with topological
order

S(A)p+ S(B)p+ S(C)p —

~S(AB), — S(BC), —

Subextensive
;>0

Extensive
=0

Superextensive
;<0

I, > 0 for small sep
I, < 0 for large sep

Superextensive
;<0

S(AC), + S(ABC),

Free boson on large circle
(A=1/2R?)

Free fermion

Free boson on a small circle

Toric code, Laughlin state,
Moore-Read state
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S(B)
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5(C)
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1+1 dim massive fermion

2+1 massive theory with topological
order
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~S(AB), — S(BC), — S(AC), + S(ABC),

Subextensive
I3>0

Extensive
=0
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;<0
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Extensivity in holographic theories

1

Ryu-Takayanagi proposal: S(A) min(area(vy,))

4GN 7va

Boundary
CFT

Bulk

S(A)p, + S(B),+ 5(C), —
—S(AB), — S(BC), — S(AC), + S(ABC),
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Extensivity in holographic theories

|
min(area(y,4))

Ryu-Takayanagi proposal: = - y
4GN 4

Boundary
CFT

Bulk

1) S(AB)+S(BC)+S(AC) i) S(A)+S(B)+S(C)+S(ABC)

S(A), + S(B), + S(C), —
—S(AB), — S(BC), — S(AC), + S(ABC),
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Extensivity in holographic theories

|
min(area(y,4))

Ryu-Takayanagi proposal: S(A) = e
aGlrN 7A

Boundary
CFT

Bulk

1) S(AB)+S(BC)+S(AC) 1) S(A)+S(B)+S(C)+S(ABC)

S(A), + S(B), + S(C), —
—S(AB), — S(BC), — S(AC), + S(ABC),
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Extensivity in holographic theories

1
min(area(y,4))

Ryu-Takayanagi proposal: S(A) = e ;
4GN 7a

Boundary
CFT

Bulk

1) S(AB)+S(BC)+S(AC) i1) S(A)+S(B)+S(C)+S(ABC)
S(AB), + S(BC), + S(AC),
y', and y’'g need not be minimal surfaces > 5(A), + S(B), + S(C), + S(ABC),

I3(A; B;C), = S(A),+S(B),+ S(C), -
—S(AB), — S(BC), — S(AC), + S(ABC),
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Extensivity in holographic theories

|

Ryu-Takayanagi proposal: S(A) min(area(vy,))

4G N 74

Boundary

n\C
1) S(AB)+S(BC) \,\o\o%‘ap i1) S(A)+S(B)+S(C)+S(ABC)

S(AB), + S(BC), + S(AC),
y', and y’'g need not be minimal surfaces > S(4), + S(B), + S(C), + S(ABC),

I3(A; B;C), = S(A),+S(B),+ S(C), -
~S(AB), — S(BC), — S(AC), + S(ABC),
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Consequences

Implies that the Ryu-Takayanagi formula is consistent with all
known inequalities satisfied by the von Neumann entropy

Gives a check on validity of the conjecture that the formula
really does calculate entanglement entropy

Strong subadditivity:

S(AB) + S(BC) > S(ABC) + S(B)

Superextensivity:
S(AB) + S(BC) > S(ABC)+ S(B) +[S(A) + S(C) — S(AC)]
S(ABC) + S(B) + I(A; C)
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Consequences

Implies that the Ryu-Takayanagi formula is consistent with all
known inequalities satisfied by the von Neumann entropy

Gives a check on validity of the conjecture that the formula
really does calculate entanglement entropy

Strong subadditivity:

S(AB)+ S(BC) > S(ABC) + S(B)

Superextensivity:
S(AB) + S(BC) > S(ABC)+ S(B) + [S(A) + 5(C) — S(AC)]
S(ABC) + S(B) + I(A: C)

>0
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Consequences

Implies that the Ryu-Takayanagi formula is consistent with all
known inequalities satisfied by the von Neumann entropy

I(A; B|C) := S(AC) + S(BC) — S(ABC) — 5(C)
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Consequences

Implies that the Ryu-Takayanagi formula is consistent with all
known inequalities satisfied by the von Neumann entropy

I(A; B|C) := S(AC) + S(BC) — S(ABC) — S(C)

Superextensivity is equivalent to I(A;B|C) 2 I(A;B).

Linden-Winter inequality:

If I(A;C|B) = I(A;B| C) = I(B;C| D) = O then I(C;D) = I(AB;C).
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Consequences

Implies that the Ryu-Takayanagi formula is consistent with all
known inequalities satisfied by the von Neumann entropy

I[(A; B|C) := S(AC) + S(BC) — S(ABC) — S(C)

Superextensivity is equivalent to I(A;B|C) 2 I(A;B).

Linden-Winter inequality:

If I(A;C|B) = I(A;B| C) = I(B;C| D) = O then I(C;D) = I(AB;C).

Superextensivity and the constraint imply 0 = I(B;C|D) 2 I(B;C) =0

I(AB;C) =1(A;C|B)+1(B;C) Chain rule (trivial identity)
=0
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Consequences

Implies that the Ryu-Takayanagi formula is consistent with all
known inequalities satisfied by the von Neumann entropy

I(A: B|C) := S(AC) + S(BC) — S(ABC) — S(C)

Superextensivity is equivalent to I(A;B|C) 2 I(A;B).

Cadney-Linden-Winter inequality:

If I(A; C|B) = I(B;C|A) =0, then

S(X1--- X))+ (n—1)I(AB;C) Z I(A; B|X;)
=] |

for any quantum state and disjoint subsystems {A, B, C, X
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1,(A;B;GD)?

S(A) S(B) I[4(A; B;C; D) =

\E(A;B;C;D)

S(C) S(D)

Pirsa: 12060070 Page 38/53



,(A;B;GD)?

S(A) S(B) I4(A;B;C; D) = (—1)MIs())
JC{A,B,C,D)

\-I;(A;B;C;D)
Naive picture proof of |,(A;B;C;D) < 0 looks ok.

S(C) S(D)
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1,(A;B;C;D)?

S(A) 5(B) I4(A; B;C; D) = Y (-nMisy

JC{A,B,C,D)

\E(A;B;C;D)
Naive picture proof of |,(A;B;C;D) < 0 looks ok.

S(C) S(D)

Counterexample: A=[0,1], B=[1.1,1.2], C=[1.3,1.4], D=[1.5,2.5]
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1,(A;B;G;D)?

S(A) S(B) I4(A; B;C; D) =
JC{A,B,C,D}

‘\\\\\jUM&CD)
Naive picture proof of |,(A;B;C;D) < 0 looks ok.

S(C) S(D)

Counterexample: A=[0,1], B=[1.1,1.2], C=[1.3,1.4], D=[1.5,2.5]

l, is positive
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Revisit proof of I2 <0

Boundary A
(X) \

YA

Bulk
(Y)

1) S(AB)+S(BC)+S(AC) i1) S(A)+S(B)+S(C)+S(ABC)
Break dyvyap into four pieces:

YBC

Pirsa: 12060070 Page 42/53



Revisit proof of I2 <0
¢ Boundary A B C
(X) T N

A / ' (™

Bulk
(Y) YABC

YABC

1) S(AB)+S(BC)+S(AC) i) S(A)+S(B)+S(C)+S(ABC)

Break dyvap into four pieces:
dyvas N (vBc\vaC)
dyyaB N (YBc YU vac)
OyvaB N (vac\1BC)

dyvap\(vac Uvsc)
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Revisit proof of I, < 0

Boundary A B C
(X) \ v, A B |

Bulk
(Y) YABC

YABC

1) S(AB)+S(BC)+S(AC) i) S(A)+S(B)+S(C)+S(ABC)

Break dy~vap into four pieces: YA = YaBNYac\VBC

-~

dyva N (vyBc\vac) YB = 7YaBN7YBCc\YAC

. Yo = 7vYacNyBc\Y:
& ¥aB N (YBc U v4C) ' o BC\VAB

: Yyap Uvsc Uvac
“yaB N (Yac\YBC)

: ";.-u:\(?.-u' Uvsc)

Do the same for dyvpe and dyvyac

Bulk surface broken into 12 pieces
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Revisit proof of I, < 0

C

YABC

1) S(AB)+S(BC)+S(AC)

Break dyvap into four pieces:
Nvap N (YBc\vAC)

vyap N (YBo YU vac)

Boundary

(X)

Bulk
(Y) YABC

i) S(A)+S(B)+S(C)+S(ABC)

ya NYac\YBcC

YaB NYBc\YAC
Yac NYBc\YAB

YaAB UYBc UYaC

4 x 3 pieces

“yaB N (Yac\YBC)

NvaB\(Yac Uvsc)

Do the same for dyvype and dyvyac

Bulk surface broken into 12

Ov¥a = Oyv(vaBNvac\YBC)
(OyvaB Nvac\vBC)
U(vas N Oyyac\YBC)

U(vas Nyac N OyvyBc)

3 pieces
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Monogamy and entanglement

* The more entangled A is with B, the less
entangled A can be with C

) aBc = |®)aB ® |w)¢
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Monogamy and entanglement

* The more entangled A is with B, the less
entangled A can be with C
V) aBc = |P)ap @ |w)e

* Manifested quantitatively by monogamy
relations

One-way entanglement distillation: Ep (4; B) + E}, (A;C) < Ep (A : BC)
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Monogamy and entanglement

* The more entangled A is with B, the less
entangled A can be with C

) aBc = |®)aB ® |w)c

* Manifested quantitatively by monogamy
relations

One-way entanglement distillation: Ep (4: B) + E}, (A;C) < Ep (A : BC)
Squashed entanglement: E,(A;B) + Es(A;C) < Ey(A: BC)

Entanglement of formation: E¢(A;B)+I7(A;C) < S(A)
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Monogamy and entanglement

* The more entangled A is with B, the less
entangled A can be with C

1Y) aBc = |®)aB ® |w)e

* Manifested quantitatively by monogamy
relations

One-way entanglement distillation: Ep (4: B) + E}, (A;C) < Ep (A : BC)
Squashed entanglement: E,(A;B) + E.(A;C) < Ey(A: BC)
Entanglement of formation: E¢(A;B)+I7(A;C) < S(A)

* Compare to holographic mutual information:
I(A; B) + I(A: C) < I(A; BC)

Monogamy suggests mutual information is detecting entanglement
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A conjecture (i.e. open problem)

Squashed entanglement: E,,(A; B) + Es,(A;C) < Ey (A : BC)
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A conjecture (i.e. open problem)

Squashed entanglement: E,,(A; B) + Es,(A;C) < Ey (A : BC)

Definition: minimize conditional mutual information over all extensions of p

: L .
E..(A;B), = = inf{l(A; B|E), |trg cABe = paB}

-
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A conjecture (i.e. open problem)

Squashed entanglement: E,(A;: B) + E(A;C) < Egq(A: BC)

Definition: minimize conditional mutual information over all extensions of p

| L .
E.(A;B), = = inf{l(A; B|E), |trgcaBe = paB}

-

In a holographic theory, if o is a spatial extension, then monogamy of Ml implies
(A; B|E) (A; B)

Boundary
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Pirsa: 12060070

A conjecture (i.e. open problem)

Squashed entanglement: E,(A; B) + Es,(A;C) < Ey (A : BC)

Definition: minimize conditional mutual information over all extensions of p

. Bl .
E.,(A;B), = = inf{l(A; B|E), |trgcaBe = paB}

-

In a holographic theory, if o is a spatial extension, then monogamy of Ml implies
I(A;B|E) > I(A; B)

B
Boundary . 4

(Wildy optimistic) conjecture: In a holographic theory, the infimum in the
definition of E,, can be restricted to spatial extensions

Consequence: E, (A;B) = I(A;B)/2
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