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l—Anti-de Sitter spacetime

Anti-de Sitter spacetime - 1/2

Anti-de Sitter space is a maximally symmetric solution to

u l . f,
S=—— | d%2v/—g¢ +
1(_)7[-(_:' ’ '

which in global coordinates can be expressed as

)
(lH'

9 9
e 9 (1)'_ 9 9
= _r},,;,tl.:'”(l.:'” = — (—, - 1) dt* + — + r=d€7
.'12 + 1]

The Poincaré coordinates

2 = R?(—dr? + dx - dx) +

ds

R?

do not cover the entire spacetime.

—9-
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l—ﬂ\nti-de Sitter spacetime

Anti-de Sitter spacetime - 2/2

Conformally, AdS looks like the interior of a cylinder

@ Poincaré coordinates cover the brown-shaded
region.
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Anti-de Sitter spacetime

Anti-de Sitter spacetime - 2/2

Conformally, AdS looks like the interior of a cylinder

@ Poincaré coordinates cover the brown-shaded
region.

@ T[he instability described in this talk will occur
in global AdS only.
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- The stability problem

The stability problem for spacetimes in general relativity

Consider a spacetime (M, g), together with prescribed boundary
conditions B if timelike boundary exists.

@ Take small perturbations (in a suitable
sense) on a Cauchy surface S.

Does the solution spacetime (M. ¢') that

arises still has the same asymptotic causal
structure as (M., g)?

If so, can we bound the “difference”
between the asymptotic form of ¢ and ¢’ in
terms of initial data defined on S?

In particular, if a geodesically complete spacetime is perturbed, does it
remain “complete’ ?
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L Minkowski, dS and AdS

Minkowski, dS and AdS spacetimes

@ At the linear level, Anti de-Sitter space-time appears just as stable
as the Minkowski or de-Sitter spacetimes.
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L Minkowski, dS and AdS

Minkowski, dS and AdS spacetimes

@ At the linear level, Anti de-Sitter space-time appears just as stable
as the Minkowski or de-Sitter spacetimes.

@ For the Minkowski and de-Sitter spacetimes, it has been shown that

small, but finite, perturbations remain small - D. Christodoulou and
S. Klainerman ‘93 and Friedrich ‘86.

@ Why has this not been shown for Anti de-Sitter?

o It is just not true!

Generic small (but finite) perturbations of AdS become large and
eventually form black holes.
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Folklore

Folklore

@ Doesn't this claim contradict the fact that Anti de-Sitter is
supersymmetric?
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L

Folklore

Folklore

@ Doesn't this claim contradict the fact that Anti de-Sitter is
supersymmetric?

@ Doesn't this contradict the fact that there is a positivity of energy
theorem for Anti de-Sitter?

@ Positivity energy theorem: if matter satisfies the dominant energy
condition, then £ > 0 for all nonsingular, asymptotically AdS initial
data, being zero for AdS only.

Pirsa: 12060022 Page 10/47



Lravitationdl urouient instaoiity or Aao

j

Folklore

Folklore

@ Doesn't this claim contradict the fact that Anti de-Sitter is
supersymmetric?

@ Doesn't this contradict the fact that there is a positivity of energy
theorem for Anti de-Sitter?

@ Positivity energy theorem: if matter satisfies the dominant energy
condition, then £ > 0 for all nonsingular, asymptotically AdS initial
data, being zero for AdS only.
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Folklore

Folklore

@ Doesn't this claim contradict the fact that Anti de-Sitter is
supersymmetric?

@ Doesn't this contradict the fact that there is a positivity of energy
theorem for Anti de-Sitter?

@ Positivity energy theorem: if matter satisfies the dominant energy
condition, then £ > 0 for all nonsingular, asymptotically AdS initial
data, being zero for AdS only.

e This ensures that AdS cannot decay.

e It does not ensure that a small amount of
energy added to AdS will not generically
form a small black hole.

e That is usually ruled out by arguing that
waves disperse. This does not happen in
AdS.
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Folklore

Folklore

@ Doesn't this claim contradict the fact that Anti de-Sitter is
supersymmetric?

@ Doesn't this contradict the fact that there is a positivity of energy
theorem for Anti de-Sitter?

@ Positivity energy theorem: if matter satisfies the dominant energy
condition, then £ > 0 for all nonsingular, asymptotically AdS initial
data, being zero for AdS only.

e This ensures that AdS cannot decay.

e It does not ensure that a small amount of
energy added to AdS will not generically
form a small black hole.

e That is usually ruled out by arguing that
waves disperse. This does not happen in
AdS.
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Heuristics

Why is AdS unstable?

@ AdS acts like a confining finite box. Any generic finite excitation
which is added to this box might be expected to explore all
configurations consistent with the conserved charges of AdS -
including small black holes.

@ Special (fine tuned) solutions need not lead to the formation of
black holes.

o We will see that for some linearized gravitational mode there
will be a corresponding nonlinear solution - geon.
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je=

Heuristics

Why is AdS unstable?

@ AdS acts like a confining finite box. Any generic finite excitation
which is added to this box might be expected to explore all
configurations consistent with the conserved charges of AdS -
including small black holes.

@ Special (fine tuned) solutions need not lead to the formation of
black holes.
o We will see that for some linearized gravitational mode there
will be a corresponding nonlinear solution - geon.
o These solutions are special since they are exactly periodic in
time and invariant under a single continuous symmetry.
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Heuristics

Why is AdS unstable?

@ AdS acts like a confining finite box. Any generic finite excitation
which is added to this box might be expected to explore all
configurations consistent with the conserved charges of AdS -
including small black holes.

@ Special (fine tuned) solutions need not lead to the formation of
black holes.
o We will see that for some linearized gravitational mode there
will be a corresponding nonlinear solution - geon.
o These solutions are special since they are exactly periodic in
time and invariant under a single continuous symmetry.
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Perturbative construction

Perturbative construction - 1/2

@ Expand the metric as
g = (}—+— Zrih{”.

@ At each order in perturbation theory, the Einstein equations vyield:

(i) _ (i)

ab — Tab

;\‘[’I}
where T") depends on {hV==1)} and their derivatives and

ZAL/ffi'J] = —7"/15,',3 - 2_[_:’”",}"/)f‘:,) —V, Vi h't) +

@ Any smooth symmetric two-tensor can be expressed as a sum of
fundamental building blocks, 7./, that have definite transformation
properties under the SO(d — 1) subgroup of AdS.
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Perturbative construction

Perturbative construction - 1/2

@ Expand the metric as
g = (} - Z { ih{”.

@ At each order in perturbation theory, the Einstein equations vyield:

(i) _ (i)

ab — Tab

-;\Lh
where T") depends on {hU==1)} and their derivatives and

2Aphyy) = =V2hy = 2R,y — VaViehD + 2V Voh,).
@ Any smooth symmetric two-tensor can be expressed as a sum of
fundamental building blocks, T}, that have definite transformation
properties under the SO(d — 1) subgroup of AdS.
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Perturbative construction

Perturbative construction - 1/2

@ Expand the metric as
g = (}—+— Zfi/!{i).

@ At each order in perturbation theory, the Einstein equations vyield:

(i) _ (i)

ab — Tab

-;\Lh
where T") depends on {h='=11} and their derivatives and

2ALh,y = =V2hy — 2R, ey — Vo Vb + 2V, Voh,)).
@ Any smooth symmetric two-tensor can be expressed as a sum of
fundamental building blocks, T}, that have definite transformation
properties under the SO(d — 1) subgroup of AdS.
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Perturbative construction

Perturbative construction - 2/2

@ For concreteness, set «/ [. Perturbations come in three classes:

e Scalar-type perturbations: perturbations are constructed from
spherical harmonics on 5% - Yy,,,.

e Vector-type perturbations: perturbations are constructed from vector
harmonics on S? - these are *xg2VYem.

e T[ensor-type perturbations: only exist in d > 5.
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Perturbative construction

Perturbative construction - 2/2

@ For concreteness, set «/ [. Perturbations come in three classes:

e Scalar-type perturbations: perturbations are constructed from
spherical harmonics on 5% - Yy,,.

e Vector-type perturbations: perturbations are constructed from vector
harmonics on S? - these are *xg2 VY em.

e T[ensor-type perturbations: only exist in d > 5.

@ We go beyond linear order: need real representation for Yy,, -
Y¢ =cos¢Lr(f) and Y5 =sino L (6).

fm
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L Linear Perturbations

Linear Perturbations

@ At the linear level (i = 1) we can further decompose our
perturbations as

O (¢, r) ' (1) cos(wet) + B () sin(wet).

tm tm

@ Because AdS acts like a confining box, only certain frequencies are
allowed to propagate

2

wrL? = (1+ ¢+ 2p)

where p is the radial overtone. These are the so-called normal modes
of AdS. The fact that w?L? > 0 means that AdS is linearly stable.

o For simplicity, we will take p = 0, in which case one finds

(
pl+1

‘l)il.(I).H(’,) — ‘._lf\.[l}.h' T

(r2 4+ L2)2

fl.( ] ).h'

where A is a normalization constant.
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General Structure

General Structure

Start with a given perturbation &) """ (1), and determine the

corresponding /1," (t.7.0.¢) through a linear differential map.

Compute /L,’ ") and decompose it as a sum of the building blocks

TEm
7:;!: .

e (141
Compute source term 7,

) 4 . v (2+41)
(t.r), and determine &, " " (t.r).

v, (14

It 7,

| ) . .
(£, r) has an harmonic time dependence cos(wt), then
o, (i+1)

Pl (t.r) will exhibit the same dependence, EXCEPT when w
agrees with one of the normal frequencies of AdS:

¢

a,(i41).s

tm

(I)rt‘(i_i—l )

m

(Z,r) = tl)”'["+”"'(!‘) cos(wt) + P

fm

(r)t sin(wt).

This mode is said to be resonant.
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General Structure

General Structure

Start with a given perturbation &) """ (1), and determine the

corresponding /1," (t.r.0.¢) through a linear differential map.

Compute /‘J,’ ") and decompose it as a sum of the building blocks

T
Jap"-

ey (141
Compute source term 7,

(t.r), and determine &, "7 (1. ).

v, (14

It 7,

| ) . ,
(£, r) has an harmonic time dependence cos(wt), then
a,(24+1)

pd (t.r) will exhibit the same dependence, EXCEPT when w
agrees with one of the normal frequencies of AdS:

o

o (i41),s

tm

(I)"‘(f'+| )(f }_) _ (I)rl.[f‘i-”.r'(!‘)

fm tm

cos(wt) + P (r)t sin(wt).

This mode is said to be resonant.

B If for a given perturbation one can construct (l)’,‘,"f'} to any order,
without ever introducing a term growing linearly in time, the
solution is said to be stable and is unstable otherwise.
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L Examples

Geons

Start with a single mode ¢ = m = 2 initial data.
At second order there are no resonant modes and the solution can
be rendered regular everywhere.
At third order there is a resonant mode, but one can set the
amplitude of the growing mode to zero by changing the frequency
slightly

g 14703 5

17920

The structure of the equations indicate that there is only one
resonant term at each odd order, and that the amplitude of the
growing mode can be set to zero by correcting the frequency.
One can compute the asymptotic charges to fourth order, and they

readily obey to the first order of thermodynamics:

o3y (4901, 3 (,_ 4901,
DY) 7560mL2 ) P T 37807mL2 )

where we defined ¢ by .J, = 2-7 L2,
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L Examples

Colliding Geons - 1/2

@ Start with a linear combination of ( = 1 = 2 and / = [,

o Alike the single mode initial data, at second order there are no

resonant modes and the solution can be rendered regular everywhere.

@ At third order, there are four resonant modes:

o The amplitude of the growing modes in two of the resonant
modes can be removed by adjusting the frequency of the initial
data (wy L = 3 and wy L = 5) just like we did for the single
mode initial data.
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L Examples

Colliding Geons - 1/2

@ Start with a linear combination of = 11 = 2 and / = [,

@ Alike the single mode initial data, at second order there are no
resonant modes and the solution can be rendered regular everywhere.

@ At third order, there are four resonant modes:

o The amplitude of the growing modes in two of the resonant
modes can be removed by adjusting the frequency of the initial
data (wy L = 3 and wy L = 5) just like we did for the single
mode initial data.

The amplitude of the growing mode of smallest frequency is
automatically zero.

The amplitude of the growing mode with the largest frequency
cannot be set to zero (WL =7, ¢ =m = 6)!
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L Examples

Colliding Geons - 1/2

@ Start with a linear combination of = 1 = 2 and ( = [

@ Alike the single mode initial data, at second order there are no
resonant modes and the solution can be rendered regular everywhere.

@ At third order, there are four resonant modes:

o The amplitude of the growing modes in two of the resonant
modes can be removed by adjusting the frequency of the initial
data (wg L = 3 and w4y L = 5) just like we did for the single
mode initial data.

The amplitude of the growing mode of smallest frequency is
automatically zero.

The amplitude of the growing mode with the largest frequency
cannot be set to zero (WL =7, ¢ =m = 6)!

[ AdS is nonlinearly unstable! ]
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L Examples

Colliding Geons - 2/2

@ The frequency of the growing mode is higher than any of the
frequencies we started with!

@ The “energy’ is transferred to modes of higher frequency.

@ Expect this to continue. When the wL =7, ¢ = m = 6 mode grows,
it will source even higher frequency modes with growing amplitude.
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L Examples

Colliding Geons - 2/2

@ The frequency of the growing mode is higher than any of the
frequencies we started with!

@ The “energy’ is transferred to modes of higher frequency.

@ Expect this to continue. When the wlL =7, ¢{ = m = 6 mode grows,
it will source even higher frequency modes with growing amplitude.

Possibility |:

The endpoint is a rotating black hole.
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L Examples

Colliding Geons - 2/2

@ The frequency of the growing mode is higher than any of the
frequencies we started with!

@ The “energy’ is transferred to modes of higher frequency.

@ Expect this to continue. When the wL =7, ¢ = m = 6 mode grows,
it will source even higher frequency modes with growing amplitude.

Possibility |I:

Possibility | relies on the stability of the Kerr-AdS black hole!
However, all black holes in gobal AdS might turn out to be
nonlinearly unstable...
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l—Are all global AdS black holes unstable?

A tale of two timescales: 1/3

@ Let us estimate the timescale for the breakdown of perturbation
theory in the pure AdS setup:

e This occurs when the third order term that grows Immrly in
time is of the same size as the first order terms: 7 ~ ¢
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l—ﬁkre all global AdS black holes unstable?

A tale of two timescales: 1/3

@ Let us estimate the timescale for the breakdown of perturbation
theory in the pure AdS setu

o This occurs when the third order term that grows Immrly in
time is of the same size as the first order terms: 7 ~ ¢

e This matches the scaling found by Bizon and Rostworowski for
the time it takes to form a black hole.

@ We have to compare this timescale, to the time it takes for a black
hole to absorb a field of amplitude

e [he standard lore is that this behavior is exponential in time:
quasinormal modes.

o However, this is a rather crude and incomplete answer.
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l—Are all global AdS black holes unstable?

A tale of two timescales: 2/3

@ Consider a minimally coupled scalar field ¢ in the background of a

Schwarzschild-AdS black hole.
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l—Are all global AdS black holes unstable?

A tale of two timescales: 2/3

@ Consider a minimally coupled scalar field ¢ in the background of a

Schwarzschild-AdS black hole.

@ Due to R, x SO(3) symmetry of the background geometry we can
decompose P as:

(-'(f- r. H-(‘)) - Z (—i.d,. e (‘|!1.f.!i!(!‘)Y(.!IJ(H'{.))'

n.t.m

@ Quasinormal modes calculations, in the large ¢ limit, find that

=l = [m(w,, ¢, ) o< Exp(—¢).
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l—Are all global AdS black holes unstable?

A tale of two timescales: 3/3

We have confirmed these estimates numerically.

Adding rotation only makes it worse: we studied generic
perturbations around Kerr-AdS as well.

It seems that the turbulent instability might have time to develop in
the DOC of the Schwarzschild-AdS black hole!

Furthermore, approximate resonances exist for large ¢: in the WKB
approximation Re(w,, ¢, ) = w95 + O(f‘ri-f ).

ntm
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l—/\re all global AdS black holes unstable?

A tale of two timescales: 3/3

We have confirmed these estimates numerically.

Adding rotation only makes it worse: we studied generic
perturbations around Kerr-AdS as well.

It seems that the turbulent instability might have time to develop in
the DOC of the Schwarzschild-AdS black hole!

Furthermore, approximate resonances exist for large ¢: in the WKB
approximation Re(w,, ¢, ) = w95 + O(f‘di:; ).

ntm

What is the endpoint?:

Start with a generic perturbation about Schwarzschild-AdS.
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l'—/\re all global AdS black holes unstable?

A tale of two timescales: 3/3

We have confirmed these estimates numerically.

Adding rotation only makes it worse: we studied generic
perturbations around Kerr-AdS as well.

It seems that the turbulent instability might have time to develop in
the DOC of the Schwarzschild-AdS black hole!

Furthermore, approximate resonances exist for large ¢: in the WKB
approximation Re(w,, ¢, ) = w95 + O(f‘tz%g).

ntm

What is the endpoint?:

Start with a generic perturbation about Schwarzschild-AdS.
This perturbation will likely form a new small black hole far
away from the central black hole you started with.

The new black hole, coined black planet, will merge with the
central black hole, and as it does so it radiates.

B The radiation gets trapped at infinity: go to H.
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L String Theory Embedding & Field theory implications

What happens in String Theory?

Consider |IB string theory on AdS; x S”, with AdS length scale L.

There are two energy scales: the Planck energy and the energy
< E,.

Possibilities:

@ If the initial energy is larger than £ > \) one forms a 5D AdS
black hole.

o If the initial energy is E..,.. < E < Y= one forms a 10D black hole.

Here, E.,,, is the energy of a black hole of the string scale size.
@ If the initial energy is £, < K < E.,,, one forms an excited string.

o If £ < E, the cascades stops at frequencies w = E', and one gets a
gas of particles in AdS.
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L String Theory Embedding & Field theory implications

Field theory implications:

@ The fact that one evolves to a state of maximum entropy can be
viewed as thermalization in the microcanonical.
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L String Theory Embedding & Field theory implications

Field theory implications:

@ The fact that one evolves to a state of maximum entropy can be
viewed as thermalization in the microcanonical.
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L String Theory Embedding & Field theory implications

Field theory implications:

@ The fact that one evolves to a state of maximum entropy can be
viewed as thermalization in the microcanonical.
@ All theories with a gravity dual will show this cascade of energy like

the onset of turbulence.
@ Perhaps more intriguing, from the CF T perspective, is the existence

of Geons: these high energy states do NOT thermalize.
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L String Theory Embedding & Field theory implications

Field theory implications:

The fact that one evolves to a state of maximum entropy can be
viewed as thermalization in the microcanonical.

All theories with a gravity dual will show this cascade of energy like
the onset of turbulence.

Perhaps more intriguing, from the CF T perspective, is the existence
of Geons: these high energy states do NOT thermalize.

The boundary stress-tensor contains regions of negative and positive
energy density around the equator:

b
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L String Theory Embedding & Field theory implications

Field theory implications:

The fact that one evolves to a state of maximum entropy can be
viewed as thermalization in the microcanonical.

All theories with a gravity dual will show this cascade of energy like
the onset of turbulence.

Perhaps more intriguing, from the CFT perspective, is the existence
of Geons: these high energy states do NOT thermalize.

The boundary stress-tensor contains regions of negative and positive
energy density around the equator:

o)
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L String Theory Embedding & Field theory implications

Field theory implications:

The fact that one evolves to a state of maximum entropy can be
viewed as thermalization in the microcanonical.

All theories with a gravity dual will show this cascade of energy like
the onset of turbulence.

Perhaps more intriguing, from the CFT perspective, is the existence
of Geons: these high energy states do NOT thermalize.

The boundary stress-tensor contains regions of negative and positive
energy density around the equator:

o)

e It is invariant under

() O 0
K=l 22
ot m o

which is timelike near the poles
but spacelike near the equator.
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Conclusions & Open questions

Conclusions & Open questions

Conclusions:

@ Anti-de Sitter spacetime is nonlinearly unstable: generic small
perturbations become large and (probably) form black holes.

@ For some linearized gravity mode, there is an exact, nonsingular
geon.

@ Dual field theory shows generic turbulent cascade to maximum
entropy state but there are special states (geons) that do not
thermalize

Open questions:

@ Prove a singularity theorem for anti-de Sitter.
@ Understand the space of CFT states that do not thermalize.

@ Find the endpoint (if any) of time evolution of the anti-de Sitter
turbulent instability!
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