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Abstract: | will describe a new numerical effort to solve Einstein gravity in 5-dimensional asymptotically Anti de Sitter spacetimes (AdS). The
motivation is the gauge/gravity duality of string theory, with application to scenarios that on the gravity side are described by dynamical,
strong-field solutions. For example, it has been argued that certain properties of the quark-gluon plasma formed in heavy-ion collisions can be
modeled by a conformal field theory, with the dual description on the gravity side provided by the collision of black holes. As afirst step towards
modeling such more general phenomena, we initially focus on spacetimes with SO(3) symmetry in the bulk; i.e., axisymmetric gravity, dual to states
with spherical or special conformal symmetry on the boundary. For a first application we study quasi-normal ringdown of highly deformed black
holes in the bulk. Even though the initial states are far from equilibrium, the boundary state is remarkably well described as a hydrodynamic flow
from early times. The code is based on the generalized harmonic formulation of the field equations, and though this method has been shown to work
well in many asymptotically flat scenarios, there are unique challenges that arise in obtaining regular, stable solutions in asymptotically AdS
spacetimes. | will describe these challenges, and the way we have addressed them.
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QOutline

¢ Motivation

e (Generalized harmonic (GH) evolution in

asymptotically AdS (AAdS) spacetimes
(work with Hans Bantilan & Steve Gubser)

— basics of the GH approach

— first step: 5D AAdS spacetime with SO(3) symmetry and
massless scalar field with “non-deforming” boundary fall-off

— early results: the non-linear phase of quasi-normal ringdown
of black holes, and corresponding boundary dynamics

e Conclusion and future work
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Motivation

e General motivation

— explore the gravity side of the AdS/CFT correspondence
in the limit where Einstein gravity is a good
approximation to the bulk theory

— use numerical methods to be able to study non-trivial
bulk dynamics

e (Initial) primary goal

— find spacetimes geometries dual to models of quark-
gluon plasmas formed in heavy ion collisions
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5D AdS spacetime

e Global AdS in spherical-polar type coordinates
2 o) =]
ds* = _(1 s ,%: )dr' . (1+ f"/L:) dr + r*(dy? +sin® ydQ2

we would like to solve the field
equations in spacetimes with the
same asymptotic structure, and in
global coordinates

e can tackle a more general class
of problems than a code
designed to evolve on a
Poincare wedge, and for
applications on the Poincare
patch we can always map a
desired segment of the global
solution to it via a conformal
transformation
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5D AdS spacetime

e Global AdS in spherical-polar type coordinates
ey £y ‘_l
ds” = —(1 + ’%: )dr' + (l + "'/Lg) dr™ + r'(d;(' +sin” ydC);

we would like to solve the field
equations in spacetimes with the
same asymptotic structure, and in
global coordinates

» can tackle a more general class
of problems than a code
designed to evolve on a
Poincare wedge, and for
applications on the Poincare
patch we can always map a
desired segment of the global
solution to it via a conformal
transformation
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Generalized harmonic evolution of AAdS spacetimes

* We want to solve Einstein’s equations with a scalar field matter
source and cosmological constant A=-6/L-,

| .
Rtl‘['? - ; R lgtifﬂ + A(gr,.‘f,{i’ — 8” 7:1’!:’

o, 57g- 20

| .
T:.:c/i’ = Vrr¢ V/'J’ . g-rxj‘f[;V' ¢V¢ + 4 (¢) ]

22 (2005)], with constraint damping /Gundlach et al., CQG 22
(2005)]

— The specific spacetimes we will look at here are initiall?/ time-symmetric,
a><isymmetricF high density concentrations of scalar field energy that

immediately form distorted black holes that ring down to AdS
Schwarzchild black holes

usi[? the GH harmonic scheme /Garfinkle, PRD 65 (2002), FP CQG
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Generalized harmonic evolution of AAdS spacetimes

o Specifically, the Einstein equations in GH form are a set of coupled,
gausi-linear hyperbolic PDEs, one for each metric element

L - | |
Yo Yo . Y 10 T0
B ;g Eapys — 8 (a8psy — ro';‘fl—;f{.r = Hn: a.f) + Hn‘l—:_rp'

| _ e 2 1
= h‘(‘?”?l f,l’( ‘ﬂ) — (l + [))gwﬁl?; (‘, ) - E Ag(ifﬁ + 8”[7:1’[; = :grrﬂTj
=

USSR (' = H“ —VV x" =0; n, =

/%,,is the metric connect, x and P are constraint damping
parameters, and « is the lapse function

Because of the singular nature of the AAdS boundary, we cannot
directly discretize these equations using the metric g, and source
functions /7,

-~ To describe the regularization, we first need to fix (in part) the gauge
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Reqgular variables at the AAdS Boundaries

» Third, given the desired fall-off, factor out appropriate powers of ¢
so that we can place a simple Dirichlet boundary condition there on
the leading order components /Garfinkle & Duncan, PRD 63 (2001)]
; putting all this together (with similar factoring for axis/origin

regularity):

- (AdS)
((‘I,fr = (g:fr + q( I' + p)c"n‘.’

h,rp q (l+p) :.‘sr,u
2, =q(1+ )8,

({r/)

¢gpp = ‘ﬁpp + (/( l + p)("’ pare)

=q*(1+p)’g o

(A4dS)

8w =8, 7T q(l+p)§'ﬁ

g
(AdS)

+CJ(1+P)(P sin” /)hw

H EHl.-{JH)_i_qR(l_I_p) [7

H,=HY" +¢*(1+p)H,

— AdS) : :
H;.,=H;_,4 +q°(1+ p) H)_,
=q¢'(1+p)®

e we evolve the barred
variables, and each one
of them variables satisfies
a Dirichlet condition at

p=1
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Generalized harmonic evolution of AAdS spacetimes

o Specifically, the Einstein equations in GH form are a set of coupled,
gausi-linear hyperbolic PDEs, one for each metric element

— Yo Yo . Y 170 (&)
B ;g Bapys — 8 (a8psy — ]'—‘o'ﬂr:’rr = Hf. a.f) + Hn‘l_:_rﬂ

| . 2 I
- K(2Ht. Lp—(1+P)g,nC, ) = - Ag,p + 87:[7“0_,!, = ger]

ALCCN (= H“ —V“V x"=0, n,=-ad,t

/%,,is the metric connect, x and P are constraint damping
parameters, and « is the lapse function

Because of the singular nature of the AAdS boundary, we cannot
directly discretize these equations using the metric g, and source
functions 77,

-~ To describe the regularization, we first need to fix (in part) the gauge
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Reqgular variables at the AAdS Boundaries

e Third, given the desired fall-off, factor out appropriate powers of ¢
so that we can place a simple Dirichlet boundary condition there on
the leading order components /Garfinkle & Duncan, PRD 63 (2001)]
; putting all this together (with similar factoring for axis/origin

regularity):

J(f\
g =g,  +q(l+p)F,

8,=9 (l+p) B
., =q(1+p)g,,

g, =8u"" +q(1+p)g,,
=q- (l+p) g

(AdS)

81 =8u +Cj(l+P)(~,//

( {f/\ )

+q(l+p)(P Sh /)hw

H =H"" +¢(1+p)'H,

H,=H”+¢’(1+p)H,

H/__,EH;”“+q‘(l+pﬂHz
=q¢'(1+p)®

e we evolve the barred
variables, and each one
of them variables satisfies
a Dirichlet condition at

p=1

Page 10/32



Pirsa: 12060014

Reqgular variables at the AAdS Boundaries

e Third, given the desired fall-off, factor out appropriate powers of ¢
so that we can place a simple Dirichlet boundary condition there on
the leading order components /Garfinkle & Duncan, PRD 63 (2001)]
; putting all this together (with similar factoring for axis/origin

regularity):

o = O_(.-J{fh]

St Ot +q(l+p)hrr
h,rp q (l+p) :.‘sr,u

(AdS)
gp.‘) = g)f_)
Ecj (l+p) ('5,()/

(A4dS)

8 =8y +€j(l+/3)(~.,//

+q(l+ p)g,,

+q(l+p)(P sin” /)ew

H EHl.-MS)_i_q.’%(l_l_p) [7

H,=H;"”+¢°(1+p)H,

— AdS ; :
H/_.,=H‘_/J ' ro’(l+p) H/_
=¢'(1+p)®

e we evolve the barred
variables, and each one
of them variables satisfies
a Dirichlet condition at

p=1
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Asymptotic choice of gauge

* Fourth, we need to choose a gauge that is consistent with the
desired asymptotics and the particular coordinate form we are
expressing it in

- i.e., it turns out we are not free to choose the asymptotic form of
the regularized source functions if the evolution is to preserve the
desired asymptotic form of the metric

guided by the asymptotic form of the field equations, and
some trial and error, we have found the following choice to
lead to regular solutions :

* Note again this is not purely the constraint or evolution equations
implying that only a subset of source functions with the requisite fall-off
maintain the desired fall-off for the metric during evolution
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Brief overview of code

Discretize equations in base second order in space and time
from

Standard, second order accurate finite differences (requires 3
time levels)

Apparent horizon found via flow method, and used as basis for
excision

Kreiss-Oliger style numerical dissipation

Berger & Oliger style AMR, multigrid (for initial data) and
parallel support through PAMR/A RD libraries
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Initial Data

* Solve the constraints using ADM-based York-Lichnerowitz conformal
decomposition

» For this study, restrict to time-symmetric initial data; momentum constraints
trivially satisfied, solve the Hamiltonian constraint for a spatial metric that is
conformal to pure AdS

e Non trivial initial curvature sourced by the scalar field; interestingly, for a
scalar field profile with characteristic width of order the AdS length scale Z,
can specify arbitrary strong initial data; i.e. trapped surfaces of arbitrarily

large radius present

open circles, mass at o
closed circles, mass from AH when
L=1, spherically symmetric ID, width ~ L present at t=0
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Initial Data

* Solve the constraints using ADM-based York-Lichnerowitz conformal
decomposition

» For this study, restrict to time-symmetric initial data; momentum constraints
trivially satisfied, solve the Hamiltonian constraint for a spatial metric that is
conformal to pure AdS

e Non trivial initial curvature sourced by the scalar field; interestingly, for a
scalar field profile with characteristic width of order the AdS length scale Z,
can specify arbitrary strong initial data; i.e. trapped surfaces of arbitrarily
large radius present .

open circles, mass at oo

G closed circles, mass from AH when

L=1, spherically symmetric ID, width ~ L present at t=0
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Quasi-normal modes of AAdS Black Holes

e Gravitational and scalar field perturbations of 5D AdS-
Schwarzschild black holes exhibit quasi-normal (QN)
decay [Horowitz & Hubeny PRD 62 (2000); Review: Berti,
Cardoso & Starinets CQG 26 (2009)

— in general for the metric there are scalar, vector & tensor modes;
here due to axisymmetry only scalar modes can be excited

decompose scalar perturbation into scalar spherical harmonics on
S, Sun(7.0.9) ; again due to symmetry only k£0; [-=m—0.

A given QN mode can then schematically be written as

= 1f

.f;\'hn (r“ p" Z“ 9“ q)) = Akhn ( p )'Skhn( Z" 6“ (f))(f
=0, +ti0,
the decay time (imaginary mode) is of most interest to heavy ion

collisions <> thermalization/equilibration time scale of boundary
state

Pirsa: 12060014 Page 16/32




Pirsa: 12060014

Quasi-normal modes of AAdS Black Holes

e form a distorted BH via _P’m;zx_p’ sin” 7
asymmetric scalar field collapse 5( p.x.t=0)=A4de

zscale=6.667e-02

[0.000,1 000], (-1 000,1 000

00 02 04
1

3

0.00e+00 3.00e+00

ry=5.0; k=0
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Quasi-normal modes of AAdS Black Holes

o form a distorted BH via
asymmetric scalar field collapse

ry=35.0; k=0
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Quasi-normal modes of AAdS Black Holes

o form a distorted BH via ey pvey
asymmetric scalar field collapse D(p, y,t=0)=Ade Wy

zscale=4.553¢-05

[0.000,1 000), (-1 000,1 000]

2

-142e-05 4.39%+03
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Quasi-normal modes of AAdS Black Holes

» To give some idea of how “non-linear” we are, below is the ratio of
equatorial to polar circumference of AH for increasing asymmetric ID

- == w}.fw,: 1.1

Wy/wy=4

- oo WyfWe=32

» (Can describe asymptotic behavior of fields as a superposition of linear QN
modes, plus what appears to be a gauge mode (a purely decaying
exponential); the non-linearity manifests in higher k-number modes through
the appearance of harmonics of the lower k-modes
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Boundary stress energy

e The AdS/CFT dictionary says

(r,)  =lim—{(T, 1)

([—H) (]-

where @7 is the Brown-York quasi-local stress energy tensor
associated with a g=const. surface (with intrinsic metric 2, extrinsic
curvature K, and intrinsic Einstein tensor G,,)

uvrl

[q)Tm- = L “j)Km' _((q]K_ijZ“r-i_(q)(;“" £
. Q7 ' i A 2

—

and we have subtracted off the AdS Casimir term (arising due to the
chosen S? topology)
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Boundary stress energy :

/.7;’;", )‘H 50 '))r'._,..-", r” 50

To compare, The AdS-Schwarzschild solution describes a thermal state
on S3 with (L=1):
L4
ab ;ff'diag[3.l.sin3 7.sin’ ¥ sin’ (—)]

T
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Boundary stress energy : w,/w

X

< T r=50 <

XX

Frr 50

To compare, The AdS-Schwarzschild solution describes a thermal state
on S3 with (L=1):
4
™ %'diag[S.l. sin’ 7.sin” ysin’ H]

T
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Hydrodynamics of the boundary SET

e Correspondence suggests if the bulk is dual to a thermal state on
the boundary, the boundary SET should behave like a .»=4 SYM
conformal fluid

where up to 2"d order in a derivative expansion of the fluid
velocity

ew,u, +F 1L,

= —27) [_Tn u’\D,\opu + Tw (wp’\O'Au == w,,’\a)m)]

L
l# o,c:d

A :
+£a Ou Oxy — "Oapg ‘+‘£C‘Cpau5u0u'j

3
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Boundary Hydrodynamics : extracted velocities
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Hydrodynamics of the boundary SET

e Correspondence suggests if the bulk is dual to a thermal state on
the boundary, the boundary SET should behave like a .»—=4 SYM
conformal fluid

where up to 2"d order in a derivative expansion of the fluid
velocity

ew e, + P 1L,

= —27 [—T,ruAD,\om, + 10 (wu’\JAu -+ w,,’\a)m)]

8 : !
pny A8 :
.—JQ‘ Tap + EC‘C;muBua 'Uf'd

A
+£a Oy Oxy —
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Boundary Hydrodynamics : consistency with a SYM
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Hydrodynamics of the boundary SET

e with equation of state and transport coefficients given by

with energy density ¢, pressure P, fluid 4-velocity v% shear
tensor o,,, Weyl curvature tensor C,_,,, temperature 7, number
of fields Nec (relate to ), shear viscost n, stress relaxation
timez,, shear vorticity coupling z,, shear-shear coupling &, and
Weyl curvature coupling &..
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Hydrodynamics of the boundary SET

e Correspondence suggests if the bulk is dual to a thermal state on
the boundary, the boundary SET should behave like a .»=4 SYM
conformal fluid

where up to 2"d order in a derivative expansion of the fluid
velocity

e, + P L,

= —27 [—T,ruA'D,\ow, + Tw (Ldp/\JAu + w,,’\a)m)]

E .
w _af .
.—O’Q‘ J(’td _+_ &‘(?C}‘(‘uﬁ.uﬂ 'U;’d

+£a UpAo',\u =
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Connecting to QGP flows

& T) 2y i o7 ) J | ’)
« The simulations were lemperature, W)W, 32
performed in global
coordinates; to relate to
hydrodynamlcs in
Minkowski spacetime we
need to extract a Poincare
patch of the boundary

— some freedom in terms of
which patch to use and the
conformal transformation
from S°xR to R3*! : use a
transformation by Gubser
[PRD82, 2010] des ned to
capture deviations fr
translational i mvarlance
orthogonal to the collision
axis in the Bjorken flow
picture

time-symmetric conditions (t,X,y,Z)
suggest t=0 is a decent
approximation to the
“moment of collision”
(though we're starting with
a thermal state)
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Conclusions

e Future extensions/applications

— connect simulation results to QGP experiments by some post-
process description of particle production (e.g. Cooper-Frye)

e based on this tune gravity initial conditions to best model experiments

relax symmetries and initial data to model non-central
collisions, and possibly a pre-thermalization stage of the
collision (soliton collisions?)

adding various matter fields, including those corresponding
to operator insertions in the CFT and hence “deformed” AdS
asymptotics

theoretical questions : how far can the gravity/fluid duality be
plushed — turbulence?; “instability” of AdS in the sense of Bizon et
al., etc.
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Conclusions

e Future extensions/applications

— connect simulation results to QGP experiments by some post-
process description of particle production (e.g. Cooper-Frye)

e based on this tune gravity initial conditions to best model experiments

relax symmetries and initial data to model non-central
collisions, and possibly a pre-thermalization stage of the
collision (soliton collisions?)

adding various matter fields, including those corresponding
to operator insertions in the CFT and hence “deformed” AdS
asymptotics

theoretical questions : how far can the gravity/ﬂuid duality be

pushed — turbulence?; “instability” of AdS in the sense of Bizon et

al., etc.
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