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Abstract: New techniques for obtaining the complete set of analytic solutions of the usual cosmological equations continue to shed new |i
various aspects of cosmology. This approach, which was developed with a locally Weyl invariant formulation of gravity in 3+1 dimensions
inspired by the 2T-physics formulation of all physics in 4+2 dimensions. | will first give a review of the general aspects of the analytic cosmoilc
solutions, including recent work with Shi-Hung Chen, Paul Steinhardt and Neil Turok, on geodesic completeness through the singularity a
nature of the Big Crunch/Big Bang transition. Then | will include the full Standard Model, and discuss how the instability of the Higgs potentia
the conditions for the electroweak phase transition develop slowly during cosmological evolution of the universe, thus understanding tr
electroweak phase transition is not "spontaneous" and the Standard Model is not decoupled from gravity or cosmology. This scenario, w
currently being developed further, is the natural cosmological consequence of coupling the Standard Model to Gravity by imposing Weyl sym
a feature that is required if 2T-physics in 4+2 dimensions is considered as the starting point. There are no dimensionful parameters, not ¢
Newton constant. Emergent dimensionful scales are dynamical during the evolution of the universe.
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Outline

e Gravity coupled to a scalar field. Complete set of analytic
solutions of cosmological equations. (including curvature & radiation)

— Tricks with conformal symmetry.

— Several models solved exactly (i.e. several V(o)’s)
— No restrictions on values of parameters in V(o) or boundary conditions.
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Outline

e Gravity coupled to a scalar field. Complete set of analytic
solutions of cosmological equations. (including curvature & radiation)

— Tricks with conformal symmetry.

— Several models solved exactly (i.e. several V(o)’s)
— No restrictions on values of parametersin V(o) or boundary conditions.

e Geodesic completion of cosmological space
— Role of conformal symmetry.
— Bounces at zero size and finite sizes.

e Goingtrough the cosmological singularity
— Model independentunique attractor solution (important role of anisotropy)
— Big Crunch / Big Bang transition and antigravity

 Cosmological evolution to a hierarchy of energy scales
(e.g. electroweak/Planck, in Standard Model + Gravity, role of dark energy)
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I
Cosmology with a scalar coupled to gravity

Could be low energy string

theory dilaton gravity. Or not, ] . : B Including
' _ _):_‘_, R (g) = gt Oy T VvV i) relativistic

Oy = cl .1‘\/ [ - - matter,

+radiation + matter curvature,
anisotropy.
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I
Cosmology with a scalar coupled to gravity

Could be low energy string

theory dilaton gravity. Or not, Including

= 4 . 2:,-_-, R (__(/) é.(j"”f)/,ﬂ(),,ﬂ V ((T) relativistic
i d®x \/ -G matter,
. +radiation + matter curvature,
anisotropy.
ff-‘-i.';.; dr® 4 H.}z._- (7) ([.‘-;;'% a® (1) ( dr? 4 (/.-;_:‘i) \ it a(T)dr
P\I—{\\* ) (/"’-:3 ) ) 2 > /' -
dsz - r=< (r/()' - sin” ()(/r,-)") -k 0. +1. o 2

| /.':'3/:'5
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I
Cosmology with a scalar coupled to gravity

Could be low energy string

theory dilaton gravity. Or not. 1 B 1 - : _ Including
; i 4 . 52 R (g) .,}’/[”/()/,(,T(,),,(T VvV (o) | relativistic
S = d®x \/7” - ) - matter,
+radiation + matter chtvature o
anisotropy.
(/.‘-;"‘,3,’. dt? rr.‘;,‘. (1) ([.‘-;;'% a® () ( dr>? r/.-;;‘i) . clt a (7)) dr
FRW Y dr? o 0 I3 '
dsy | — fer2 /12 r? (d6? + sin? 8de?®) ; k = 0, £1. : 2
or2 /2
Friedmann equations az w3 [ o . (m] N Po | 6 parameters
o A 3 D=2, : 2 4 4=b,c,K,p
Cl , b A 8 A !l IATAMT] )
Analytically solved with this V P _" o2 ”:_ 2 - X 2=(4-2) initial
found ALL solutions = £ — [ 5 V (n)] o . values
(also V (&) Ae™27 4 Ce™7, V (o) Ae2ha ) “rl“. ”’17" i (!7"‘ L E
o Ao g \ | *o f
> . 1 (o) Q. \ V / .g |
a% a'g 1' J \ N f?
\\\ J_/'flf . \‘\-.‘_;j{
\/(5 4 Sea ) 4 o
V(o) b cosh ' - csinh .
- V6 V6
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Cosmology with a scalar coupled to gravity

Could be low energy string
theory dilaton gravity. Or not. B - : _ Including
3 _ = B (g) - g o od.o VvV lo) | relativistic
= 4 3 o 2 =, i /¥, 1
Sy = cl .-,-\/7” i - matter,
+radiation + matter chtvature o
anisotropy.
(/.‘-;"‘,3,’. dt® 4 (f.';',; (1) ([.‘-;;'% a® () ( dr>? r/.-;;‘i) . clt a (7)) dr
FRW Y dr? o 0 I3 '
ds3 ——— + % (d6? + sin®? 0d¢?) ; k 0, ==1. b rs
! | krdfrs
Friedmann equations 7 B V(o) A Po | 6parameters
) _ . u} 3 _’(;'7)_, (y al 4=b,c,K,po
Analytically solved with this V g s - . o 2=(4-2) initial
5 e Uit A v a” ! )
found ALL solutions . £ _ V" (o) 0 values
. ‘ u‘;, r:'}, o5 ag .'*',rf'},
(also V (o) A¢ T e, V(o) Ae2ko ) - ) ) - -
@ Ao ’ \ u{ ’b y
g +2—F +V (&) =20 \ v/ | ?
e = - E F\ .’:'I 35 - _,-‘"fh*-"\ j;}'
4 . _,,.—/" . ./
\/(5 Sea o
V(o) b cosh? ) I csinh? )
- V6 V6

Genericsolution in Einstein gravity is geodesically incomplete at the Big Bang.
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Cosmology with a scalar coupled to gravity

Could be low energy string
theory dilaton gravity. Or not.

1 . 1 ; : . | Including |
5 x . s ait{g) 59" O, 0,0 V (o) relativistic
Oy == d®x \/7!/ |  matter,
‘ +radiation + matter curvature, |
anisotropy. |

(/.‘-;"‘,3,’. dt® 4 (f.';',; (1) ([""';-% a* () ( dr2? H (/.-;;‘i) ,

FRW dr?

clt a (7)) dr

D 2 ) s « - ] i\'
dss = r? (dO? + sin®? 0do?) ; k O, 1. 2
o | /.‘)"-3/1'{‘; ( ) o
Friedmann equations -l R VAP N po | 6parameters
) _ ) u'} o3 ’u'f_, | u'j’, u'},. 4=b,c,K,pq
Analytically solved with this V L e o3 i ' ' 2=(4-2) initial
i - < K | &°
found ALL solutions “E _ ZE _ V (&) Po values
. , ‘ . (i‘;‘. r.r'}, 3 L% 3(!’};
(also V (o) = Ae™27 4 (™7, V (o) Ae2ie ) = . . . - -
4 o 4 \ '.f fo g
5 e == W () 0 \ V f ét Pfa
A% ay A\ J \ /"F\‘ j
o " \

4 O
(‘ l. ‘.
V (o) \f/.-) [bt"(mll" ’\/T)) - ciEld ’\;;)}

Genericsolution in Einstein gravity is geodesically incomplete at the Big Bang.
There is a subset of geodesically complete solutions only with conditions on initial values and parameters of the model.
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Cosmology with a scalar coupled to gravity

Could be low energy string

theory dilaton gravity. Or not. 1 1 . = . _ Including
_ ' sz (g) — 59*70,,00,0 — V (o) relativistic
S = d®x — i -5 - matter,
. +radiation + matter Curvature,
anisotropy.
([s}a dt® 4 rf.‘;.; () (f.‘-;;'i a® (1) ( dr? 4 (f.s';‘i) g clt a(7)dr
. _ o
FRW . dr? ‘ . o ¥
ds2 = - ——— + 72 (d6? + sin? 0do?) ; k = 0, £1. T2
' | krdfrs
Friedmann equations -l R VAP /s Po | 6 parameters
) ) ) u'}, 3 '__’u"f,. rr"l-’, u‘}_. 4=b,c,K,po
Analytically solved with this V s ‘ 29 ’:2 2 ‘ . 2=(4-2) initial
found ALL solutions = I3 ‘ , Ve Po values
o X _ g u'}‘, 3 ax .'%u’}
(also V (&) AC—*7 o (o by ) (e7) PV 2k ) — = . . -
o8 Ao i
% P 5~ = d— -V (o) 0.
Near Big Bang, very important, g g
must include anisotropic metrics : 4
Kasner (flat), Bianchi IX, VIl (curved) Vv 6 A oo
Two more fields in metric. : b cosh’ - csinh?
I Vv 6 \/()

Genericsolution in Einstein gravity is geodesically incomplete at the Big Bang.

There is a subset of geodesically complete solutions only with conditions on initial values and parameters of the model.
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For geodesic completeness: aslight extension of Einstein gravity (with gauge degrees of freedom)

Local scaling symmetry (Weyl): allows conformally coupled scalars (generalization possible)
(Plus gauge bosons, fermions , more conformal scalars, in complete Weyl invariant theory.)

(b,s)>(P,s)er™ g, g, e

) l ; I ; ] . . s
S / (/'l.z'\/ g _)_(/” OudO., @ -;-(/W 0,80, 8 T (:,)'3 _(,.-’) R(qg) o2 f ( ) )
M — )

no ghosts o= e

gravitational parameter
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For geodesic completeness: aslight extension of Einstein gravity (with gauge degrees of freedom)

Local scaling symmetry (Weyl): allows conformally coupled scalars (generalization possible)
(Plus gauge bosons, fermions , more conformal scalars, in complete Weyl invariant theory.)

((|>,S) 9((|)=S)e)\(x), guv$ gp\»e 2A44)

’ l 3 1 ; ]
S / (f'l.l'\/ g g’ 0,dO. Db g 0,805

2 2 a4, f( S
5 5 T (& s7) R(g) — & f (U))
no ghosts

ravitational parameter
81 I

A prediction of 2T-gravity in 4+2 dims. Also motivated by colliding branes scenario.
Fundamental approach: Gauge symmetry in phase space Khury + Seiberg +Steinhardt + Turok
Relation to 1T-physics: only extra gauge degrees of freedom McFadden + Turok 0409122

2T-gravity: 1.B. 0804.1585, |.B.+Chen 0811.2510

Weyl gauge
symmetry is
leftover from
general coordinate
transformations in
extra 1+1 dims.
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For geodesic completeness: aslight extension of Einstein gravity (with gauge degrees of freedom)

Local scaling symmetry (Weyl): allows conformally coupled scalars (generalization possible)
(Plus gauge bosons, fermions , more conformal scalars, in complete Weyl invariant theory.)

(Pp.s)=>(,s)er™
' l ; l ;
S / ([-1.1'\/ [} ; _(j’” (')“_(,)(.),,(,) qguf

no ghosts o=
A prediction of 2T-gravity in 4+2 dims.

Fundamental approach:
Relation to 1T-physics: only extra gauge degrees of freedom
2T-gravity: 1.B. 0804.1585, |.B.+Chen 0811.2510

Weyl

Gauge symmetry in phase space

syimmetry can

ks gauge [instein gauge
symmetry is 12
leftover from
general coordinate
transformations in
extra 1+1 dims.

() I {(r—-.ll

(,)I._'
f\

Pirsa: 12050077

O,s0,.s

o ()

S / (/".1'\/ q{ l.
) ' 2K2

2A(x)

guveguve

ll.) (0* — s%) R(g) — & f (:)))

avitation: arat er
gravitational paramete

Also motivated by colliding branes scenario.

Khury + Seiberg +Steinhardt + Turok
McFadden + Turok 0409122

be gauge fixed in several forms.
2 2 I N : jurs
(“)I-.' HI-.') > P (v). s (@) .9 (v)

v 6 - no (.;-))
. S M 4 = 111
V6 ‘ I~ V6

|
R(ggr) )_q“"”('),,ﬂr'),,ﬂ V ((T)}
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For geodesic completeness: aslight extension of Einstein gravity (with gauge degrees of freedom)

Local scaling symmetry (Weyl): allows conformally coupled scalars (generalization possible)
(Plus gauge bosons, fermions , more conformal scalars, in complete Weyl invariant theory.)

(Pp.s)=>(,s)er™
' l ; l ;
S / ([-1.1'\/ [} ; _(j’” (')“_(,)(.),,(,) qguf

no ghosts o=
A prediction of 2T-gravity in 4+2 dims.

Fundamental approach:
Relation to 1T-physics: only extra gauge degrees of freedom
2T-gravity: 1.B. 0804.1585, |.B.+Chen 0811.2510

Weyl

Gauge symmetry in phase space

syimmetry can

ks gauge [instein gauge
symmetry is 12
leftover from
general coordinate
transformations in
extra 1+1 dims.

() I {(r—-.ll

(,)I._'
f\
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O,s0,.s

o ()

S / (/".1'\/ q{ l.
) ' 2K2

2A(x)

guveguve

ll.) (0* — s%) R(g) — & f (:)))

avitation: arat er
gravitational paramete

Also motivated by colliding branes scenario.

Khury + Seiberg +Steinhardt + Turok
McFadden + Turok 0409122

be gauge fixed in several forms.
2 2 I N : jurs
(“)I-.' HI-.') > P (v). s (@) .9 (v)

v 6 - no (.;-))
. S M 4 = 111
V6 ‘ I~ V6

|
R(ggr) )_q“"”('),,ﬂr'),,ﬂ V ((T)}
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For geodesic completeness: aslight extension of Einstein gravity (with gauge degrees of freedom)

Local scaling symmetry (Weyl): allows conformally coupled scalars (generalization possible)
(Plus gauge bosons, fermions , more conformal scalars, in complete Weyl invariant theory.)

(Pp.s)=>(,s)er™

' 1 1
S /ff"-f'\/ 9| 59" 0udO.d =

PO, b g™
no ghosts
A prediction of 2T-gravity in 4+2 dims.

Fundamental approach:
Relation to 1T-physics: only extra gauge degrees of freedom
2T-gravity: 1.B. 0804.1585, |L.B.+Chen 0811.2510

Weyl

Gauge symmetry in phase space

syimmetry can

ks gauge Finstein gauge
symmetry is 12
leftover from
general coordinate
transformations in
extra 1+1 dims.

() I {(r—-.ll

( )f‘.'
f\

O,s0,.s

5 / di*x~/—g { : ,
) ' 2r=

2A(x)

giweguve

ll.) (0* — s%) R(g) — & f (:)))

ravitational parameter
81 I

Also motivated by colliding branes scenario.

Khury + Seiberg +Steinhardt + Turok
McFadden + Turok 0409122

be gauge fixed in several forms.
" -y I Lrs
(“)7’:' 57) 5,02 G (), 8 (), q"’ ()
o () () \/(5 - o (@)
. S\ S1111 -
V6 I~ VAE

SR (g9r)

1 .
g 9,00, 0 — (n‘)}

This is not the whole story: Einstein gauge is valid only in a patch of spacetime, where

the gauge invariant quantity \

(—g)*

— :-;2) is positive in any gauge.

( (")2
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For geodesic completeness: aslight extension of Einstein gravity (with gauge degrees of freedom)

Local scaling symmetry (Weyl): allows conformally coupled scalars (generalization possible)
(Plus gauge bosons, fermions , more conformal scalars, in complete Weyl invariant theory.)

($.5)>(P,s)er™ g g, e 2

: I ] ] . : S
v 4 ) 4 ‘ J L1/ i L . 2 _). 4 p
S / d*x~/—g __)_(/’” OudO., @ __)!/; “Ous0,5 4 |2 (‘*’ = ) R (g) ®"J ((.)) )

no ghosts : .
8 gravitational parameter

A prediction of 2T-gravity in 4+2 dims. Also motivated by colliding branes scenario.
Fundamental approach: Gauge symmetry in phase space Khury + Seiberg +Steinhardt + Turok
Relation to 1T-physics: only extra gauge degrees of freedom McFadden + Turok 0409122

2T-gravity: 1.B. 0804.1585, [|.B.+Chen 0811.2510

Weyl symmetry can be gauge fixed in several forms.

Weyl gauge kSRS R o e H2. 2 . ¢ (), (&), g ()
IR g T Finstein gauge S > (% s%) 5.3 ; : E
leftover from o (@) v6 | wo ()
general coordinate Dp (@) l cosh 6 . sp (@) ~ sinh B
transformations in
extra 1+1 dims. * | | )
S / (/"'.r\/ g — R(gr) _)_q“'”(’),,ﬂr'),,ﬂ V(o)
. A Vo P
This is not the whole story: Einstein gauge is valid only in a patch of spacetime, where
the gauge invariant quantity \ = (—qg)1 ((,')2 — :-;2) is positive in any gauge.

‘ Can dynamics push this factor to negative values? ANTIGRAVITY in some regions of spacetime?
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e
Y-gauge Dy s Sy s GE

Ay = 1

Conformal factor of metric =1 for any metric. —=2> For all t,x dependence.
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Y-gauge Dy Sy GHY
e = 1
For all t,x dependence.
FRW,

.'. <
Conformal factor of metric =1 for any metric. =2
case of only time dependent fields
5 + 72 (d6? + sin? 0do?)

|

;
- w dr
dsZ = —d7° + =
: L — Bre/rg
R(gy) =6K, with K = —, £ =0, £1.
s
l i ) . ]X- b > 3 .S.
( (oo .9:) - — ( P51 S:) »* I —
' ' pA ' ' 1)
This is equivalent to the 00 Einstein eq. G,,=Tyo

L=z

Plus the energy constraint: H=0
which compensates for the ghost.
Page 21/82
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Y-gauge Dy Sy GHY
e = 1
For all t,x dependence.
FRW,

.'. <
Conformal factor of metric =1 for any metric. =2
case of only time dependent fields
5 + 72 (d6? + sin? 0do?)

|

;
- w dr
dsZ = —d7° + =
: L — Bre/rg
R(gy) =6K, with K = —, £ =0, £1.
s
l i ) . ]X- b > 3 .S.
( (oo .9:) - — ( P51 S:) »* I —
' ' pA ' ' 1)
This is equivalent to the 00 Einstein eq. G,,=Tyo
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Plus the energy constraint: H=0
which compensates for the ghost.
Page 22/82

Pirsa: 12050077




Y-gauge Dy Sy GHY
e = 1
For all t,x dependence.
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|

;
- w dr
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: L — Bre/rg
R(gy) =6K, with K = —, £ =0, £1.
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Y-gauge Dy Sy GHY
Qs = 1
For all t,x dependence.

FRW,

Conformal factor of metric =1 for any metric. =
case of only time dependent fields
3y ) - ] >
+ 7% (dO® + sin® Odo”)

;
- w dr
dsZ = —d7° + —
: 1 — kBre/rs
. R ) _ L
(]~ — \ . 1 — =, I = U, =1l.
R (g-) 6/, with A >, A 0, +1
)16
1 © o o N ) ) S
2 -2 ' 2 2 4 g a
L ::——< P, + S )- - — (—s + s — Q" f | —
:2 J L :2 ( ) ﬁ') (@)
Plus the energy constraint: H=0 This is equivalent to the 00 Einstein eq. G,,=Tyo
which compensates for the ghost.
~gauge and the Einstein gauge
V6 1 .. + S Positive
. I ) region
D, — S.

connection between the y
BCRT transform 2
Bars Chen - A ( )'.3 - q‘l) -
Steinhardt Turok Ap = () O -~ O = _)
I~ 2 D
Page 24/82
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JLrs

y-gauge By Smps G
Ay = 1

Conformal factor of metric =1 for any metric. = For all t,x dependence.

case of only time dependent fields

- o dr? 5 5 " -
{8 = —dT° _ s + < (d@~ sin“ @do~ FRW.
as? C [ = ( -+ o ) v

o _ . k
R(gy) =6K, with K = —, £ =0, £1.
r2
Nothing

l i ] ) ,\_— > ) 3 .S; - H
L = (ﬁc—‘): - ,9:) — (— D= + .5-:) — * 3 — singular in

2 { ' 2 = ! ' D Y-gauge

Plus the energy constraint: H=0 This is equivalent to the 00 Einstein eq. G,,=Tyo
which compensates for the ghost.
connection between the y-gauge and the Einstein gauge

BCRT transform > 5 : o
Bars Chen . [ al 2 - ) - \E 1 ] D, + S, Positive
A =— —( (")-, — S & = — 1kl - region
I s (--)-‘ - S

Steinhardt Turok

; BB singularity at ag=0 in E-gauge : gauge invariant factor vanishes in y-gauge, or any gauge!!

M ( 1 ( - >
3 { cHT ~T
\ G g) 3 )

Page 25/82
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Analytic solutions — all of them!!!

(();2 - s_“i) — 1: (————() + 3 ) — ™ F ( )

Special case: OV (s/p) = bop?
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Analytic solutions — all of them!!!

l s ] > 1 .\: ) ) _ -S
L _ — —_— (_"): + S :: — — ( B (."): + S : ) T ("')4 j i
2 ! ' 2 ! / D

Special case: Pt f (s/p) = bop?* + cs?

0 °s Lber3 % Completely decoupled equations,
BCST cranet ) = P, 00, + o, except for the zero energy condition.

] ' . 5 . Solutions are Jacobi elliptic functions,
Friedmann | 0 — 5, + 4c¢s3 + Ks,. with various boundary conditions
equations ' Y )

become : 1l -2 | [ —— | | S
U = (.)(_)A- f)(_.)j t 3[\ (_)':_) } (‘)H: } (-.H»'j ! 3]\ t-,‘:) = Lo
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Analytic solutions — all of them!!

. K S

2 .2 2 2 . f <
((,-‘): -+ ,sf;) — (—(,f):_“ -+ .5',‘;) - (;)4]‘ —
' ' s ! ' ()]

Special case: H3 /(s /(,-')) — bop? + cs?
°s 3 . Completely decoupled equations,
() (.)_ 'il:{_)(_.)_ {' 1\ (_)_ - f h d .
BCST wranstonm : » - except for the zero energy condition.
Friedmann | ) — 5. 4 1es? 4+ s, S(?|LI‘J]tI0n-S arebjaco(t;l elllptu;fu.nctlons,
equations ' . - with various boundary conditions.
become : i} = i (_-)? [)(__)f R } I\ ¢ ) — S8~ - HJ } l [\-H? = O
27 " D I A | ’
First ;
¥ 1_ « 2 4 [\ o 1 ] - ™ ‘" ™ ! By
'ntegral — P — [?:_)_ —+- 'T(_)T‘ —_ E( i —;‘f"u - C "‘ —+ "_) S T F I. S /- . /‘. ) /, f 0
2 - = = Radie ill()i‘l( 1ll massless particles) in dust approximation
Particle in a potential i 45 ) _ 1 B— 4
problem, intuitively H (@) = 30 + V (@) V() = 5 N o~ b
solved by looking at the _ 1 3
plot of the potential. H(s) = 28% 4+ V (8) \ (8) = 3 K H? —+ cs
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Analytic solutions — all of them!!

1 * 5 ) I 2 2 4 £ i

L. =

Special case: H3 f(s/@®) = bt + cs?
0 = o — Abes3 R Completely decoupled equation.s,.
BCST cranct Iy pias s except for the zero energy condition.

] o . ; 5 Solutions are Jacobi elliptic functions
FrledrT\ann U=s,+ ‘4("*.}. + K8, with various boundary conditions ’
equations .
become : 1 -2 1 ; . 1 ;

g 4 - 2 -2 4 =
O = — — ., — b + — I\ &2 — 8% 4+ ¢cs” + — I\ s? - D
e, TRy ) T\ 3% p T GRSy ) T Fo

First =

* ]_ s 2 [ A o l « D [\ “» 2] By ) -

integral =y = bod + %(_)T" = . =85 csd + =55 = E, E, B, £y E + pg

. - = = Radiation (all massless particles) in dust approximation
Particle in a potential P’ j o y _ 1 . 4
problem, intuitively H (o) = 2P + V(o) V() = = o — bo™,
solved by looking at the ) 1 7 .o 4
plot of the potential. H(s) = 132 + V (s) V (s) = > K ¢* 4+ cs

Analytic expressions given
in 25 different regions.

Generic solution has 6 parameters (0. ¢c. I\, pg. E. & (70))
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Analytic solutions — all of them!!

1 * 5 ) I 2 2 4 £ i

L. =

Special case: H3 f(s/@®) = bt + cs?
0 = o — Abes3 R Completely decoupled equation.s,.
BCST cranct Iy pias s except for the zero energy condition.

] o . ; 5 Solutions are Jacobi elliptic functions
FrledrT\ann U=s,+ ‘4("*.}. + K8, with various boundary conditions ’
equations .
become : 1 -2 1 ; . 1 ;

g 4 - 2 -2 4 =
O = — — ., — b + — I\ &2 — 8% 4+ ¢cs” + — I\ s? - D
e, TRy ) T\ 3% p T GRSy ) T Fo

First =

* ]_ s 2 [ A o l « D [\ “» 2] By ) -

integral =y = bod + %(_)T" = . =85 csd + =55 = E, E, B, £y E + pg

. - = = Radiation (all massless particles) in dust approximation
Particle in a potential P’ j o y _ 1 . 4
problem, intuitively H (o) = 2P + V(o) V() = = o — bo™,
solved by looking at the ) 1 7 .o 4
plot of the potential. H(s) = 132 + V (s) V (s) = > K ¢* 4+ cs

Analytic expressions given
in 25 different regions.

Generic solution has 6 parameters (0. ¢c. I\, pg. E. & (70))
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Example,
K=0 case.
Pure quartic
potentials

¢(t) , s (1)

Jacobi elliptic functions

Pirsa: 12050077

" (s)

__121\'(,-)2 + csd V() =

E(d)=E+p = E(s)
Vi(s)

E(s)=E>0

Vigh) for b=0

|

K2 — b2,

~

VI(s)/

Vigh for b=0

/T

Vigh forb=0

Vigh) tor b0

d(t),s (t) perform independent oscillations
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Example,
K=0 case.
Pure quartic
potentials

¢(t) , s (1)

Jacobi elliptic functions

Pirsa: 12050077

—
S
o
N =
My
v
~

A\

t

E(b)=E+p2 E(s)
Vi(s)

E(s)=E>0

Vigh) for b=0

+ cs? V(p) = 3 K¢

Vigh for b=0

/T

Vigh) for b0

Vigh) tor b0

$(7),s (1) perform independent oscillations

There are special solutions that are geodesically complete in the
restricted Einstein frame. Bounces at zero-size ag, or finite-size ag.
But must constrain parameter space and/or initial conditions.
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Example, Vi(s) = : K¢? + cs? V(p) = LK ¢? — bo?,
K=0 case. -
Pure quartic

potentials - -

E(d)=E+p = E(s) {

\ V(s) V(s)/

P(t) , s (1) | -

Jacobi elliptic functions - Els)=E>0

Example with e - ) ] 7

K=0 and p=0 and b,c>0 V(¢) for b=0 V(¢$) for b=0
b=4c/n? , n=1,2,3 ...

Zero-size bounce

/T
¢(T),s(t) vanish together

i) I sn (%|%) N
S 7 = Vigh for b0 (¢p) tOr b =0
i VA48T dn (%|3)
N7, S (”)f, 1)
@~ (T) e 27 |1
\‘/I'\‘(l L + cn (.H'I' .3) ST, S . . i o . _

.2 ¢(t),s (t) perform independent oscillations

| ) - There are special solutions that are geodesically complete in the
ae(1) always positive restricted Einstein frame. Bounces at zero-size ag, or finite-size ag.
Cyclic universe. - 2

But must constrain parameter space and/or initial conditions.

Pirsa: 12050077
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Example, V (s)
K=0 case.
Pure quartic \
potentials - = L R P E_;;)"_,"i'('&) N /
\ V(8) V(s)/,
¢(t) , s (1) -

Jacobi elliptic functions _ X Bia)~E»0

Example with ) \ _

K=0 and p=0 and b,c>0 Vigh) for b=0

b=4c¢/n? , n=1,2,3 ... T
Zero-size bounce

¢(Tt),s (t) vanish together

Vigh for b=0

i) I sn (%|%) N
S 7 = Vigh for b0 (¢p) tOr b =0
! VAST dn (5|1)
KN sn (2%1)
@~ (T) e 37 |1
\‘/I'\‘(l L + cn (.H'I' .3) ST, S . . i o . _

.2 ¢(t),s (t) perform independent oscillations

| ) - There are special solutions that are geodesically complete in the
ae(1) always positive restricted Einstein frame. Bounces at zero-size ag, or finite-size ag.
Cyclic universe. - 2

But must constrain parameter space and/or initial conditions.

However, for generic initial conditions, the sign of (¢$?-s?)(t) changes over time.

Generic solution is geodesically incomplete in the Einstein gauge.
Becomes geodesically complete with the natural extension in ¢,s space.
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Geodesically complete larger space: ¢,,s, plane

Generic solution

$(T), s (T)

parametric plot

(eliminate t) is a
smooth curve that
spans all quadrants

Analytic expressions
given in 25 different
regions of parameter
space without
restricting parameters
or boundary
conditions.
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Geodesically complete larger space: ¢,,s, plane

Generic solution
Recall Kruskal-Szekeres versus
$(1), s (1) Schwarzchild; now in field space.

o :
parametric plot /
(eliminate 1) is a <%.a..\

smooth curve that b

spans all quadrants

Analytic expressions
given in 25 different
regions of parameter
space without
restricting parameters
or boundary
conditions.

No signature change in metric o = )
A = | % | s K = =— ((-.) — S?) T — In
(__) ¥ .

~ 2 b, — Sa

BCST

it V6 oo V6 , o
y-gauge O, = v/ | z| cosh : , 8., = = v/ | z| sinh -
Il. \E ,l. \m

Pirsa: 12050077 Page 36/82



Analytic solutions — all of them!!

. K S

2 .2 2 2 . f <
((,-‘): -+ ,sf;) — (—(,f):_“ -+ .5',‘;) - (;)4]‘ —
' ' s ! ' ()]

Special case: H3 /(s /(,-')) — bop? + cs?
°s 3 . Completely decoupled equations,
() (.)_ 'il:{_)(_.)_ {' 1\ (_)_ - f h d .
BCST wranstonm : » - except for the zero energy condition.
Friedmann | ) — 5. 4 1es? 4+ s, S(?|LI‘J]tI0n-S arebjaco(t;l elllptu;fu.nctlons,
equations ' . - with various boundary conditions.
become : i} = i (_-)? [)(__)f R } I\ ¢ ) — S8~ - HJ } l [\-H? = O
27 " D I A | ’
First ;
¥ 1_ « 2 4 [\ o 1 ] - ™ ‘" ™ ! By
'ntegral — P — [?:_)_ —+- 'T(_)T‘ —_ E( i —;‘f"u - C "‘ —+ "_) S T F I. S /- . /‘. ) /, f 0
2 - = = Radie ill()i‘l( 1ll massless particles) in dust approximation
Particle in a potential i 45 ) _ 1 B— 4
problem, intuitively H (@) = 30 + V (@) V() = 5 N o~ b
solved by looking at the _ 1 3
plot of the potential. H(s) = 28% 4+ V (8) \ (8) = 3 K H? —+ cs
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Analytic solutions — all of them!!

1 * 5 ) I 2 2 4 £ i

L. =

Special case: H3 f(s/@®) = bt + cs?
0 = o — Abes3 R Completely decoupled equation.s,.
BCST cranct Iy pias s except for the zero energy condition.

] o . ; 5 Solutions are Jacobi elliptic functions
FrledrT\ann U=s,+ ‘4("*.}. + K8, with various boundary conditions ’
equations .
become : 1 -2 1 ; . 1 ;

g 4 - 2 -2 4 =
O = — — ., — b + — I\ &2 — 8% 4+ ¢cs” + — I\ s? - D
e, TRy ) T\ 3% p T GRSy ) T Fo

First =

* ]_ s 2 [ A o l « D [\ “» 2] By ) -

integral =y = bod + %(_)T" = . =85 csd + =55 = E, E, B, £y E + pg

. - = = Radiation (all massless particles) in dust approximation
Particle in a potential P’ j o y _ 1 . 4
problem, intuitively H (o) = 2P + V(o) V() = = o — bo™,
solved by looking at the ) 1 7 .o 4
plot of the potential. H(s) = 132 + V (s) V (s) = > K ¢* 4+ cs

Analytic expressions given
in 25 different regions.

Generic solution has 6 parameters (0. ¢c. I\, pg. E. & (70))
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Example,
K=0 case.
Pure quartic
potentials

¢(t) , s (1)

Jacobi elliptic functions

Pirsa: 12050077

" (s)

__121\'(,-)2 + csd V() =

E(d)=E+p = E(s)
Vi(s)

E(s)=E>0

Vigh) for b=0

|

K2 — b2,

~

VI(s)/

Vigh for b=0

/T

Vigh forb=0

Vigh) tor b0

d(t),s (t) perform independent oscillations
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Geodesically complete larger space: ¢,,s, plane

Generic solution

$(T), s (T)

parametric plot

(eliminate t) is a
smooth curve that
spans all quadrants

Analytic expressions
given in 25 different
regions of parameter
space without
restricting parameters
or boundary
conditions.
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Geodesically complete larger space: ¢,,s, plane

Generic solution
Recall Kruskal-Szekeres versus
$(1), s (1) Schwarzchild; now in field space.

o :
parametric plot /
(eliminate 1) is a <%.a..\

smooth curve that b

spans all quadrants

Analytic expressions
given in 25 different
regions of parameter
space without
restricting parameters
or boundary
conditions.

No signature change in metric o = )
A = | % | s K = =— ((-.) — S?) T — In
(__) ¥ .

~ 2 b, — Sa

BCST

it V6 oo V6 , o
y-gauge O, = v/ | z| cosh : , 8., = = v/ | z| sinh -
Il. \E ,l. \m
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Geodesically complete larger space: ¢,,s, plane

Recall Kruskal-Szekeres versus

Generic solution
Schwarzchild; now in field space.

$(T), s (T)

pArarnanre F-ﬂOt LA - big bangs or big crunches
(eliminate 1) is a il N i
smooth curve that in spaceiilme (——) at the
spans all quadrants , lightcone in ¢,s field space.

Analytic expressions
given in 25 different
regions of parameter
space without
restricting parameters
or boundary
conditions.

No signature change in metric

('1% — |xl , X = G ((_.)j_ — ~»

BCST
Transform - .
; G IO 6 R
= BRUREO x f V| z| cosh ( y Sy = I f \/m-%‘illh \E

y-gauge Q. =
I Y
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Geodesically complete larger space: ¢,,s, plane

Recall Kruskal-Szekeres versus

Generic solution
Schwarzchild; now in field space.

$(T), s (T)

pa-rafnemc F-ﬂOt LA - big bangs or big crunches
(eliminate 1) is a S N i
smooth curve that in spaceiilme (——) at the
spans all quadrants lightcone in ¢,s field space.

Bkl

Generic solution is a
cyclic universe with
antigravity stuck
between crunch and
bang! Probably true

Analytic expressions
given in 25 different
regions of parameter
space without
restricting parameters

or boundary
conditions. for all V(D’)
No signature change in metric — )
= = > - V6 1 @., + S.
A = | x | ; K = — ((-.),_ — S:) . O = — In
O ~ 2 D. — 8.

BCST

Eghligats NG o 7B , -,
y-gauge ¢, = £——+/|z| cosh : , 8., = =& v/ | z| sinh ~
\E 1< \E
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Geodesically complete solutions
in the Einstein gauge, without antigravity

Conditions on 6 parameter space:
(1) Synchronized initial values

b<0 $p(0)=s (0)=0
(2) Relative quantization of periods

Example n=5 —> 5 nodes in picture P(b(s parameters)= N PS(S parameters)

d(T) =t 10 a (1) Cyellc

universe
s(T)

crunch
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Geodesically complete solutions
in the Einstein gauge, without antigravity

" ”
2 N 3 L, ‘< - Conditions on 6 parameter space:
1 | 2¥ v-__(l’ (1) Synchronized initial values
| s st > b [
bty ¥ 22 N $(0)=s (0)=0
’ ™ (2) Relative quantization of periods

Example n=5 = 5 nodes in picture P¢(5 parameters)= N PS(S parameters)

(I)( 3 ) . o 2 l'( ‘c) f]ly:(l\j"l(tf‘u("
S(T)
T “ B .. O T P i
& 1 " . 1 10 ban 0 € ‘c
- crunch farm crunch
f.'."’
a3 = ) . o(t)
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Geodesically complete solutions
in the Einstein gauge, without antigravity

”
\
S 3 L, ‘< - Conditions on 6 parameter space:
1 | 2¥ v-_(l’ (1) Synchronized initial values
| : 4 > b [
b<o | 2 $(0)=s (0)=0
7/ ™ (2) Relative quantization of periods

Example n=5 -2 5 nodes in picture p¢(5 parameters)=h PS(S parameters)

(I)(T) . o al(t) fjly;(l-\j’l(if‘uf‘ |
s(t)
T i el e bl il o
4 1 ban 1 10 ban rl‘ll ( T
S LI\III(‘]l Gl t'ﬂ\‘llk?ll
o2
a3 = ) . o(t)
\ 7
. ’”
- - o - - -
— S =, 5 v e . ——
b>0 — — T - [l ——— {5 )
~

”
Universe expands to infinite size, turnaround at infinite size
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very important

near the singularity A N i S Ot ro py

K>0 K<O
; 5 > > If K#O, (ds.)?=BianchilX or VIII,
ds?® =a* (1) (—('/T‘ ~t= ({.53) s S (ds3)
If ) ) . SRl ‘ 2A ) —* 3ao (7 ‘ da - ‘
i (‘/""5)1;,,““ ) 201 (7)+2VBa2(7) 4.2 | p201(7)—2V3Ba2(s )(/Uz 4 e 4 (1) -2
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very important

near the singularity A N i S Ot ro py

K=>0 K<O
; o o > If K#0O, (ds.)?=BianchilX or VIII,
ds? — a (7) (—(/7‘ e (,/.5'3) (/(T_;'__,,_; ( 3)
b ' 9 9 ’ B IO - oy ‘ 2A ) — ¢ 3ao (T : A (+ ‘
i (.(/";5)1\'”.”“ = o201 (7)+ 2y/3as (1 )l 2 1 e2e 1(7)—2V3Bas (s )f/!/') 1 e I 1(,)(/__3

In Friedmann equations, 2 more fields ¢\ (7),a2 (7), Just like the o (7)

(v N FoIe S ., (Vo Ly cvy S
5 + 2 5 e — 5O, U (1, v3) 0. = + 2 = Oy ¥ (0015 2) 0
”l',' (fl__' Ia fll“- ”I-' (.f,," e (¥ o

£ (( —A/2/3ret 1 4027/2/3r00 il 2 (\/5/"”2)>
L — 4 sign (V) —4 sign (K) e~V 231 angh (\/EI\'(I-J)

VU (v, xn) =
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| very important

near the singularity A N i S Ot ro py

K=0 K<O
o ) . 2_Ri .
ds?2 —=a?® (7) (—d7? + ds3) If K20, (ds;)2=BianchilX or VIII,

‘/(T_r._r;_t

If

. 2 2(_ T _2 /"3( . 7 2 2 7 = 2 :;( o\WT 2 2 Ya'R T 2
K_)O ((/-‘;;R)I\'u'n 7" — € ‘l( )} v l‘?( )(/.)' + € ”]( ) \/ "'( )([,U ‘{ [ 4 1( )('/..

In Friedmann equations, 2 more fields ¢v1 (7) . (o (7). Just like the o (7)

(B ~ G ECY] ) y (v Ly v 3 ’
5 + 2 = - 5O, U (1, v3) 0. = + 2 = Oy ¥ (0015 2) 0
”l',' (fl' Ia fll.‘- ”I:‘ (.f,," e (¥ o

VU (v, xn) =

£ ((._ AN2/3ret 4 0272/3Re00 i 2 (\/5/"”2)>
4 sign (K) e~V ?2/3r* oggh (\/Eh‘(l-_g)

1 6 2 L ... 2 L 2 =2 2 2
B /- - I 5.2 A + 5AE0 - s A Qg 5> U L5
superspace L

¢ |(!'}_'-\-((T) - 0 ,_,if._?u'f,_‘z‘(r\l.(\-_g)

Pirsa: 12050077
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very important |
near the singularity

Anisotropy

K>0 K<O
L, o > . 2 ;2 If KO, (ds;)?=BianchilX or VIII,
ds® =a“ (7) (—u’; -+ ({.53) AdG o o e
If ' 2 N 2 1(.’)--{--'.3\/-'?«_'1-)( ) a2 2a1(7)- 2\/%:\)(?) P —4da1(7) 7.2
K—=>0 (.(!HS,) Nasner — & (/‘) + € ([U e (/ -
In Friedmann equations, 2 more fields ¢v1 (7) . avs (7). Just like the o (7)
(.il ¢ & f‘.'r"l 3 p fli-_g p (‘f,."(.l-_,_) 3 .
B o2 = : =350,V (v1,cx2) = 0, = + 2 = F e Oy ¥ OV CY) 0
l I l ) el D, oy Ly f o Vol & / Yo

I\_ ((.__..]\/ 2/3kev - _4(.'..).\f’ 2/3Kkev Hi]]]]'.i (\/Eh'rlz)>
1 — 4 sign (/) —4 sign () e~V 2/3k1 aoysh (\/Eh‘(l-_z)

7
- [} : (IH‘(T
: 1 6 -9 1 2 .o - . 1 2 .9 "o E !
, “ * e - “ os -4 “ v
B /.— - I Yo ({I'.‘ 4 2(([‘:(7 ' 2(1[,:()[ | 2(11,’-('!2I B , o ;
superspace 9 1 LR | - A ]'.‘(‘ 19
- ] . .
¢ I(; t Pr Te = apoa.

Rewrite equations in terms of momenta.
Near singularity a,=0 kinetic terms dominate like ©?/(a;)?. So neglect all potentials.
The momentamn, , ;, are then conserved while universe is evolving near singularity.

Pirsa: 12050077 Page 50/82



Transform to y-gauge and solve equations near singularity: Analog of a relativistic particle in
a conformally flat background
i I 33 o gl o I (2 «2)(a2 + a2) epy Through the singularity
. 2¢ ! ! G & y “ there is conservation of
1) momenta
The solution is unique !!! 2) SO(4,2) conformal Q’s

3) and analyticity x(T)
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