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Abstract: In 2-dim it is known that a unitary, well defined quantum field theory, if scale invariant must also be& nbsp;invariant under conformal
transformations. Whether this is aso true in dimensions higher than two has been an&nbsp;open question for decades. We have discovered
renomalization group flows in 4-epsilon dimensions corresponding& nbsp;to scale but not conformal invariant theories. The flows correspond to
limit cycles or ergodic behavior, & nbsp;neither of & nbsp;which had been reported in relativistic quantum field theories either. & nbsp; There seems
to be a deep connection& nbsp;between scale without conformal invariance and this type of renormalization group & nbsp;behavior. We will present
these& nbsp;results and list some of open questions, including the possibility of such behavior inintegral dimensions.
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No GR here

C.aution
QM here
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Two Unsolved Myvsteries in OFT
o -

* Are there QFT models in D = 4 with SCALE invariance but without being

CONFORMAL (e, invariant under special conformal transformations)?
(In this talk QFT means Quantum Field Theories that are also Poincare

invariant, ie, relativistic; one can ask similar questions about non-relativistic

QF'Is but won't here)

* Are there Renormalization Group (RG) Hows in QFTs with limit cycles? Are

there limit ergodic Hows?

(Known to exist in non-relativistic Quantum Mechanics: Effimov cvcly
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Wh y care?

* (lassification: “Phases” of QFT models. Or
What are the possible behaviors of QFT models at very long distances:
* [R-Free
* With mass gap: exponentially decaying correlators (eg, confinement)
* Without mass gap: trivial correlators (eg, coulomb phase)
¢ [R-Interacting
* Interacting CFTs: powerlaw correlators
® Interacting SwC (scale without contormal): power-law 2777
* Alternative classification: [R-limit of RG-Hows (Wilson)
* Strong (eg, QCD)
* Fixed Point (e, IR-CFT)
e Limit Cycles
* Limit ergodic Hows
* New, unknown phenomena/behaviors?
* New, unknown applications? (e.g., “cylcunparticles” as we’ll propose later)
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Scale without Conformal

* (Condition tor Scale Invariance?

8,D* =0

where the dilatation (scale) current is given in terms of the improved energy

momentum tensol

1 . LY
D B !

so that

I;)“!).n‘r l ;}'.'

* (Condition for Conformal Invariance?

: g% N all!

0, K T} =0
* It appears that in both cases the condition is

1t =

M
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* Improvements? [t

one can improve T"" so that scale and conformal still conserved.

e But! What if the unbroken symmetry is a combination of two broken

symmetries? This happens in other tamiliar contexts:
* For spontaneously broken symmetries, as in the SM: SU(2)xU(1) — U(1)gm

* [or anomalous currents, as in 8 and L in SM, but not 8-/

DV = g, TH = VH

rii ! ; ; . y 1 '
1 / (11 1Ll Lrrent ) LS d non=conserved current taal does not depend

‘.Hlni \‘\lH( ]) 1S not of [fl‘ rorm \ i/ ,f )

O
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[ | ”\ \\l cdan lLl\t
(')“[)’” = ’[;": — (.)“‘,[, = () scale invariance

while

T i )
Ij’r[ = ()!,‘ / 7{ §) no conformal symmetry

A scale transformation together with a U(1) rotation

1s still a symmetry.
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Immediate implication: limit cycles or ergodic limit Hows

Let () d’r \ v be the generator of rotations

Rotation on felds:

it itQy.J
Oy — (e"CD); = (") Dy

A scale transformation « nlln'xlunniln to RG-motion of Hll'“ll[l:_'.\tr[]\l.l:l[\i 1 Lint O, P

I'his can undo the rotation (so we have a symmetrv) if
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For fixed ¢, this transformation is an element of the group of internal global

transformations of the model (the “Havor” symmetry group of the kinetic terms)

As a function of f: one parameter H.li('l tory in compact space

® Il'.l]('l tory closes

@ Irajectory comes arbitrarily close to initial point (Poincare recurrence)
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Outline

* [ntroduction
® Searching for SwC models (in D =4 —¢)
* Some General Properties of ST in D =4
* Scheme D [l('H[!('I‘:l (&
* Stability Properties

* (Correlation Functions

Cyclunparticles

Perturbative Solutions in DD = 4

\ word about the #-theorem
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S *;111_‘hing For SwC Models

5 th 1 S« 1
Loywi ycale without Conformal Symment

Want: DH = _;-“'j’f”" — e

(I)lf[)‘” . Y;;rf - (.),H"“ =0 '[‘;;:’ — (')hl'“ ?é 0

\-;r ¥ rJ.,./‘“"”'

Considerations:

* Interacting

* Renormalizable

* Perturbative

* Enough DOFs for nontrivial virial current

* D=4 models: YM with '\t.t[.EI\AIi]ll\EJIHH[\ Most interesting

e D } ¢ models: ‘d.ll.ﬂ\J[]({‘s]?ll‘:illx More tractable '.1\.|:J(i<u:||p]lt‘IIIHHHI YM

by going to 4 — ¢ to get asymptotic freedom and possibility of fixed points)

Need to be more explicit in order to write candidates for the virial current:

vector operators ot dimension-3 with non-vanishing divergence
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S *;II‘L‘hing For SwC Models

LHwi seale without Contormal Symmet:

Want: DM = g, THY — V#
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\-;r o r):l/‘;u'
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For now: focus on D =4 — ¢ models L L+ Lin
L'.;\ \ r')"fwﬂuff.f )y \ Uriot o, U
/ ) . . :‘ ' P f
a=1 real k=1 Wevyl
54 ‘ii‘”"\ ‘\}]IH'I[\

with: Lini ‘\rm..."”f

Only candidate
\.l“ (-)‘”’,51,.(7)”"’]', t ,ﬂ’./’ ) fT;".f'

Note that:
* () On (symmetric combination gives total divergence)
e P P (current is real)
e (Qand P are generators of SO(n,) and SU(ny) symmetries of L

)

* This U(1) subgroup should be broken by L,
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Recall: ~ §,D* =T# - 9,V# =0 with T#=9,VF#0

S—— T Ko ) l 2 , l 2 gl ;
[race anomaly //' oo |1_J”;”‘F;riﬂr),jr)frw = Julum”i i ¢/ 1 11.C. .
Div of virial: "-),u-";ll[-"'} (.y),,-.:'(b}_",‘r" Ya! /’J-_J‘f.frT"ilf'}‘,rf", 1 /)J,’,‘l")j‘,flf.l‘l'T'“{' ‘
[ sing I quations of Mortion (E( )\l',l.‘__"
2 | |
{L.)\.i:.'f' Jr.'()‘_f i"" i" ‘(L’)r;',,"\,;'h, '-’; | (H)"".‘.l""\lf}"r r‘J I (-._,)r ( '\-Ifln ' I (._,)M'I. l \JI’IIH (l :‘( '“‘r "f‘l' Je ( )ef'

HllT.H!] ( t::]riHI:)]]\

fr}/r:‘rl’ (\,)H’rf’\rr’furf (L)l'r'hf\rrf:’!u’ ()l Ji"\(l!l."lll" (\,).'.I'U:.I‘I’\u1‘|Jr'r)JlJ

1%

) )
Yaliyg (‘,)rr'u”u" 1] /a’x,'r/u A [ ,‘J,{Hu‘u'
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Recall o, D" 'ﬂf oVt =0 with ]W O,V¥ £0

_ r oy 1 » ‘ l o e _
[race anomaly //F (1) |1-ﬂﬂurﬁ’mf)hfﬂ”d 5PalijPaWi¥j +— N.C..
Div of virial: {')”;"”[_[ ) (')‘n'-f'()—“."f )a /),' J‘f'“TﬂFI};r""- 1 /)_‘f-‘!")'i"'fl‘.!‘l'T'“i’ ]
[ sing I (|11‘|[!1111\ of Motion (E( )\h‘ cg
(..)u..-'”,;’l)‘_“d' iT"(L)m'u'\,f'!m.f I (h)“‘-"*‘l'\u?- cd (-,), ( -\._‘-h.'.f I (.,)J'J\»r-"u ") PaPbPePd

li[lT.i]!] ( c::lriHI:)]]\

}JrJ/r:‘rJ’ (\,)rf’r!’\rr’furf (L)I’I'Hif\rffjreu’ (L)l ,‘ ”\ufu'lrf (L)rffff’\r!“r'rf‘
J ) )
Ja iy (\,)rr'u.ffra" L /#!I,”rf Al [,",{.Uu‘;_,r'
13
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-‘.))ufn'(f — '_(Juju-’\n'hf'u' En (l_)h’h/\rfh't'rf sy (2("(‘/\(.“’)("{! - (-Jdlff/\uh('tf' s

<4 ) )]
J)u|.r‘; == (Ju’u”u’ A [."i.‘lu i’y 1_,“_/.”” 17"

['hese are not tunctional equations

Solution: specitic values of coupling constants (and Q and P)

that satisty these equations

Precisely as in searching for conformal fixed points (with O = P = 0)

We look for solutions using perturbation theory:

beta-functions to fixed order in the loop expansion

* coupling constants on limit cycle (eg, on solution) remain small

® () and P consistent with beta-function loop expansion
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Polchinski (‘87): scalars only, 1-loop solutions: if SI then CF]

§ ool QueAebed + permutations

N o2 N 3 bed(QaeAebed

ok nk permutations)

now show RHS vanishes identically (for any value ot coupling constant )

-— €EAabed “___,{ Aabah Acdgh + permutations)
yii=

)

“classical” term: ',‘-I,J..""().-r -\,f” ) X ()r ( \,r'..,.f'\.;f'urr‘ 0

C( (l ¢

! ](Hll)li‘]l]\, )

)r.‘fllr ,fE-(,).ff \1 b u":! X ( )..'r ‘\. be .,"J\‘.w[r.‘-!'- '\4 ,,"-,rfr H

1%

Dorigoni&Rychkov (‘10): scalar plus Weyl fermions, -loop: if SI then CFl

FGS Cr1): obstruction to above argument appears at >-loops (for model with Wevl+scalars)

10
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(Lt
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10
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Polchins
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)-r ,\,f'“ rll X ()F, \,(',r,f\u-.ﬁ'““a‘ ['

A (l ¢ i
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l ;r.‘illr "f” (")'f’ .\' b "’I'! X (\.)--'f '\l b .r’l \w.‘t[rrr'jl-'\, r:{',f.‘ir (I
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( \ll.iilxlull

1

.\thfl!pm\\tlxul on both sides of ) \ ('_)\ and ’I.J (.‘)r‘/ Py

* Lowest order: non-linear. Many solutions. Discard “bad” ones
* Higher orders: linear
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( \i'.ill\llll‘.

A
y ) 2
Match powers of on both sides of /3, QA and 19 Qy Py

* Lowest order: non-linear. Many solutions. Discard “bad” ones

e | |L._:I[]l r orders: linear
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Summary of findings

@ No obstruction for pure scalar theory at 2-loops
@ No obstruction to all orders in perturbation theory for any ny if n )
(that 1s SI implies CI in these theories — to all orders in perturbation theory)
@ Solutions with P2 = 0 but O # 0 at 3-loops in
¢ ny=1,n,=2, with unbounded tree-level potential
@ ny =2, n,=2, with bounded tree-level potential

Oscillating couplings
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(too many) Comments

* ‘Iree level potential bounded vs unbounded: not really an issue for perturbative analysis
» Much like studying RG flows in ¢’ in D = 6
» Vacuum stability determined by eftective potential

* Solutions with » 1,2, n 2. already found at 2 [(...|u (used Jack & Osborn betas)

» Numerically
» Via ¢-expansion
» Pertect agreement between them
» Checked by integrating RGE using both full nonlinear 2-loop beta functions
as compared with analytic computation of cycle (in terms of O and P computed

either numerically or analvticallv via ¢ expansion)

» However [ = QA " which means ) . Hence terms in beta function of
order of 3-loops can contribute at same order in result cannot be trusted
* At 3-loops SI solutions with »n 1, 2, ns =2, are still obtained
p It is still true that /4 (JA ' but now next order (4 |fmpxh.|:| only enter

at order ¢
» 3-loop beta functions generally unknown, but
¥ Only Yukawa’s beta-function can modify (Q at this order

¥ About 250 3-loop 1PI graphs: only 12 can modify Q at this order (see next slide)

* Scheme dependence
» Computations described above are all in MS-scheme
» Result is scheme dependent in D = 4 — & : “classical” term in beta-function (—¢£4) is not

covariant = could have avoided computation of 3-loop corrections by scheme choice

1¢)
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Diagrams that can contribute to QQ in the n; = ny= 2 model

3 ll )M 1}1\
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Some General Properties of SI
Solutions

(in D = 4, but readily extended to other dimensions)

irsa: 12050071 Page 32/52



Scheme Dependence
Properties that have physical consequences must be independent of the scheme:

Single ”“l.‘[”!.L'. hixed point

[. The existence of a contormal hixed point
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Scheme Dependence

Properties that have physical consequences must be independent of the scheme:
Single coupling fixed point

[. The existence of a contormal hixed point

H I.[]l .Illlllll.lillll\ \]I!i]:‘[l\nrl‘. dat a
conformal fixed point, which determines

the scaling behavior ot Green functions

[11. The first derivative of the beta
function at a conformal fixed point,
which determines the sign and rate of
approach of the coupling to the
conformal hixed point and thus modifes

asymptotic for mulac

[V.The first two coefhicients in the loop
expansion of the beta function, which
govern the UV or IR asymptotics of the

coupling
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Scheme Dependence

Properties that have physical consequences must be independent of the scheme:
Single coupling fixed point

[. The existence of a contormal hixed point

[I. The anomalous dimension at a
conformal fixed point, which determines

the scaling behavior ot Green functions

[I1. The first derivative of the beta
function at a conformal fixed point,
which determines the sign and rate of
approach of the coupling to the
conformal hixed point and thus modihes

asymptoti formulac

[V. The first two coefhicients in the loop
cxpansion of the beta tunction, which
govern the UV or IR asymptotics of the
tcllllillll_:\

V. The first coefficient in the anomalous
dimension, which controls the scale

factor of the held in the tar UV or IR
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Scheme Dependence
Properties that have physical consequences must be independent of the scheme:

\1]:;__*_11' ( Hlll_)_IIIL:_'_ hxed point L.xtension to .\l.lli} 1.x-111_\im‘:_"- ‘_l P or LS )

[. The existence of a contormal hixed point [. The existence of conformal fixed points
and scale-invariant trajectories
[I. The anomalous dimension at a [1.The eigenvalues of y + O at conformal

conformal fixed point, which determines fixed points and scale-invariant trajectories

the scaling behavior ot Green functions

[11.'The hirst derivative of the beta [11. The eigenvalues of ¢fi/0e + (O at
function at a conformal fixed point, conformal fixed points and scale-invariant
which determines the sign and rate of trajectories

approach of the coupling to the
conformal hixed point and thus modihes

asymptotic for mulac

[V. The first two coefhcients in the loop
cxpansion of the beta tunction, which
govern the UV or IR asymptotics of the
coupling

V. The first coefhicient in the anomalous

dimension, which controls the scale

tactor of the held in the tar UV or [R
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Scheme Dependence
Properties that have physical consequences must be independent of the scheme:

Single ¢ "“l.’[”!.'h'-.“\"fl point Lxtension to Many 1(1111_41!]11_"\ (PP or L)

[. The existence of a contormal hixed point [. The existence of conformal fixed points

and scale-invariant trajectories

[I. The anomalous dimension at a [1.Th cigenvalues ot vy + O at conformal
conformal hxed point, w hich determines fixed points and scale-invariant trajectories

the scaling behavior of Green functions

[I1.The first derivative of the beta [11. The eigenvalues of ¢fi/0e + (O at
function at a conformal fixed point, conformal fixed points and scale-invariant
which determines the s1gn and rate of trajectories

approach of the coupling to the
conformal fixed point and thus modifies

asymptotic tor mulac

l\ HH hirst I\\'t?lt\l'l!ll]llll\I!th' flnlll [V. The first coefhcient in il‘.('[Hilpt'\;).lll\llill
expansion of the beta tunction, which of beta functions
govern the UV or IR asymptotics of the

coupling
V. The first coefhcient in the anomalous V.The first coefhicient in the anomalous

dimension, which controls the scale dimension matrix
tactor of the held in the tar UV or IR
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[0 be sure, these only guaranteed under natural scheme changes

\ scheme chang

1s natural if all couplings transform covariantly with respect to Gr (the symmetry

group of the kinetic terms)

that 1s, if
Aabod = Rant Flbpt Reost Radr At bt ot ad? : Nabed = Rant Bt Rant Bt Aottt d

and vy, ¥ ag! LUis/ £L551 Yat |4t 47 : Baiia
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Pirsa: 12050071

Stability Properties
] |

Measures small deviations of How from cvcle

()¢ (1 'f.i-'\‘ neric vector ofr « :mp]m;\, matrix notation)

r’lfj[.f | [ {) |
g« (t) = g.(0)e%"

['hen 0qg(t) 0qg(0))e
; o
where O 3 1 (-.) 1s the “stability matrix
()¢
g g.(0) (scheme independent eigenvalues)

Limit cycle: there is always one vanishing eigenvalue

For example: in ny, n ), 2 eigenvalues are 2.4, 1, 0.99, 0.74, 0.095, —0.19, 0 (in units ot ¢)
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Correlation Functions

Determined from RGE. Less constrained than in CF'Ts (less symmetry)

By example here (rather than in generality)

Consider scalar and vector operators under SO(n,) C G

2 { ',],],:,i I-5C LEJ'!,I .

-'L')(;fj'()fn‘ p) P 1€)

Dimensions constrained by unitarity: for (/1. /2) operator A

(for CFT, operators with /| j> = 0 have A ))

S( 7.7t7|7.”|717 VE( [( )\
_ ' ] 2 ‘ b (A=Y | 2 LeA )) ‘
L)..-U'”()(. p) {—p 1€) 2 [—D 2€) 2 ' (.
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Correlation Functions

Determined from RGE. Less constrained than in CF'Ts (less symmetry)

By example here (rather than in generality)

Consider scalar and vector operators under SO(n,) C G

scalar-scalar:

C - jg)arata=4)

-'L'}l,_!'))()fl‘ P) P L€ )

Dimensions constrained by unitaritv: for (. J ) operator A =

(for CFT, operators with /) j> = 0 have A 2 ‘ 2)
\‘,',E,l',l,l, \,‘,L,!",'
; iy ' 2 v ool (I g o (A+O y
L),,{_;HL) L\ —) V=P 1€) 2 ' P 1€ ) ‘ &
b
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vectorvector

; P : 2 | . ‘ Q) 2 )
(O (p)Op(—=p)) = (—p° —ie) ™3 |(—p® — i€) 2 PTRIC(—p? — ie)2(D
i.'(‘f
with C an n; x n, matrix

and for (Lorentz) vectors:

! I 4 1 : L‘1. 2 [ f1i Y 2 /
O (p)Oy (—p) (=P~ — 2 \—P i€) 2\ 3T (p*gh? Cy + pHp"Ca)(—p je)2 (8~

b
( are n, x ny matrices,

relation between them not forced by symmetry
‘:_i\:q)['n\\u{ to CF1 case)

20
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vectorvector

Y . , 0 | D) . L (A4+OQ) ) ‘ )
(Oa(p)Op(—p) (—p L€) (—p i) TR —p ) 18—
ab
with C an n; x ny matrix
and ftor (Lorentz) vectors:
! ! 4 ) ) \ () ) T ’ ) 1 )
L)‘J:‘("jt):.‘ P) ( p- 1€ ) i n- L€ ) - “ApTg I 1 =P P (o P LE) A
b
( are n. xn

matrices, relation between them not forced by symmetry
‘:_i\li11[')11\l'l{ to CF'1 case)

20
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Cyclunparticles

.\'~ ( l('lll‘.‘_'_ll\ l1r1|3.!HE{ i( s for ( I ]\_ L15¢ \\1: o [rln]u_ "\I SCCLor:
* weakly couple SM to SI model (possibly strongly coupled)
* use irrelevant operators to retain IR behavior
* gee fractional piuw Sspace, but also gma\.ll)]\ oscillatory behavior

* see odd scaling and oscillations in interference term in scattering

Cyclunparticle phase space: discontinuity of correlation function across real axis

For t,'\_m][l[n‘[! L _rf‘.\L),‘. + h.c.

\ * X ftorward scattering amplitude M Qi) \ €)' ( ]

[ake imaginary part

Pirsa: 12050071 Page 44/52



* Yang-Mills with Weyl spinors and scalars

* Couplings

* YM: ¢
® Scalar:
* Yukawa

¢ Arrange for perturbative Caswell-Banks-Zaks fixed point g

e No —¢/ termin betaasin D=4 —¢ , but now g. drives 4 and v toward fixed

}H)I[l|‘~ and cvcles

* Particular example:

e YM: SU(N)

* ‘[wo real scalars, singlets under SU(N)

e Two Wevl spInors in fundamental + two in anti-fundamental

* The above produces at least as much complexity in flavor space as our
D) } &, NN ) 2 model

e Additional SpINOTS 1n fundamental + anti-fundamental to achieve CBZ.
fixed point pe rturbatively

* Have done N = 2,3 (N = 2 is questionable for perturbation theory)

* (Cycles found at 2 |cu>i:\

® ) 1 . v | 1 1 )
Potentially undone by 3-loops (just as in )

. loop calculation in progress

Pirsa: 12050071 Page 45/52



Yang-Mills with Weyl spinors and scalars

* Couplings

* YM: ¢
* Scalar:
* Yukawa
¢ Arrange for perturbative Caswell-Banks-Zaks fixed point g
e No —¢/termin betaasin D=4 —¢, but now g, drives 4 and v toward fixed

}unlrllw and cve les

* Particular example:

* YM: SU(N)

* ‘[wo real scalars, singlets under SU(N)

* [wo Weyl spinors in fundamental + two in anti tundamental

* The above produces at least as much complexity in flavor space as out
D=4-¢. n.n 2.2 model

* Additional SpInors 1n fundamental + anti-fundamental to achieve CBZ
fixed point perturbatively

* Have done N = 2,3 (N = 2 is questionable for perturbation theory)

* (Cvcles tound at 2 |n|>i!\

* Potentially undone by 3-loops (just as in )

® h:u])t.iinl]l.lluzllIll]xlrl"_":l\\
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One word on a-theorem

\ pe rturbative argument for the #-theorem was given by Osborn
in general, for the classically scale invariant D = 4 theory with

dimensionless couplings g/ the We vl anomalyv coefhcient « must satishy

da

(Y /
- (Gryg+ - ) [3
dgr
' y.J Wi ]
where ellipsis = anti-symmetric in /«».J, G/ is a positive definite metric and B ) ((2g)
Hence e o il
'__(:{; _)/J
(i
t/f! i ]
Note that () = { ) () /J’ () H\ll|]HlIH|‘\ll| cycles!
(i
{/h’ da
/ vJ 2 )
Q=0 = G’ <0  with 08 =0
(lt (dt
31
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Obviously, lots of thl[lli_‘}- left to do ...

o QI:n:')\
* Explore models in D =4

. \“.11])('I\\ mmetry?’

* Flows, globally (from where to where?)
* Relation to NR-QM cycles (Effimov)?
* (yravity duals? (Nakayama)

* Strong coupling

The End
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