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Abstract: It is sometimes pointed out as a curiosity that the state space of quantum theory and actual physical space seem related in a surpri
not only is space three-dimensional and Euclidean, but so is the Bloch ball which describes quantum two-level systems. In the talk, | report
work with Lluis Masanes, where we show how this observation can be turned into a mathematical result: suppose that physics takes ple
spatial dimensions, and that some events happen probabilistically (dropping quantum theory and complex amplitudes altogether). Furth:
suppose there are systems that in some sense behave as &€cebinary units of direction informationa€e, interacting via some continuous rever
evolution. We prove that this uniquely determines d=3 and quantum theory, and that it allows observers to infer local spatial geometry
probability measurements.
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Overview

* The motivation: a curious observation
* geometry of quantum states vs. physical space; von Weizsacker's idea

* The framework
* d-dim. physical space; probabilistic events — convex state spaces

* Three information-theoretic postulates (A,B,C)
* A+B: d-dim. Bloch ball; physical geometry from probability measurements
* A+B+C: derive that d=3, quantum theory, unitary time evolution
* an impossible generalization

* What does this tell us? Some speculation
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| . Motivation: a curious observation

Quantum n-level state space: S, { pE
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| . Motivation: a curious observation

> 0, tr(p) | } ,
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| . Motivation: a curious observation

Quantum n-level state space: S e Cho" } p =0, tr(p)

* This is a particularly nice representation:

/ — X
pp+ (1 —=p)p — pr+(1—p)r
statistical mixtures — convex combinations

e S, is Euclidean and 3-dimensional. But so
is physical space! Just a coincidence!

-
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| . Motivation: a curious observation

Physical consequence of ballness: |:|1 correspondence between noiseless
measurements on 2-level systems and “directions" (of magnetic field)
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| . Motivation: a curious observation

Quantum n-level state space: S {peCy; } p =0, tr(p)

I

Recall that quantum 3-level systems (and higher) are not balls:

convex set S,

«—

pure states (extremal points)

Pmix -
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| . Motivation: a curious observation

Quantum n-level state space: S, = {pec CI " | p >0, tr(p)

Recall that quantum 3-level systems (and higher) are not balls:

convex set S,
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pure states (extremal points)
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| . Motivation: a curious observation

Carl-Friedrich von Weizsacker: theory of “‘ur alternatives™ (1955+)
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| . Motivation: a curious observation

Carl-Friedrich von Weizsacker: theory of “‘ur alternatives™ (1955+)

e “ur" = (pure) qubit = quantum 2-level system
e everything is composed of (delocalized) urs
e symmetry group of ur

U(R)=SU(2YRU(1)~ S% x S*.

becomes global symmetry group of universe.
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| . Motivation: a curious observation

Carl-Friedrich von Weizsacker: theory of “‘ur alternatives (1955+)

e “ur” = (pure) qubit = quantum 2-level system
* everything is composed of (delocalized) urs
e symmetry group of ur

U(R)=SU(2YRU(1) ~ 8% x S*.

becomes global symmetry group of universe.
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|. Motivation: a curious observation
Carl-Friedrich von Weizsacker: theory of “‘ur alternatives™ (1955+)

e “ur” = (pure) qubit = quantum 2-level system
* everything is composed of (delocalized) urs
e symmetry group of ur

U(2)=SU(2YRU(1) ~ 8% x S*,

becomes global symmetry p of uni\fse.

space (!!)  time (replaced by R'
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|. Motivation: a curious observation
Carl-Friedrich von Weizsacker: theory of “‘ur alternatives™ (1955+)

e “ur” = (pure) qubit = quantum 2-level system
* everything is composed of (delocalized) urs
e symmetry group of ur

U(2)=SU(2YRU(1) ~ 8% x S*,

—

becomes global symmetry p of uni\fse.

space (?!)  time (replaced by R

Very vague.What does that mean!’

How de position int
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| . Motivation: a curious observation

Goal of this work:
explore rigorously how spatial geometry and g-state space are related.
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| . Motivation: a curious observation

Goal of this work:
explore rigorously how spatial geometry and g-state space are related.

* Do not assume quantum theory; leave spatial dimension d arbitrary.
* Consider simple experimental scenario only

| Mouaton _| [ l
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| . Motivation: a curious observation

Goal of this work:
explore rigorously how spatial geometry and g-state space are related.

* Do not assume quantum theory; leave spatial dimension d arbitrary.
* Consider simple experimental scenario only

 Give three information-theoretic postulates on how probabilities and
rotations are related.
* Prove that we must have d=3 and quantum theory necessarily.

-
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2. The framework

Assumption: there are some events that happen probabilistically.

w | M @ “yes"
—o

| —(O “no”

preparation measurement

* Physical systems can be in some state w. From this, all outcome
probabilities of all subsequent events can be computed:

Prob(outcome “_\'(‘.\” | 1meas. M on state w) : M(w).

-
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2. The framework

Assumption: there are some events that happen probabilistically.

W | M @ “yes®
—0

| —(O “no”

preparation measurement

* Physical systems can be in some state wW. From this, all outcome
probabilities of all subsequent events can be computed:

Prob(outcome “_\'(‘s” | meas. M on state w) . M(w).

e Statistical mixtures are described by convex combinations:
prepare W with prob. p and state ¢ with prob. (/-p), result:

l)"‘"f(l p)rn‘
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2. The framework

Assumption: there are some events that happen probabilistically.

W | M @ ‘“yes"
—. | —(O “no”

preparation measurement

* Consequence: measurements (“effects’) A1 are affine-linear:

M(pw+ (1 —p)p) = pM(w) + (1 — p)M(p).
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2. The framework

Assumption: there are some events that happen probabilistically.

W | M @ ‘“yes"
—. | —(O “no"

preparation measurement

* Consequence: measurements (“effects’) A1 are affine-linear:

M(pw + (1 —p)p) = pM(w) + (1 — p)M(p).

* State space () = set of all possible states w.
Convex, compact, finite-dimensional.
Otherwise arbitrary.

-
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Some examples:
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Some examples:

* Classical n-level system:
S.! { W

n pure states: w;

a), b), c): classical 2-, 3-, 4-level systems.

* d): quantum 2-level system (qubit)

[ |2 Framework | [
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Some examples:

)

n pure states: w;

a), b), c): classical 2-, 3-, 4-level systems.

| 1
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Some examples:

e)

o &)laYsghalneiténea! shasstcal nor quantum.

fn purec states.

* d): quantum 2-level system (qubit)

l |2 Framework | [
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e)

* e),f), g): neither classical nor quantum.

* e),f): let X=measurement “is spin up in x-direction?*

|2 Framework | [
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* e), f), g): neither classical nor quantum.

* e),f): let X=measurement “is spin up in x-direction?*
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* e),f), g): neither classical nor quantum.

* e),f): let X=measurement “is spin up in x-direction?*

analogously for Y.

| |
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* e),f), g): neither classical nor quantum.

* e),f): let X=measurement “is spin up in x-direction?*
analogously for Y.
Square: there is a state W with X (w) = Y(w)

Circle:if X (w) =1 then necessarily )

-
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\l | | e -l- =

complementarity/
uncertainty

* e),f), g): neither classical nor quantum.

* e), f): let X=measurement “is spin up in x-direction?*
analogously for Y.

Square: there is a state W with X(w) = Y(w)

Circle:if Y (w) =1 then necessarily )

-
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2. The framework

! | M @ ‘“yes"

W
3+
I unou

i
preparation transformation measurement

Transformations T map states to states and are linear.

-
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2. The framework

! | M @ ‘“yes"

W
I O unou

i
preparation transformation measurement

Transformations T map states to states and are linear.

e Here, only interested in reversible transformations T (i.e. invertible).
e They form a compact (maybe finite) group @.
* In quantum theory, these are the unitaries:

Pt ?»(""/)(-"i.

-
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2. The framework

Assumption: physics takes place in d spatial dimensions (+ time).
All we consider happens locally + at rest — Euclidean space.

| 1
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2. The framework

Assumption: physics takes place in d spatial dimensions (+ time).
All we consider happens locally + at rest — Euclidean space.

W | M @ ‘“yes"
| —(O “no"

preparation measurement

* Macroscopic objects can be subjected to SO(d) rotations.

* Rotation of measurement device M: linear group representation
Gr (R e SO(d)) suchthat M Gp(M).

-
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2. The framework

Assumption: physics takes place in d spatial dimensions (+ time).
All we consider happens locally + at rest — Euclidean space.

preparation

* Macroscopic objects can be subjected to SO(d) rotations.

* Rotation of measurement device M:linear group representation
Gr (R e SO(d)) suchthat M+ Gp(M).

GrM)(w) = M(GRr(w)).

-
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3. Postulates A and B

There exist certain systems that behave like “binary units of direction info".
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3. Postulates A and B

There exist certain systems that behave like “direction bits".

y
A

direction
bit

3. Postulates A+B
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3. Postulates A and B

There exist certain systems that behave like “direction bits".

e Function of device depends only
on “direction vector* r € R?, ||

* Resulting yes-probability: M, (w).

y
A

direction
bit

3. Postulates A+B
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3. Postulates A and B

There exist certain systems that behave like “direction bits",

e Function of device depends only
on “direction vector r € R, ||

e Resulting yes-probability: M, (w).

[
A

@
direction €R Postulate A (rotations matter):

" There exists a state w and a

direction z € R such that
Mz(w) =1

but M, (w) <1 forall y# .

-
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A trivial solution: system = (stopped) watch, device determines relative angle
© and outputs “yes" with probability (6/180° )‘i_

Postulate A (rotations matter):

There exists a state w and a

direction r € R such that
Mg (w) =

but M,(w) <1 for all y # .
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A trivial solution: system = (stopped) watch, device determines relative angle
© and outputs “yes" with probability ((}/ | 8()° )“_

But: this watch carries lots of extra information!

-
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v/

.
0

A trivial solution: system = (stopped) watch, device determines relative angle
© and outputs “yes" with probability (()/ 18()° )‘i_

But: this watch carries lots of extra information!

Postulate B (minimality):

If w and o’ are states that attain
the same maximal yes-probability
max, M, (w) in the same
direction x, then w = .

l 3. Postulates A+B
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A trivial solution: system = (stopped) watch, device determines relative angle
© and outputs “yes" with probability (()/ | ;.;()“)“_

But: this watch carries lots of extra information!

Postulate B, (minimality): . * Interpretation: system carries
If wand ' are states that attain information on direction x (and

the same maximal yes-probability intensity) and nothing else.
max, M,(w) in the same
direction x, then w = w’.

| | J |
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A trivial solution: system = (stopped) watch, device determines relative angle
© and outputs “yes" with probability ((}/ 1 8()° )‘i_

But: this watch carries lots of extra information!

Postulate B, (minimality): . * Interpretation: system carries
If wand ' are states that attain information on direction x (and

the same maximal yes-probability intensity) and g
max, M,(w) in the same
direction x, then w = w’.
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Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension
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Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension

Proof sketch:

o Postulate A = for every = ¢ RY, || = 1, thereis

a state w, suchthat M, (w,) =1, M, (w,) <1lify#x.

3. Postulates A+B
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Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension

Proof sketch:

* Postulate A = for every = ¢ RY, || = 1, thereis

a state w, suchthat M, (w,) =1, M,(w,) <1ify #x.

e Maximally mixed state /¢ := ¢ Whae AR = Grpe = .

]

e Blochvector: G:=w—pu. If y= Rx then &, = Grw,.

3. Postulates A+B

An information-theoretic nppronch Lo space (]lm('n\mn.‘ihty and quantum theot Y

Page 49/85



Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension
Proof sketch:

* Postulate A = for every = ¢ RY, || = 1, thereis

a state w, suchthat M, (w,) =1, M,(w,) <1ify #x.

e Maximally mixed state /¢ := ¢ Wrae AR = Grpe= .

e Blochvector: G:=w—pu. If y= Rx then &, = Grw,.
e Group rep. theory:inner product such that |, | for all y.
* Postulate B = every state can be written w = Aw, + (1 — A)jt.

= D-dim. ball. Dimension counting = D=d.

-
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Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension

* This is a non-classical state space with d independent
mutually complementary measurements.

* [+ (i is a group automorphism, thus of the form ¢,
= there is orthogonal matrix O such that ', Oz.

3. Postulates A+B

An information-theoretic approach to space dimensionality and quantum theory
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Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension

* This is a non-classical state space with d independent
mutually complementary measurements.

* [+ (i is a group automorphism, thus of the form ¢, = ORO !
= there is orthogonal matrix O such that «, Oz.

3 L Wants to measure Z(z.1).

yes no has no geometric tools at all,

| |
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Theorem: From Postulates A and B, it follows that the
direction bit state space is a d-dimensional unit ball.

spatial dimension

* This is a non-classical state space with d independent
mutually complementary measurements.

* [+ (i is a group automorphism, thus of the form ¢, = ORO !
= there is orthogonal matrix O such that w, Oz.

L Wants to measure Z(z.1).
° T has no geometric tools at all,
| L but lots of other preparation /
! measurement devices lying around.

M} - -

* B Vgt St

Q

-

[
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