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Abstract: Recent progress in the quantization of nonrenormalizable scalar fields has found that a suitable non-classical modification of the ground
state wave function leads to a result that eliminates term-by-term divergences that arise in a conventional perturbation analysis. After a brief review
of both the scalar field story and the affine quantum gravity program, examination of the procedures used in the latter surprisingly shows an
analogous formulation which already implies that affine quantum gravity is not plagued by divergences that arise in a standard perturbation study.
Additionally, guided by the projection operator method to deal with quantum constraints, trial reproducing kernels are introduced that satisfy the
diffeomorphism constraints. Furthermore, it is argued that the trial reproducing kernels for the diffeomorphism constraints also satisfy the
Hamiltonian constraint as well.&nbsp;<br> This tak is based on <a title="Abstract® href="http://arxiv.org/abs/1203.0691"
target="_blank">arXiv:1203.0691</a> .<br>
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Basic Background

Classical actions : A; = j{%[i‘: —x7]- g™ di
esody = A, =[5 =5 dr ; lim_ A, = A # 4,
Solutions :  x, () =Bcos(t+ f3) ; x_(t)==x|Bcos(t+ /)|

Quantum propagators :

lim 250

K _ - X K —i(n+l1/2)T
x0), = Y h,(x" ), (x") e
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Scalar Fields & Measure Mashing

5
Sy

Classical action: A= [{}[¢ -mp - g,0'} dt d’x PF

5

A
. . ) 12 2 4 4.,
Euclidean action: [ =[{5[@" +mijo~ |+ g, } d"X

Latticespacetime : @(x) = @,  k =(ky:k. kyky) k= (ky + ik k. ky)

Latticeaction : [=2X, (g —p.)a” +mipi]+ gy} a'

-(@.—p)ya+miga’)

S(hy =25 o(M/ phfe™ "o (-2, 2,01 a' 1" T1,do,
2 (p)a )| <a’Z, I, el [ V(9 )a“]---[i';\-; V(o )a’ 1) |
<a’%y Iy Ly (X V(e ya' 1Py (X V(e ya' 12y |

(ZV(@p)a’ ¥y =24V (p)a’ 1 ¥ (9) T dg, §=>ST
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Scalar Fields & Measure Mashing

Classical action: A= [{i[¢” —myp’ |- g,@" }dr d°x NR
Lattice Hamiltonian : H =2X", {%[77,2, + mo“go,\?] + 2,0} a

FTof FGSD: Cy(f) =M, [e™WoameaI[] dog — oVl (0 dx
FT of GSD: C(f)=M [~ Wea @07 do —5 o7/4m! “‘;(‘:LT
Divergences: 1, = M, [[Z' pia’)Pe = "I, dp, = O(N')
New coordinates : ¢, =7, . K~ :Z',_ o; . 1= n;

Divergences: /, =M, [[K*a* 1P e kY Vdk du(n) = O(N'")

. A\ - = 3 T
Divergences : Cause & Cure: x'V " 5 ™V R=2ba’N'<
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Scalar Fields & Measure Mashing

~ -m.oa’ —m.o'd —1—2[):'
Free to pseudofree: M IT, {e"*“ } - M'IT, {e """ | ¢, | (1-2ba’)

FT of PEGSD : C;O (f) _ M'J'e.":'_{'_f‘,(p_,a"'—mzi‘, g-)_fa"'HU{ 0, ‘—(1—22)(:"') d@/\-

(my =ba’m , A=qa’]
— exp{-b[d’x[[1-cos(f())]e " dAl| A} | P

. ( » 3 -3 &d (1-2be’
Divergences ?: M, [[2', pra’ )P e ST, | @, T2 de,

: . 2 3ap -x'd' ~(N'- (1o2bg
Divergences ?: M, [[x’a’ 1P e * k™ V" IT, | 57, |17 MM

x kN Ve 26(0-3" nHOIT, dn, = O0(1) .

EXAMPLE of AFFINE QUANTIZATION
OVERCOMES TRIVIALITY and NONRENORMALIZABILITY

Pirsa: 12050013 Page 11/50



Scalar Fields & Measure Mashing

~ -m.oa’ —m.o'd —1—2[):'
Free to pseudofree: M IT, {e"*“ } - M'IT, {e """ | ¢, | (1-2ba’)

FT of PEGSD : C;O (f) _ M'J'e.":'_{'_f‘,(p_,a"'—mzi‘, g-)_fa"'HU{ 0, ‘—(1—22)(:"') d@/\-

(my =ba’m , A=qa’]
— exp{-b[d’x[[1-cos(f())]e " dAl| A} | P

. ( » 3 -3 &d (1-2be’
Divergences ?: M, [[2', pra’ )P e ST, | @, T2 de,

: . 2 3ap -x'd' ~(N'- (1o2bg
Divergences ?: M, [[x’a’ 1P e * k™ V" IT, | 57, |17 MM

x kN Ve 26(0-3" nHOIT, dn, = O0(1) .

EXAMPLE of AFFINE QUANTIZATION
OVERCOMES TRIVIALITY and NONRENORMALIZABILITY

Pirsa: 12050013 Page 12/50



Scalar Fields & Measure Mashing

~ -m.oa’ —m.o'd —1—2[):'
Free to pseudofree: M IT, {e"*“ } - M'IT, {e """ | ¢, | (1-2ba’)

FT of PEGSD : C;O (f) _ M'J'e.":'_{'_f‘,(p_,a"'—mzi‘, g-)_fa"'HU{ 0, ‘—(1—22)(:"') d@/\-

(my =ba’m , A=qa’]
— exp{-b[d’x[[1-cos(f())]e " dAl| A} | P

. ( » 3 -3 &d (1-2be’
Divergences ?: M, [[2', pra’ )P e ST, | @, T2 de,

: . 2 3ap -x'd' ~(N'- (1o2bg
Divergences ?: M, [[x’a’ 1P e * k™ V" IT, | 57, |17 MM

x kN Ve 26(0-3" nHOIT, dn, = O0(1) .

EXAMPLE of AFFINE QUANTIZATION
OVERCOMES TRIVIALITY and NONRENORMALIZABILITY

Pirsa: 12050013 Page 13/50



Pirsa: 12050013 Page 14/50




Review of Affine Quantum Gravity

Canonical kinematical variables: g, (x) , 7%(x)

(u’ >0 if u*=#0

Metric positivity .  u©

S ab

Canonical transformation: 7 ° = jua.,(y)ir"d(y) d’y

f e T:=‘I

0
et Jgab(x) = g({b (_x') -+ {gab («Y),ﬂ- 0} '1> {{Csab(\) ’72- J’ﬂ- + .

=g+, (x)  [May fail positivity]

BAD NEWS

10
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Review of Affine Quantum Gravity

Kinematical variables: g ,(x) , 7%(x)g,. (x)= 1, (x)

(\)ub >0 1if u“=#0

Metric positivity . u©

&S (:b

Canonical transformation : = [y, (v )7T (V) d‘%y

fo _
el. Q({b(\) o(zb(\)-l_loab(\)ﬁll-l_% (zb(\) 7T1177T11+

/"

_Ma(\)bcd(\)M (\) ’ [M(\)—é’ | ]
Canonical transformation: 7° = juc(,(}f')fr“’(y) d’y
f 0 0 0
il Jgab 4 X f«_ X)), | lffole)('\”)aﬁo}vﬂo}+“
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Review of Affine Quantum Gravity

Space-like surfaces: S, S, S”, etc.

12




Review of Affine Quantum Gravity

T (x) > 2, (x) , g.,(x) > g, (x)

Aftine relations :
i5{0,25(x) =37, (x¥)}O(x, V) L

|72y (%), 75(V)] =

:g.ab('\ﬂ)-’ ﬁ:f (.“)] % (S( Lé-(!b(:\‘) + (Sijgad('\‘)}5('\"’}') C.C.I.

:g(;b(x)a gcd (11)1 —_— 0

r¥= [y, (1)7ra(1) d’y

= (_Qab(v\") - i[gﬂ-ab(v\"), 7%*] + %1- [[gab(x)’ﬁ*]’ﬁ*] A
[M(,\‘) _ e’:f(.\‘)."ﬂ]

e’ff:iig({b(v\.)e |
13

Unitary transformation :
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Review of Affine Quantum Gravity

* —in* 7}>

g* = J‘jraz (‘ )gab(v) d3J, > ¥ = J.Vb (‘ )‘A,Tar(1 ) d V
Fiducial vector: (n|g,,(x)|n)=g,(x) , (17, (x)| }7> =

.,

Choose |77) as an extremal weight vector :  [M(x) =e’ "]

Affine coherent states : | |7,g)=¢" e

Coherent state overlap function: g ,(x) = M (x)g.,(x)M{ (x)

T, g'} = exp [—2[[7(.\') d’x

Xhl(det %[ nnb( )‘|‘2'ab(l)]+11b(\) [ n(:b( ) ﬂ_mb(\)] )]
[det{g"* (x)} det{g"” (x)}]""

14
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Measure Mashing and AQG

Coherent state overlap function: g _,(x)= M (x)g.,(x )M (x)

(ﬂ",g” ',q'>= exp[— 2[b(x) d’x

n(det % grf(zb(\)+ mb(\)]-i——lb(\) [ nab(\) ;z_mb(\)] )]
[det Q_uab(\)] det ! me(\) ]1 2

ICT
g(zb(x) — kn ab » k = fkn ab } > O dk = H(r"b di‘n ab
_ 1i1‘nA_)0 IH}IC}I —iATr[(7 "= Yk J-bATr[(g"+g ")k, ] d t(]\”)_(bA 1) ]]‘
K(6N—1)H” det(k )_(zz;—l) =11 det(]]”)2(5),_A—1)K(6ZJ,_A—1) -
A—n ab = KU}: ab » = ana b[\ 1‘1- ab » R = 6znbnA < O 0
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Reproducing Kernel Hilbert Spaces

L —dim. topologicalspace: &£, (ef , ' (=(,....[;)
Cont. func. of pos. type: I (/':/) , E;{_}Tila,- o X(:l;,)=20
GNS Theorem: IH & |/)e H : K(/":[)={I']])
Functional representation of H: [/,J <]
w) =2, f(i)> . o) = 1/8 ‘/[;>
m = Zf:laf </ ](i)>:<]‘l//>’ @ = .f'=1’8.f< ‘][_f]>=
(‘//?(/7) - Zr{:}jldz‘ ’81' <](f) /[_f]> - <Vf‘(/)>
Complete space by including limits of Cauchy sequences
Everything from the RK . X (I1) ;  (7'.g'|7.g)

18
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Reproducing Kernel Hilbert Spaces

Reproducing kernel: (7", g"|7',g")= N"N'(g"+ix"/b|g'-ix'/ b)
Rescaling of RK:  (g"+iz'"/b|g'-in'/ b)
Reduction of RK: | (g" g'-in'lb)|
spans the same abstract Hilbert space H
(78|80 ()7, g) = g (%)

(. glAl ()| m.g) = 7 (x) g, (x) = 77(x)

m"=m'=0

gh=(g"+iz"Ib

Projection operator: E=E" =E’

Constraints lead to subspace: H ,, ,=E H
Subspace RK :  (g"+iz"/blE|g'-ix'/ b)

Reduced subspace RK : | (g"[E|g")

19
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Constraint Example

Original RK : (Z"|Z")=exp[(z'Z")] , ZeV(N,R), N22
Rotation: Z"—>0zZ" & Z'->0Z', 0e0O(N,R)
Z') = exp[(02"-02")]=(0z"|0z")

Constraints : J =0 = separateinvariance for each vector

Projection operator: E=O0OE=EO=0EtO

[nvariance : (

(z2"E|z") = (0z"E|z") = (2" E|OZ) = (0z"[E|OZ")
(Z"E|Z") = [{(Z" 7"dg = M [exp[| 2"|| Z'| cos(&)]sin(&)"~
<2’”E >~ exp| 4 (2’”-””)(2- "] (Z"E+|Z") =

nl(E"2") 2] s explB (22" (z42)]

20
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Diffeomorphism Constraints & Toys

ng)= (.27

CSOF: X=%(x) : (& 8)
7O/ b(X) = LMW ID(x) 8y (R) = B g ()

X" X

Diffeomorp hism invariant RK :

(7. &'Elz.g)=(7"g'El7.8)=(7"&F|l=.g)=(7"g
(¢'Elg)=(e'Flg)=(2'Elg)=(2'Flg)

Toy models : E, cE [plus [-/g(x)d’x] [plusderivatives]
(g'E;|lg)= 2 AR (X)A[g'(x") d°x'Y" {[R(x)[g(x) d°x}”
(g'Er|g)=ZoL[TR" (X)R"(x)[g'(x)g(x) d°x' d’x
(Z'E;|g)=[[{exp[R" (x"R"(x)]-1}./g'(x) g(x) d°x" d°x

-~
LL

'

o
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Functional Integral Formulation

Simple affine variables: [Q,D]=iQ , Q>0
Affine coherent states: |p,q) = e"%e ™" | f)
ACSOF: (p".¢"\p'.q¢") . [¢">0, ¢'>0] [h=1]

141 -1 1 2 "
= exp {—2[?111[3(([ 4 ?,+,l 21/6: PP )] }
(q°q) -~

= lim,_ __ 9U|exp|—i|gp di]

LU—>L

xexp{—(1/20)[[B7'q* p* + Bg*¢*] dt} Dp Dq
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Functional Integral Formulation

<7T”,g"‘72",g'> ’ <7Z'”,g”‘E‘7T’,g‘> ’ <7Z'”,g”}E*’7T',g'>

_ llm /-J' iy-gva “d x dt—T N

p —(1 2v)[[b(x)'g gt 1 +b(x)g"g“g & Jd'x dt

X [T1, , s d® (x,0) dg,,(x,1)] SRV

Note phase space metric in the regularization,

Pirsa: 12050013 Page 41/50



Functional Integral Formulation

<7T”,g"‘72",g'> ’ <7Z'”,g”‘E‘7T’,g‘> ’ <7Z'”,g”}E*’7T',g'>

_ llm /-J' iy-gva “d x dt—T N

p —(1 2v)[[b(x)'g gt 1 +b(x)g"g“g & Jd'x dt

X [T1, , s d® (x,0) dg,,(x,1)] SRV

Note phase space metric in the regularization,

Pirsa: 12050013 Page 42/50



Functional Integral Formulation

<7T”,g"‘72",g'> ’ <7Z'”,g”‘E‘7T’,g‘> ’ <7Z'”,g”}E*’7T',g'>

. v —ig ad x dt—i[[ N“H =N d x dt
=lim, o1 [e"&" " :
.

~(12V)I[b(x)"g, 8. /1 1" +b(x)g ", 8., 1d x dI
W [b(x)"¢g..8.. ( 8]

<[, dr®(x,t) dg_,(x,)] GR(N®

x.ta
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Functional Integral Formulation

<7T”,g"‘72",g'> ’ <7Z'”,g”‘E‘7T’,g‘> ’ <7Z'”,g”}E*’7T',g'>
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Enforcing All Constraints & Toys

Expectedrelations: E,c E , E c E
A possible relation: E,c E c E
Diffeomorphism constraints hold on any space - like surface.

17f0'fG0_,ﬁ(,\‘) =0 = naaﬂ[Gaﬁ(x) + A(X)g,5(x)]=0=

= H“vﬂ[Gaﬂ(,\') + AL s(X)]=0= G, u(x) = —A(X)g,5(X) =
G/go(\) =0=- [/"(\)()‘/0? ];a — Gc.{/j‘(‘:\-) + Agaﬁ(.\') =0 K.K.

The Hamiltonian constraint with CC1is valid on any
space - like surface; if asymptotically flat, then A = 0.
Toy examples already satisfy all constraints with CC.

29

Pirsa: 12050013 Page 45/50



Enforcing All Constraints & Toys

Expectedrelations: E,c E , E c E
A possible relation: E,c E c E
Diffeomorphism constraints hold on any space - like surface.

17f0'fG0_,ﬁ(,\‘) =0 = naaﬂ[Gaﬁ(x) + A(X)g,5(x)]=0=

= H“vﬂ[Gaﬂ(,\') + AL s(X)]=0= G, u(x) = —A(X)g,5(X) =
G/go(\) =0=- [/"(\)()‘/0? ];a — Gc.{/j‘(‘:\-) + Agaﬁ(.\') =0 K.K.

The Hamiltonian constraint with CC1is valid on any
space - like surface; if asymptotically flat, then A = 0.
Toy examples already satisfy all constraints with CC.

29

Pirsa: 12050013 Page 46/50



Enforcing All Constraints & Toys

Expectedrelations: E,c E , E c E
A possible relation: E,c E c E
Diffeomorphism constraints hold on any space - like surface.

17f0'fG0_,ﬁ(,\‘) =0 = naaﬂ[Gaﬁ(x) + A(X)g,5(x)]=0=

= H“vﬂ[Gaﬂ(,\') + AL s(X)]=0= G, u(x) = —A(X)g,5(X) =
G/go(\) =0=- [/"(\)()‘/0? ];a — Gc.{/j‘(‘:\-) + Agaﬁ(.\') =0 K.K.

The Hamiltonian constraint with CC1is valid on any
space - like surface; if asymptotically flat, then A = 0.
Toy examples already satisfy all constraints with CC.

29

Pirsa: 12050013 Page 47/50



Speculation

Compact space: (g'E|g)=(g'| )
=[[[/g'(x")\/g(x) dx'dx]"
<exp{[[]/g'(x)/g(x) dx'a] ?}
Alg)=[]Jgl) dx]"*|g)

{g|ATA| g)) 1S5
(gl g

Spectrum(A“A) Qﬂ, 1.2.3.... .
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Summary

Affine variables preserve strict metric
positivity!! Do your variables do the same?

Affine coherent state overlap function is
divergence free thanks to mashing!!

Reproducing kernels are very useful; may
have representations via path integrals!!

Toy diffeomorphism invariant reproducing
kernels satisfy all constraints!!
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