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Abstract: It is certainly possible to express ordinary quantum mechanics in the framework of areal vector space: by adopting a suitable restriction
on all operators--Stueckelbergad€™ s rule--one can make the real-vector-space theory exactly equivalent to the standard complex theory.& nbsp; But
can we achieve asimilar effect without invoking such a restriction?& nbsp; In thistalk | explore a model within real-vector-space quantum theory in
which the role of the complex phase is played by a separate physical system called the ubit (for &ceuniversal rebité€e).& nbsp; The ubit isasingle
binary real-vector-space quantum object that is allowed to interact with everything in the world.&nbsp; It aso rotates in its two-dimensional state
space.&nbsp; In the limit of infinitely fast rotation, one recovers standard quantum theory.& nbsp; When the rotation rate is large but not infinite,
one finds small deviations from the standard theory.&nbsp; Here | describe a few such deviations that we have seen numerically and explained
analytically.
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Real-Vector-Space Quantum Theory

e A pure state is represented by a vector in a real vector space.

e A complete orthogonal measurement is a represented by an
orthonormal basis. Probabilities are squared components.

® A reversible transformation is represented by an orthogonal matrix,
generated by an antisymmetric real matrix S, the “Stueckelbergian”.
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Real-vector-space quantum theory has a certain elegance.

® As many real parameters
as independent probabilities
(for a complete orthogonal
measurement).

* Mutual information between
the (pure) preparation and the
measurement outcomes (for a
large number of identically
prepared systems) is maximal.
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Stueckelberg’s Rule

To make the real theory equivalent to the standard theory:

1. Add one rebit—the ubit (that is, double the dimension).

2. Insist that every operator commute with Jiy @ 14 .

0 -1
']:(1 [))

This forces every operator to be of the form

I @ (something) + Jiy @ (something)
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Translating ordinary quantum theory into real terms:

1. Density matrix:

]
P ..)‘/(- [\’(‘{/)} i ./{ ‘ IH][/))‘

2. Hamiltonian to Stueckelbergian:

S=Iy®Re(—itH/h)+ Jy @ Im (—tH/h)

3. Projection operator for a measurement:

P — I Re(P) + J;r @ Im(P)
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Translating ordinary quantum theory into real terms:

1. Density matrix:

l
F ’.)“(' Re(p) + Jyy @ Im(p)|

2. Hamiltonian to Stueckelbergian:

S=Iy®Re(—itH/h)+ Jy @ Im (—itH/h)

3. Projection operator for a measurement:

P /.f Re(P) 4 /( l]fli/):'
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The Ubit Plays the Role of the Phase Factor

The ubit’s state space:

The Stueckelbergian
S =—-wJ

rotates the ubit clockwise.
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Our Questions

® Can we obtain standard quantum theory without
invoking Stueckelberg’s rule?
It seems we can, in a certain limit (ubit rotating infinitely fast).

®* What theory do we get when we don’t take that
limit?
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Our Model

.

 —

S=—-wlpgR@JyR@Ipy+BryQIs+1Ip® Sya

e B, is chosen randomly. The size of a typical eigenvalue is s.

e s and w are both much larger than the size of §,.

e The ratio s/wis an adjustable parameter in our model.
We'll get standard quantum mechanics when s/w goes to zero.
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Our Model

N

5 = —wIp@JyQ@Ipa+Bry QI+ 1 & SUA

e B, is chosen randomly. The size of a typical eigenvalue is s.

e s and w are both much larger than the size of §,.

e The ratio s/wis an adjustable parameter in our model.
We'll get standard quantum mechanics when s/ goes to zero.
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What we’ve mostly studied: a precessing spin-1/2 particle

1t

The spin is represented as
a rebit A together with
the ubit.

‘ Su A

1
= —>QJy ® Z4

Q2 is the nominal
angular frequency
of precession.
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Numerical Results—Deviations from Quantum Mechanics

1. Reduced frequency

standard QM
X component l

numerical results

time in standard periods
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To explain these results, we’ll use perturbation theory,
expanding in powers of s/w.

We begin by turning off §,,, and keeping just the ubit
rotation and the ubit-environment interaction.

We ask what happens to each of these components
of the UA state:

X7 @ (something)
Z17 @ (something)

4

'/(.-' ® (something)
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We assume s and w are so large that these decays happen
instantaneously and continually.

We assume this means that p is continually being projected
onto the space of matrices that commute with S,

This assumption forces p to have the form

p(t) = [Up) (U] ® Ap(t)
/',

where the |W,) are the eigenstates of S,

The A,’s evolve according to

dA;.

= = (Yillg ® Syal¥i), Agl
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We assume s and w are so large that these decays happen
instantaneously and continually.

We assume this means that pis continually being projected
onto the space of matrices that commute with §,,,.

This assumption forces p to have the form

ZH; Wl ® Ap(t)

where the |W,) are the eigenstates of S,

The A,’s evolve according to

dAj. f
3 = (Yillg ® Syal¥i), Agl
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Explaining Our Numerical Results

1. Reduced frequency

X component reduction factor:

1.O¢

time in standard periods

Pirsa: 12050007 Page 19/26



The Ghost Part

When the Bloch vector gets shorter, another component
of the total density matrix grows.

At maximum, this “ghost part” is

l
——[B+(I®J)B(I® J)|gy ® Jy

4w

It has zero partial trace over the environment,
but “Alice” (with the A system) can easily access it.
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Explaining Our Numerical Results

3. Long-term decoherence (harder to explain in detail)

length of Bloch vector

1.0+

decay time

UMD

time in standard periods
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Stueckelberg’s Rule without Stueckelberg’s Rule

Recall the environment-ubit Stueckelbergian:
SEy = —wlg ® Jy + Bgy

The density matrix is made of eigenstates of S,
Why does it commute with J,, when we trace over the environment?

w =0 =¥» random state of EU.  E is big =» ubit state proportional to /,,.
(This would cut out too much: not just X,,and Z,, but also J,,.)

w huge =» J,, dominates. Commuting with S, = commuting with J,,.

Intermediate case =2 get identity and some J,,.

Pirsa: 12050007 Page 23/26



Pirsa: 12050007

Can We Capture the Environment’s Effects in a Local Equation?
Our best attempt so far (here pis for the UA system):

dp
dt

Q (15, Q(p)])

Q removes X, and Z,, from the ubit state (Stueckelberg)
and takes J,, to yJ,, where y< 1.

This equation captures the frequency reduction (including the
anisotropy) but not the long-term decoherence.

But it immediately generalizes to higher dimensions.
If H is real, this equation just slows things down—no other effect.
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Conclusions

It seems we can recover ordinary quantum theory from the
real theory with a ubit. We need:

(i) Large environment to effect Stueckelberg’s rule.
(ii) Fast-rotating ubit to prevent the elimination of desired states.

Not taking the limit of infinitely fast rotation, we get a modified
theory that includes:

(i) Spontaneous decoherence of an isolated system.

(ii) Part of the environment absorbed into the system
(the ghost part).

(iii) Possibly another physical entity to determine how each
operator is to be broken in an /,, part and a J, part.
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