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Quantum Fourier Transform: use cases (!?

Shift invariance of the power spectrum:

7 1/1

L = (T
L0
How is this used? “Forget” information about coset. Used in factoring/order finding, dlog, [Shor'94],
\ HSP[Kitaev'95], Pell’s equation [Hallgren’02], hidden radius problem [Childs, Schulman, Vazirani‘07], ... )
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Convolution property:
f

‘ L

*k ‘ g H = DFTY(DFT(f) DFT(g))
. ol ‘H HM: HH“l i

[

fixed reference function

How is this used? “Correlate” two functions. Used in hidden shift problem [van Dam, Hallgren, Ip ‘03]

\ for shifted Legendre symbol. Works for functions g with special properties only.
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Quantum Fourier Transform: use cases (!?)

Shift invariance of the power spectrum:

7 1/1

INNNEE
How is this used? “Forget” information about coset. Used in factoring/order finding, dlog, [Shor'94],

To

\ HSP[Kitaev'95], Pell’s equation [Hallgren’02], hidden radius problem [Childs, Schulman, Vazirani‘07], ...

Convolution property: [ Issue: in general not unitary ]
: - T
* Ll I
uli":" Ila: | ||‘1|
L J
1

fixed reference function

‘ L

L

How is this used? “Correlate” two functions. Used in hidden shift problem [van Dam, Hallgren, Ip ‘03]

\ for shifted Legendre symbol. Works for functions g with special properties only.
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Hidden shift problem

4 Problem definition: IR )

Input: Maps f, g: G — R from finite group G to set R <'7¢ \).\; (71 \5">
Promise: Thereis an seG with g(x) =f(x + s) for all xeG 3

TR e R.I/,
Task: Find s \?/ -
. . )
Why is this Legendre
. . symbol Factoring
interesting? ‘\ / v, 1004
Discrete
Hidden Hidden —— logarithm
shift subgroup o
problem problem N~ pall's
Dladral equation
group ? rialigs
Symmetric
? group \ .
/ Lattice
l? 17 problems
algoritt Reg
MRS Attacks to Graph
cryptosystems isomorphism
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Correlation algorithm

Quantum algorithm: [vanDam, Hallgren, Ip, SODA’03]

1.) Initialize quantum register: 10)
2.) Equal distribution on register: >_xezn |X)
3.) Compute g in superposition: > xezn(—1)9%) |x)

4.) Compute DFT of this state: 5, .,n(—1)SYF(w) |w)

5.) “Uncompute F(w)“: 2wezn(=1)""|w)
6.) Compute DFT of this state: |S)
7.) Measure register: obtain s
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Correlation algorithm

Quantum algorithm: [vanDam, Hallgren, Ip, SODA’03]

1.) Initialize quantum register: 10)
2.) Equal distribution on register: > s Zn | %)
3.) Compute g in superposition: > vezn(—1)9%) |x)

4.) Compute DFT of this state: 3= ,,ca(—1)S"F(w) |w)

5.) “Uncompute f:(w)“: 2wezn(=1)""|w)
6.) Compute DFT of this state: 'S)
7.) Measure register: obtain s

Problem: “uncomputing” in step 5.) only works if diagonal elements are on
the unit circle, i.e., only if the Fourier spectrum is flat in absolute value. One
of the challenges is to generalize this to functions with non-flat spectrum.

Pirsa: 12040115
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Boolean hidden shift problems

Bent functions

@ A Boolean function f : Z7 — Z, is called bent [Rothaus76]
if the Fourier coefficients satisfy |F(w)| = 2~"/2 for all
w € Z3. Such functions are studied in cryptography.

@ Necessary for existence is that n is even [Dillon75].
@ If fis bent, then we obtain another bent function f* via

(=1)"W) .= 2n/2F ().
By taking the dual twice we obtain f back: (f*)* = f.

Example: (here f is so-called Maiorana-McFarland function)

M
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Maiorana-McFarland functions

Theorem: Let f(z,y) = zn(y)! 4+ ¢g(y). Then the dual
bent function is given by f*(z,y) = 7= 1(2)y' +g9(x~1(2)).

Proof: Let f(u,v) be the Fourier transform of f at (u,v).

- 1 - (1.1 w)(z,y)!
f(u,v) = 22n > (1) Entun)izy)
T,y Zf:ﬂ
= ; > (—1)27 () +9(¥)+(uw)(zy)
2 x,yeZs
— ; Z ( 1)f'_u’+_f:(_u) X ( 1)(H+7(.u))-i"
2% r€Z2
1 . r
_ vy +g9(y) 5
ASE 2L,

1 1 t 1
— _1)v7 (u)' 4g(m (”))’
L)
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Finding hidden shifts via correlations

Quantum algorithm for finding s:

0)*" HH"H Uy qHERQ U HH® = |s)

Remarks:

* The algorithm is deterministic, i.e., no error occurs, provided that initial state
preparation, gates, and the measurement are perfect.

*Ugand Ug compute g and f* into the phase. For several classes of bent
functions, it is know how to compute f*, so this algorithm can be used.

* If Fourier transform F(w) is not flat, [Curtis/Meyer’02] proposed to renormalize
- 1 F(w
Fl'(w) := A( )
V2" [F(w)
and to correlate with respect to F’. But there are some issues with this approach.
*|ssues:

- Potentially leads to very high “distortion” of spectrum.
- The algorithm uses knowledge about Fourier coefficients (i.e., f must be known).
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Other ways to renormalize?

Anidea from diffractive optics (“4f setup”):

incoming diffractive element outgoing
wavefront G=Fg wavefront

7/

Methods to design diffractive phase elements:
* Gerchberg-Saxton algorithm, Iterative Fourier Transform Algorithm (IFTA)
* Characterize signal loss due to renormalization.

* Use phase freedom in the design of the diffractive element.

- but: it seems difficult to prove rigorous statements about such methods.
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Hidden shifts: two extremal cases

Bent function

LU
J] U

Delta function
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Hidden shifts: two extremal cases

Bent function

LUUE UL o oo -
I W

Delta function

m) Complexity = N1/2

irsa: 12040115 Page 20/43



Classical rejection sampling

R
A - -

Probability

>

Sample space

[von Neumann, 1951]
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Classical rejection sampling

Probability

Sample space

[von Neumann, 1951]
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Quantum resampling problem

Quantum 7 — o resampling problem

» Given: w.0 € R’ with |[|7|2 = |o]2 =1
Oracle for preparing |7) = >/ _, mi|k)|E(k))
» Task: Prepare |o) = >_)_, arlk)|E(k))

» Question: How many |7)s we need to produce one |o)?

» Note: States [{(k)) are not known

Main theorem (exact case)

The quantum query complexity of the exact m — o quantum
resampling problem is O(1/~) where v = miny, |7 /o

Approximate preparation

Task: Prepare /1 — c|o) + /z|error)
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Quantum rejection sampling algorithm

1. Use the oracle to prepare

r

0) ) = 10) > milk)le(h))

k=1

2. Pick some 0 € Rl and rotate the state in the first register:

> (VImkl? = 10k[2 10) + 6k [1)) [E)[E(R))
k=1

3. Measure the first register:
» w.p. ||8]|5 the state collapses to

n

D olk)E(k))

II‘ I

where d;‘. = r)-;,.,/H(SH-_) 3 Further details:

Maris’ talk tomorrow

Pirsa: 12040115 Page 24/43



Application to hidden shifts

Main idea

» Aim for approximately flat state

» Optimal choice is given by
the “water filling” state

» Requires less iterations

» Success probability p

Filling the Walsh-Hadamard M
pectrum of fwith water:

FrrrnT T

-------
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Special case: hidden shift target state

e -

. 4 \
§ (_]),.,.” / ”..‘|”.> — E (_l}\ i ______’”.}
Y1
7 n . Tn \
el

» Pick e € R* such that Y : 0 < ¢, < |F(w)]
(\l(“ 7".'11” TL"”|I>)

» |If we would measure the Iast qubit, we would get outcome

HIH

A J

Apply Re : |w)|0) — |u

IHP

w.p. ||€||5 and the post-measurement state would be

I .
Y (—1)""e|w)
lell2 .z

» Instead of measuring, amplify the amplitude on |1)

» Complexity: O(1/||e]|2)

» Take z,, = F},i, to get s with certainty in O ) queries

fayn L
V < min
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Sampling approach —
Hidden subgroup reductions

irsa: 12040115 Page 27/43



The Hidden Subgroup Problem

Definition of the problem
Given: Group G, set S, map f : G — S given as black box

Promise: There exists subgroup H < G with
@ f constant on each coset of H

® gi1H # goH implies f(g1) # f(g2)

Problem: Find generators for H (input size: log |G|)

Visualization of the cosets of Hin G Caveat

H

Difficulty of HSP

giH

. . depends crucially
G | f on the structure of
= the group G.

gnH
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Hidden shifts via hidden subgroups

Quantum upper bound:
*In general for f, g injective, hidden shift can be reduced to a HSP.

* Not applicable here directly, since f, g might not be injective. But reduction is

possible using quantum functions F : r — Z’ o (— 1) Y |4y

* Resulting quantum circuit:

0) — H * H |~

> meas.

0) " —HH =" I

ll T e
§==p

* Note that this does not require to know f* in order to compute the shift!

* This can be used to show an exponential separation in query complexity to
find the hidden shift s, provided f and g are given as oracles.

[R., SODA’10, arxiv:0811.3208]
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Hidden shifts via hidden subgroups

Quantum upper bound:
*In general for f, g injective, hidden shift can be reduced to a HSP.

* Not applicable here directly, since f, g might not be injective. But reduction is

possible using quantum functions F : r Z, zn(—1 EACREONTN!

* Resulting quantum circuit:

0) — H ® H —

|()>”+1/~—T I H
/
0)*" HH#"H Ug R Uy H—H®"

> meas.

[- Note that this does not require to know f* in order to compute the shift! J

* This can be used to show an exponential separation in query complexity to
find the hidden shift s, provided f and g are given as oracles.

[R., SODA’10, arxiv:0811.3208]
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Simplifying the circuit

0) - H . o - H
‘0).'"1'? J ‘H?-j”‘ . | | ® .HT'.‘H
‘0)‘-7” H @i . U_{, . Uj- | — H®n
0) H . O H
0)“" /- H®N Ug - Ur | Hn
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Sampling approach

S (14 (=1)7") F(u) |u)

u

Sampling Subroutine: Measure this state in the computational
basis. This will give as results only those u; with u;s = 0.

Let D be the distribution D; := Pr(observe u;) = |F(u;)|?.

In general D is not uniform. E.g., in case of unstructured search,
most of the amplitude is on the all-zero vector.

Intuition: For random functions the spectrum is “almost flat".

J
WM\\VMIIIINMWN I I ™ e
1 |

typical
coefficients
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Sampling based algorithm

Quantum algorithm:

1.

Set : =0 and V = {0}.

. Run the Sampling Subroutine. Denote by u; the output of the

measurement.

If dim(Span{uilk € [i]}) > dim(V;) then set i « i4+1 and set
V= (V,_1,u;—1). If dim(V;) = n — 1 then continue to next step.
Otherwise go back to Step 2.

Output “s", where s is the unique solution of

(u1,8) =0

(ur, s) = 0.
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Analyzing the algorithm

Lemma [Influence]: For any Boolean function f over Z% and n-bit
string v, we call v, = Pr(f(z) # f(z 4+ v)] the influence of v for f,
and vy = mMiny () the minimum influence of f. Then

Vo= Y. |F)?

u.(v,u)=1

and E(#queries) < _f’f for the expected time until s is characterized.

Theorem: There exists a quantum algorithm that solves the Boolean
Hidden Shift Problem for f using expected ()(n/\/j.—_,-) oracle queries.

Theorem [Average case exponential separation]: Let (O, Oy)
be an instance of a Boolean Hidden Shift Problem where g(z) =
f(z 4+ v) and f and v are chosen uniformly at random. Then there
exists a quantum algorithm which finds v with bounded error using
O(n) queries and in O(poly(n)) time whereas any classical algorithm

needs ©(2"/2) queries to achieve the same task.
[Gavinsky, R., Roland, COCOON’11, arxiv:1103.3017]
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PGM approach

1st stage . 2nd stage
|
0 — H = Uy H : 4
|
0)®" =t H Of - H : *-
|
f l
|
0 -1 H ey H . : L
|
0o = o Huo oo
|
ot

After stage 1. |P(s))“" = (Y .. zn (= 1) F(w)|w))
After stage 2. [D'(s)) := 3 ezn (—1)¥"|FL)|w)

11 \ - S+’ -Frf, \
PGM i["‘i;} o \‘-])n \._.;“" ":: ( o 1 ) ! _—TF_—FT‘!!';

|
| u

\
y\
)

Fuw) ‘

E.g., fort=1: H'.']‘ﬁ‘;' = — > wezn(—1)"" F(w)]

&S/ \"-._ln ra—

Work in progress with A. Childs and M. Ozols and J. Roland
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The effect of increasing t

» States: |P'(s)) := S ezn (—1)""|FL \lu
where |[|F1) |3 = !/--4 (W) = o= (Fx F)f (w)
» Convolution: (F x F)(w) =3 ,ezn F(o)F(w — x)
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PGM approach

1st stage . 2nd stage
|
0 — H = Uy H : 4
|
0)®" =~ H O¢ - H : *
|
f |
|
0 -1 H H ; s g
|
0&n o g O, H H s
|
ot

After stage 1. |P(s))" = (Y ezn (1) F(w)|w))
After stage 2. |D'(s)) := 3 ezn (—1)¥"|FL)|w)

Y - S+’ -Frf, ) \
PGM: “i o= \'-]m Lu‘- zn (— 1)™" _TF—_‘”

|
| u

11\ - . F(w \
Eg, fort=1 |E!):= S ezn(=1)"" =" |w)

S ) ONn L il‘”'|

Work in progress with A. Childs and M. Ozols and J. Roland
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The effect of increasing t

» States: |P'(s)) := S pezn(—1)%" \]-—,’,Wu,
where ||| FL)[[3 = !/--4 (W) = o= (Fx F)f (w)
» Convolution: (F' x F)(w) =3 ,ezn F(o)F(w — x)
L (FxF) (w)
V<
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Open problems

* “Coherent” version of previous algorithm?
S (14 (=1)7") F(u) [u)
(¥)
—Can we uncompute the Fourier spectrum F'(u)? In other words, for a
function given by an oracle, can we implement its Fourier transform?

- If not, can we approximately implement F? If not, then why not?

— Explore relation to the problem of deciding “forrelated” functions
[Aaronson’09] and the sampling/searching problem [Aaronson’10].

* Show advantage of applying PGM approach to hidden shift problem.
— Combine with rejection sampling? (while bounding query complexity)
—Improvement by considering several registers?

* Applications of hidden shift for Boolean functions?
—Quantum cryptanalysis?
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Conclusions

* Hidden shift problems
— Motivation: Legendre function, bent functions
— Connection to hidden subgroup problem
— Special case: random functions

— Exponential q/c query complexity separation

* Some approaches to hidden shift problems

- Sampling based approach
- Correlation based approach; quantum state resampling problem

- Amplitude amplification (“quantumrejection sampling”)

- Optimal rotation vector determined by SDP

- Multi-register (PGM) approach

Vo, 2
* Acknowledgment of support: { ) @
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