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Abstract: One of the most important open problems in physics is to reconcile quantum mechanics with our classical intuition. In this talk we look at
guantum foundations through the lens of mathematical foundations and uncover a deep connection between the two fields. We show that Cantorian
set theory is based on classical concepts incompatible with quantum experiments. Specifically, we prove that Zermelo-Fraenkel axioms of set theory
(and the background classical logic) imply a Bell-type inequality. Consequently, quantum experiments violating Bell inequality cannot be described
in the framework of classical set theory. This suggests that a non-Cantorian set theory could be a better framework to capture the elusive nature of
guantum world. Finally, we discuss several possible options for a future logico-mathematical framework compatible with quantum
experiments.& nbsp;
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Qutline

Setting the scene: the trouble with QM

Set theory vs. Bell inequality
A new perspective
Intermezzo: set theory in a nutshell
Contradiction

QOverview & conclusions
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Setting the scene: the trouble with QM

The disquieting feeling of QM

Anyone who is not shocked by QM has not understood
it. Bohr
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Setting the scene: the trouble with QM
The disquieting feeling of QM

Anyone who is not shocked by QM has not understood
it. Bohr

Two attitudes:
» shut-up-and-calculate

- or the 'No interpretation’ interpretation of QM

» we need an interpretation: what's reality according to QM?

- we want a story behind the data

1QC s
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Setting the scene: the trouble with QM

Einstein vs. Bohr

right or wrong?

» realism: Einstein wrong, Bohr right
wrong, but in a fertile way: think EPR
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Setting the scene: the trouble with QM

Einstein vs. Bohr

right or wrong?

» realism: Einstein wrong, Bohr right
wrong, but in a fertile way: think EPR

» ontology: Einstein right, Bohr wrong

wrong, but in a sterile way: think shut-up & calculate
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Setting the scene: the trouble with QM

Problem

QM: highly successful, but no agreed interpretation

after >100 yrs. we still don't understand it (only get used to it)
but plethora of interpretations: Copenhagen, de Broglie-Bohm, many-worlds, Ithaca etc

do we have the wrong tools?
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Setting the scene: the trouble with QM

Problem

QM: highly successful, but no agreed interpretation

after >100 yrs. we still don't understand it (only get used to it)
but plethora of interpretations: Copenhagen, de Broglie-Bohm, many-worlds, Ithaca etc

do we have the wrong tools?
what mathematical structures are compatible with experiments ?

how do we arrive at mathematical concepts?

1QC
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- ! ible w A new perspective
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

Two Intuitions

» Y/ theory — a framework for asking questions, finding answers
i.e., lens through which we look at the world

T4 Focus on the data

decouple experimental data from mathematical framework of QM
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h . ible w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & - Contradiction

Two Intuitions

» Y theory — a framework for asking questions, finding answers
i.e., lens through which we look at the world

T4 : Focus on the data

decouple experimental data from mathematical framework of QM

Classical concepts distilled from interaction with classical world
— don’t describe well quantum experiments
not designed in the first place for it

I>: Distil new concepts
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- ible w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

Reframe

look at quantum experiments through the lens of math foundations

Birkhoff & von Neumann: failure of classical logic (distributive law)
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. ! ble w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & - Contradiction

Reframe

look at quantum experiments through the lens of math foundations

Birkhoff & von Neumann: failure of classical logic (distributive law)

how deep is the contradiction? what else fails?

consequences of Bell inequality violation for mathematical
foundations?

1QC s
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! ble w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
Contradiction

Shift focus: from probabilities to sets
think outside the QM box

» set: primary concept
more fundamental than probabilities

link math foundations «» QM foundations
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Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

Shift focus: from probabilities to sets

think outside the QM box

» set: primary concept
more fundamental than probabilities

link math foundations «» QM foundations

» sets: conceptually robust

sometimes can define sets but not probabilities (it's a measure)
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- - ible w A new perspective
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

Shift focus: from probabilities to sets

think outside the QM box

» set: primary concept
more fundamental than probabilities

link math foundations «» QM foundations

» sets: conceptually robust
sometimes can define sets but not probabilities (it's a measure)

» there's no probability-meter
experimentally: measure sets of events (# detector clicks), then derive p

1QC s
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. - ible w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

Bell-Wigner

@ 8

ab,.c ab.c

Bell-Wigner:  AN(a.;b.) < N(@CR) + IN(CENDN)

Sakurai, Modern QM; Wigner, Am.J.Phys. 38, 1005 (1970)
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. . uble w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
rview & Contradiction

Bell-Wigner

a

ab.c ab,c

Bell-Wigner:  AN(a.;b.) < N(@ECE) + IN(CENDN)
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Sakurai, Modern QM; Wigner, Am.J.Phys. 38, 1005 (1970)
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Set theory vs. Bell inequality

Bell-Wigner

&

ab.c

A new perspective
Intermezzo: set theory in a nutshell
Contradiction

L

ab,c

Bell-Wigner: N (a.:;b.) < IN(EECEN + IA(CENON)

.:lj‘lj

single particle:

N(ax,by) = N(ax.by,c;) + N(ax,by.c-)

VX, y = 4

N3 + Ny < [CINSING + MNG=EING)

N3 + Ny = N(ay.b-) efc

>

&

oo oo 0 o OO
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Sakurai, Modern QM; Wigner, Am.J.Phys. 38, 1005 (1970)
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. . ble w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

Main result

realism:

N(ax.by) = N(ax.by.c.) + N(ax.by.c_)

Proposition

(1) ZF(C) = (1)

(i) (1) = Bell-Wigner

(ii) experiments violate Bell-Wigner
Therefore:

ZF(C) cannot describe quantum experiments

1QC i
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h . e trol A A new perspeclive
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

Naive set theory

Cantor, beginnings, antinomies

Cantor

Set= {any collection of elements}

S/

Russell's paradox
S={x:X¢x)}

the set of all sets not containing themselves
limitation of size doctrine: B {x : x set}

there is no set of all sets
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A new perspective

Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell

Contradiction

Set theory: foundation of mathematics

set
unordered pair:

ordered pair:
Cartesian product:

relations:
functions:

numbers:
structures:

{bunch of elements}
{a. b}

(a.b) = {{a}. {a. b}}
AxB={(a.b):aec ANbe B}

aRb: RC Ax B
y=F(X): XFY AXFZ >y =2

N.Z.Q.R.C,...
group. vector space. R". manifolds . ..

1QC s
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h e: the trouble wit A new perspective
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
rview & Contradiction

ZFC axioms |

» A1l. Extensionality (a setis determined by its extension)

VAB: (ACB)A(BCA)—-A=8B
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h @: the trouble w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

ZFC axioms |

» A1. Extensionality (a setis determined by its extension)

VA.B: (ACB)A(BCA) —-A=8B
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h e: the trouble w N A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

ZFC axioms |

» A1l. Extensionality (a setis determined by its extension)

VAB: (ACB)A(BCA)—-A=8B

» A2. Pairing (redundant)

VA.B: 3C = {A.B)
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e 1 rouble w . A new perspeclive
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

ZFC axioms |

» A1. Extensionality (a setis determined by its extension)

VA.B: (ACB)A(BCA)—>A=B

» A2. Pairing (redundant)

VA.B: 3C = {A.B)

» A3. Union

v collection {A;} : 1B
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h e: the trouble with Qf A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & - Contradiction

ZFC axioms |l

» A4. Power set
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h e the tr A new perspective
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
rview & Contradiction

ZFC axioms |l

» A4. Power set

VA: 3P(A)={B:BCA}

» AsD. Separation specification/subsets/restricted comprehension

VA P(x): JAp={x€A:P(x))
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h et - with QI A new perspective
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

ZFC axioms |l

» A4. Power set

VA: 3P(A) = {B: BC A}

» AsD. Separation specification/subsets/restricted comprehension

VA P(x): JAp={x€A:P(x))

» AB. Infinity (there exists an infinite set)

gde’l
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h @ the trouble with QI A new perspective
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

ZFC axioms Il

» As7. Replacement the image of any set A under any map F is a set
S 9 y

YA.F :3F(A) = {F(a) : a€ A}
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h - trouble w A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
Contradiction

ZFC axioms Il

» A;7. Replacement the image of any set A under any map F is a set
S y

VA, F :3F(A) = {F(a) : a € A}

» A8. Choice for any collection {A;}, 3C having a single element from each A;

V{Ai}, Ai #@:3C, Vi: CnA = {x}
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h . - e W A new perspeclive
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

ZFC axioms Il

» As7. Replacernent the image of any set A under any map F is a set

VA.F : 3F(A) = {F(a): a € A}

» A8. Choice for any collection {A;}, 3C having a single element from each A;

V{A}, Ai#@:3C, Vi: CNA = {x]}

A9. Foundation every non-empty set A has an element disjoint from itself

VA2 :3x€e A xXNA=0

1QC s
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. ible w J A new perspeclive
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
v & Contradiction

What went wrong?
N(ax, by) = N(ax,by,c;.) + N(ax, by, c_)

S(ax.by) = S(ax.by.c;)U S(ax. by.c_)
Nk )
Assumes:
(i) Axiom of separation: VS. P: 3S5p. S p = {X ¢
(i) Law of non-contradiction (NC): PA =P =0
(i) Law of excluded middle (EM) : Pv =P = 1

(iv) Positive cardinality: VS : |S| > 0

Zermelo-Fraenkel (ZF), NC, EM cannot all hold in OM[Q(j
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. . uble w . A new perspeclive
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
v & Contradiction

What went wrong?
N(ax.by) = N(ax.by.c.) + N(ax. by, c_)

S(ax.by) = S(ax.by.c;)U S(ax. by.c_)
N(...)=15(...
Assumes:
(i) Axiom of separation: VS. P: 35p. S p = {x € S: P(x)}
(i) Law of non-contradiction (NC): PA =P =0
(i) Law of excluded middle (EM) : Pv =P = 1

(iv) Positive cardinality: VS : |S| > 0

Zermelo-Fraenkel (ZF), NC, EM cannot all hold in OM[Q(j
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. ible w . A new perspeclive
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
- Contradiction

What has to change?

towards a non-Cantorian set theory/logic

1. NC — paraconsistent logics; dialetheism
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v & Contradiction

What has to change?
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1. NC — paraconsistent logics; dialetheism

2. |S] <0 “negative cardinality”
n < 0in Hardy's paradox?
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Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
N 8 Contradiction

What has to change?

towards a non-Cantorian set theory/logic

1. NC — paraconsistent logics; dialetheism

2. |S] <0 “negative cardinality”
n < 0 in Hardy's paradox?

3. "04+0=1" - QUD # @ “superadditivity”
S(ax.by) = S(ax.by.c;)U S(ax. by.c-)
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view & Contradiction

What has to change?

towards a non-Cantorian set theory/logic

1. NC — paraconsistent logics; dialetheism

2. |S] <0 “negative cardinality”
n < 0in Hardy's paradox?

3. "04+0=1" » QUD # @ “superadditivity”
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- rouble w A new perspeclive
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
v & Contradiction

What has to change?

towards a non-Cantorian set theory/logic

1. NC — paraconsistent logics; dialetheism

|IS| <0 “negative cardinality”

n < 0in Hardy's paradox?

. 040=1" - QUD # @ “superadditivity”
S(ax.by) = S(ax.by.c;)U S(ax. by.c-)

0#£0" o @ # 2

@; urelemente

Radu lonicioiu Is classical set theory compatible with quantum experiments?

Pirsa: 12040107 Page 43/55



\ . ble w A new perspeclive
Sel theory vs. Bell inequality Intermezzo: set theory in a nutshell
N & Contradiction

Logic & set theory: interdependent

Diaconescu theorem:

AC = EM

axiom of set theory = principle of logic
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- - { ‘ W - A new perspective
Set theory vs. Bell inequality Intermezzo: set theory in a nutshell
view & Contradiction

Logic & set theory: interdependent

Diaconescu theorem:

AC = EM

axiom of set theory = principle of logic

cannot consider set theory and logic separately
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Overview & conclusions

Finale: overview

and a historical parallel

» ZF(C) incompatible with violation of Bell-Wigner
ZFC + logic cannot describe g.experiments
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Overview & conclusions

Finale: overview

and a historical parallel

» ZF(C) incompatible with violation of Bell-Wigner
ZFC + logic cannot describe q.experiments

» Euclidean geometry = o + 3 + 1

— non-Euclidean geometries
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Overview & conclusions

Finale: overview

and a historical parallel

» ZF(C) incompatible with violation of Bell-Wigner
ZFC + logic cannot describe g.experiments

» Euclidean geometry = o + 3 + 1
— non-Euclidean geometries

» Cantorian ST = N(a,;b,) < N(a.;c,)+N(c,;b,)
— non-Cantorian sets

Quantum experiments point to new concepts

1QC s
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Overview & conclusions

A research programme

» open a 2-way avenue between quantum and mathematical
foundations
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Overview & conclusions

A research programme

» open a 2-way avenue between quantum and mathematical
foundations

» role of experiments in defining new mathematical concepts
"Is logic empirical?” (Putnam)
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Overview & conclusions

A research programme

» open a 2-way avenue between quantum and mathematical
foundations

» role of experiments in defining new mathematical concepts
"Is logic empirical?” (Putnam)

» Q. properties (contextuality etc) to catalyze new concepts:
non-classical logics, non-Cantorian sets etc

1QC s
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Overview & conclusions

Open problems

» which one(s): separation, positive cardinality, EM or NC?
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Overview & conclusions

Open problems

» which one(s): separation, positive cardinality, EM or NC?

» how contextuality/KS fits here?
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Overview & conclusions

Open problems

» which one(s): separation, positive cardinality, EM or NC?

» how contextuality/KS fits here?

» testable predictions? need gedankenexperiments!
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Overview & conclusions

Thank you!
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