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1-D Wave Equation: 1st Order Form

We now return to the issue of boundary conditions: we wish to illustrate a type
of boundary condition which is often imposed when a (pure) initial-value
problem for a hyperbolic system has been converted into an
initial-boundary-value problem by truncation of the solution domain to some
finite extent

Thus, although we will solve the wave equation on the spatial domain
0 < < 1, we want the solution to approximate the one that we would get if
we were able to solve on the unbounded domain —o¢ < & <

We assume that the initial conditions represent some set of disturbances which
are localized in space, well away from the boundaries = = () and & = 1, and
that the subsequent dynamics describes the propagation of these disturbances
in and away from the interval in which they are initially localized

We recall that the general solution of the wave equation can be written in the
form
o(t,x) ~l(z+t)+r(x—1t) (29)

where ¢ and r are the left- and right-moving parts of the solution, respectively
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1-D Wave Equation: 1st Order Form

e Let us again consider the 1-D wave equation, solved on the spatial domain
0 < & < 1, and where we will delay the specification of the boundary conditions

31 for the time being
e We have
bt = Guz, 0<z<1, t>0 (19)
32
b t;')(“. .f') = (,')(;(.l') (20)
e’;‘),«(”. .f') = “n(.l") (21)
33 o We rewrite (19) in a form that involves only first time derivatives by defining

the following auxiliary variables

o(t, r) e (22)
34 ][(‘l " ..") f;‘)f (23)
31
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1-D Wave Equation: 1st Order Form
e Using the commutativity of (mixed) partial derivatives, it is easy to show
that (19) is equivalent to the following system
31
¢, = Il (24)
[, = &, (25)
32 \ e The initial conditions are then given by
d
‘I’(“ x) t’.')n(.!') (26)
dr
33 ]I(“. .!') = ll()(.f') (27)
e We also note that if we are not concerned with actually computing values of
the scalar field, ¢(t, ) itself (and in this treatment we will not be), then we
can equally well replace (26)) with
34
(I)(”..J') = ‘I)“(.!') (28)
i.e. we can specify the initial values of & = ¢, directly
32

[Update Manager] 1 [ubuntu-user@pi-ubu... &) Downloads &) psk: ExplorationsinG... Wl Lec1.pdf

Pirsa: 12040039 Page 5/41



@Appllf_dtlons Places System ‘¥) o File « Virtual Machine + Help + X Ty @ 11:44 AM @ ubuntu-user O

Lec1.pdf

File Edit View Go Help

QP previous o Next |32 (330f83) | BestFit
Thumbnails + ¥ -
1-D Wave Equation: 1st Order Form
e Using the commutativity of (mixed) partial derivatives, it is easy to show
that (19) is equivalent to the following system
31
¢ = 1II, (24)
[, = &, (25)
32 S e The initial conditions are then given by
d
‘I’(“ x) t’.')n(..") (26)
dx
33 ]I(“. .!') = ll()(.i") (27)
e We also note that if we are not concerned with actually computing values of
the scalar field, ¢(t, ) itself (and in this treatment we will not be), then we
can equally well replace (26]) with
34
(I’(”.J') = (I)||(.!°) (28)
i.e. we can specify the initial values of & = ¢, directly
32
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n+1/2

Scheme is centred at t
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1-D Wave Equation: Crank-Nicholson Scheme

o We further introduce the lf;-rx ard) nme-averaging operator, Ji

vhere [ the wentity ope

& Assuming that
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1-D Wave Equation: Crank-Nicholson Scheme

o We further introduce the (forward) tume-averaging operator, i

where [ w the wentity operato

& Assurming that

e Putting above results toget he * get t l li=1) Crank-N

approcimation of

Pirsa: 12040039 Page 12/41



1-D Wave Equation: Crank-Nicholson Scheme

o Written out in full, thes s

e Note that the Crank-Nichalson scheme immediately generalizes euation

that can be written in the form
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1-D Wave Equation: Crank-Nicholson Scheme

e The difference equations (40) can be applied at grid points labelled by
v

/ g | ] | (the intenar points)

e For ) | and ! we use discretized versions of the radiation (Sommerfeld)
boundary conditions

(44)
(45)

e [The tume dervatives are appraximated as previowsly, and for the space

dervatives we use second order, lor ind backward (“off-centred™)

tifference approximations defined by

vt

Pirsa: 12040039 Page 16/41



@ Applications Places System " o File « Virtual Machine + Help + L)) 12:00PM @ ubuntu-user

X Lec1.pdf
File Edit View Go Help
A Previous o Next |41 (42 0f 83) | Best Fit
Thumbnails + ¥ 2 "
e 1-D Wave Equation: Crank-Nicholson Scheme
e Employing the time-averaging operator, 11, defined previously, the FDAs for the
outgoing-radiation boundary conditions are
37
"t " Fgnl .
4 —— =y [I).,_ <1)J] jml (50)
(I)” 41 (1) n 4
J J n .
% — = [n_,‘ cl»}] j=J (51)
R
e Finally, in our RNPL implementation of this scheme, we will set initial data of
the form
39
<[)[: = Aexp |- ((z — x0) /8)* (52)
1] = o®| (53)
™ where o = — 1.0, 1 will generate purely left-moving, left-moving/right-moving
(time symmetric) or purely right-moving data, respectively, and where A,
and o are adjustable parameters of the gaussian pulse shape
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T Some Basic Concepts, Definitions and Techniques
39
e Let
Lu=f (54)
denote a general differential system.
40 C . . .
e For simplicity, concreteness, can think of u = u(x,t) as a single function of one
R space variable and time,
e Discussion applies to cases in more independent variables
= (u(x,y,t), ulr,y,z,t) -+ etc.), as well as multiple dependent variables
(v =u = [uy,ug, ++,u)).
e In (54), L is some differential operator (such as dy; — 0,,) in our wave equation
example), u is the unknown, and f is some specified function (frequently called
a source function) of the independent variables.
42
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Some Basic Concepts, Definitions and Techniques

40
e Let
Lu=f (54)
denote a general differential system.
41 . - . . , .
e For simplicity, concreteness, can think of u = u(x,t) as a single function of one
R space variable and time,
e Discussion applies to cases in more independent variables
= (u(x,y,t), ulr,y, z,t) -+ etc.), as well as multiple dependent variables
(v =wu = [uy,uy, -, uy).

e In (54|) L is some differential operator (such as dy; — @, ) in our wave equation
example), u is the unknown, and f is some specified function (frequently called
a source function) of the independent variables.
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Residual

Note that another way of writing our FDA is

L' - fh =0 (56)

Often useful to view FDAs in this form for following reasons

e Have a canonical view of what it means to solve the FDA— "drive the
left-hand side to 0".

o For iterative approaches to the solution of the FDA (which are common,
since it may be too expensive to solve the algebraic equations directly), are
naturally lead to the concept of a residual.

¢ Residual is simply the level of “non-satisfaction” of our FDA (and, indeed, of
any algebraic expression).

e Specifically, if 4" is some approximation to the true solution of the FDA, u",
then the residual, ", associated with @" is just

Leads to the view of a convergent, iterative process as being one which
the residual to 0.
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Residual

Note that another way of writing our FDA is

Lhuh— fh =0 (56)

Often useful to view FDAs in this form for following reasons
e Have a canonical view of what it means to solve the FDA— "drive the
left-hand side to 0".

e For iterative approaches to the solution of the FDA (which are common,
since it may be too expensive to solve the algebraic equations directly), are
naturally lead to the concept of a residual.

e Residual is simply the level of “non-satisfaction” of our FDA (and, indeed, of
any algebraic expression).

e Specifically, if 4" is some approximation to the true solution of the FDA, u",
then the residual, r", associated with @" is just

’.h ) Lh ,}fl fh

Leads to the view of a convergent, iterative process as being one which
the residual to 0.
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Truncation Error

e Truncation error, v, of an FDA s defined by

where u satisfies the continuum PDE (54)

o Note that the form of the truncation error can alw be computed (typically
using Taylor senes) from the hnite difference approxMigtion and the differential

equations
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Convergence

Assume FDA is characterized by a single discretization scale, h,

we say that the approximation converges if and only if

u —u as h —0. (59)

In practice, convergence is clearly our chief concern as numerical analysts,
particularly if there is reason to suspect that the solutions of our PDEs are
good models for real phenomena.

Note that this is believed to be the case for many interesting problems in
general relativistic astrophysics—the two black hole problem being an excellent
example,
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Consistency

44
e Assume FDA with truncation error 7" is characterized by a single discretization
scale, h,
e Say that the FDA is consistent if
45
A S0 as h—0 (60)
I e Consistency is obviously a necessary condition for convergence.

40 |
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Order of an FDA
45
e Assume FDA is characterized by a single discretization scale, h
e Say that the FDA is p-th order accurate or simply p-th order if
16 : I " ; ‘ .
lim T O(h?) for some integer p (61)
} f—s0)
47
48
49
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| Relation Between Truncation Error and Solution
Error
47
e Common to tacitly assume that
%6 ™ = O(hP) — e = O(hP)
A
e Assumption is often warranted, but is extremely instructive to consider why it is
warranted and to investigate (following Richardson 1910 (!)) in some detail the
7y nature of the solution error.
! e Will return to this issue in more detail later.
50
51
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— Sample Analysis: The Advection Equation
e Consider solution of advection equation,
49
wy = au, (a>0) 0<zx<l1l t=20 (63)
u(z,0) = wuy(x)
with periodic boundary conditions; i.e. x = () and x = 1 identified
50
I * Note that initial conditions u(z) must be compatible with periodicity, i.e must
specify periodic initial data.
e Given initial data, ug(x), can immediately write down the full solution
51
ule,t) = ugle +at mod 1) (64)
where mod is the modulus function which "wraps" = + a t, t > (0 onto the unit
T interval.
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Sample Analysis: The Advection Equation
e First introduce some difference operators for the usual O(h?) centred
~ approximations of d, and o:
poun o YU "
JpUhy 2 Ax (65)
§ ”:t +1 .“r,t 1
52 1); UJ - - __)'A[ . (66)
- ke
e Again take
Ar = h At = A Ax = Ah
53 and hold A fixed as h varies, so that, as usual, FDA is characterized by the
— single scale parameter, /.
e First key idea behind error analysis: want to view the solution of the FDA as a
— continuum problem,
T e Hence express both the difference operators and the FDA solution as asymptotic
series (in h) of differential operators, and continuum functions, respectively.
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Sample Analysis: The Advection Equation

52 e Have the following expansions for D, and D;:
; Lo |
D, O + (.h‘r).,..,..,. + O(h") (67)
)
Loona
D, = 8+ =)2*h%8, + O(h%) (68)
53 §]
- A

e In terms of the general, abstract formulation discussed earlier, have

a4 Lu—f=0 S (O —ady)u=0
Lh“h _fh = () e (})J a [)I) “h = [

Lh” N fh - ,rh i

A

(D,-aD,)u=T1h %h'-’(,\ﬂu,,, adyy,) u+ O(R
)

55
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T Sample Analysis: The Advection Equation
e Given the Richardson expansion, can proceed with error analysis.
55
_ e Start from the FDA, L"u" — f = 0, and replace both L" and u" with
continuum expansions:
Lyt =0 + (Dy —aD,) (u+hey + - ) =0
56 ] 1
N , (u, b =X2h*0s — a8y = =ah® Bypy 4 )
¥ 0]
X (u + hep + ) = {)
57
; e Now demand that terms in above vanish order-by-order in /i
e At O(1) (zeroth-order), have
58 (N —ad)u=10 (75)
which is simply a statement of the consistency of the difference approximation.
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e Sample Analysis: The Advection Equation
e In fact, can solve (76)) for ¢,.
57
_ e Given the “natural” initial conditions
eo(x,0) = 0
e (i.e. we initialize the FDA with the exact solution so that u" = u at t = 0),
R and defining q(x + at):
l 9 9
gz + at) = -a (l - /\“u“)r').,,,,‘,.u(.r.f)
%9 §]
— - - vy have
eo(a,t) = tq(x + at mod 1) (77)
: e Note that, as is typical for leap-frog, we have linear growth of the finite
e difference error with time (to leading order in h).
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Sample Analysis: The Advection Equation
e In fact, can solve (76)) for ¢,.
57
_ e Given the “natural” initial conditions
eo(x,0) = 0
® (i.e. we initialize the FDA with the exact solution so that u" = u at t = (),
== A and defining q(x + at):
1 2 2
gz + at) = -a (l - /\“u.')r').,,,,‘,.u(..".f)
%9 §]
=== have
eo(a,t) = tq(r + at mod 1) (77)
: e Note that, as is typical for leap-frog, we have linear growth of the finite
o difference error with time (to leading order in h).
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e Convergence Tests
60 e A simple example of a convergence test, and one commonly used in practice is
as follows.
e Compute three distinct FD solutions u", u?", u'" at resolutions h, 2h and 4h
respectively, but using the same initial data (as naturally expressed on the 3
61 distinct FD meshes).
o B . Also assume that the finite difference meshes “line up”, i.e. that the 4h grid
points are a subset of the 2/ points which are a subset of the h points
o e Thus, the 4/ points constitute a common set of events (x;,t") at which
specific grid function values can be directly (i.e. no interpolation required) and
meaningfully compared to one another.
63
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Independent Residual Evaluation

e Question that often anses in convergence testing. s the following
OK. you've established that
Know

you re converging to u

continuum proble

Here, notion of an independent residual evaluation s very useful

Idea s as follows. have continuum PDE

and FDA

Assume that u™ s apparently converging from, for

example
convergence factor ([78) that looks lik

computation ol
21t tendds to 4 as fi tends to O

However, do not know if we have derved and/or implemented our discrete
operator L" correctly
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Stability Analysis
o Will use the property captured by (95)) as working definition of stability.

71 e In particular, if you believe (95) is true for the wave equation, then you believe
the wave equation is stable.

e Fundamentally, if FDA approximation converges, then expect the same
behaviour for the difference solution:

72
n 1]
N el ~ ). (97)
e FD solution constructed by iterating in time, generating

73

0 2 1
- (1} u w., u u

J / J J J

in succession, using the FD equation

74

n+1 A n n-1 2 n PR (| n
u = 21 u A (u 2u. +u ‘
J J ] J+1 J j=1
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