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Course Outline

e Solution of Classical Field Equations Using Finite Difference Techniques

(Luis,Matt)

1. Solving the wave equation using finite difference techniques
2. 3+ 1 approach to the Einstein equations

3. Dynamical spherically symmetric spacetimes

4. Spherically symmetric Einstein-Klein-Gordpn Evolution

5. Introduction to Black Hole Critical Phenomena

e General Relativistic Hydrodynamics Using Gudonov/HRSC Schemes

(Scott,Luis)

Mathematical structure; Linearly degenerate vs truly nonlinear eqns
. Burgers eqn; Godunov Methods & the Riemann problem
. 3+ 1 Approach to GRHydrodynamics
. Stationary solutions, TOV stars & perturbations
Magnetohydrodynamics & miscellaneous topics

e Topics in Numerical Relativity (Luis,Frans)

1. Gravitational waves overview (nature in GR & sources)
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1. Solving the wave equation using finite difference techniques
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3. Dynamical spherically symmetric spacetimes

4. Spherically symmetric Einstein-Klein-Gordpn Evolution

5. Introduction to Black Hole Critical Phenomena

e General Relativistic Hydrodynamics Using Gudonov/HRSC Schemes

(Scott,Luis)

Mathematical structure; Linearly degenerate vs truly nonlinear eqns
. Burgers eqn; Godunov Methods & the Riemann problem
. 3+ 1 Approach to GRHydrodynamics
. Stationary solutions, TOV stars & perturbations
Magnetohydrodynamics & miscellaneous topics

e Topics in Numerical Relativity (Luis,Frans)

1. Gravitational waves overview (nature in GR & sources)

- 7 Newman Panrnce far
¥) psi:Explorat... ™ [Update Ma... [] ubuntu-user... &) Downloads M Lec1.pdf M Lec1-1.pdf (]

Pirsa: 12040038 Page 6/97



@ PO ITE RGN EESSH O 7 ¢ ubuntu_11.04 - VMware Pla...  File ~ Vittual Machine ~ Help ~ LY 11:41AM @ ubuntu-user
OO0 Leci-1.pdf
File Edit View Go Help

| Previous f Next (4 of 83) Fit Page width

Thumbnails + ¥

Week 1

Solution of Classical Field Equations Using Finite
Difference Techniques
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Problems, New York: Interscience (1967)
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H.-O. Kreiss and J. Oliger, Methods for the Approximate Solution of Time
Dependent Problems, GARP Publications Series No. 10, (1973)
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Difference Methods, New York: Wiley (1995)
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Preliminaries

e Classical field equations = time dependent partial differential equations (PDEs)

e Can divide time-dependent PDEs into two broad classes:

1. Initial-value Problems (Cauchy Problems), spatial domain has no
boundaries (either infinite or “closed”—e.g. “periodic boundary conditions")

2. Initial-Boundary-Value Problems, spatial domain finite, need to specify
boundary conditions N

* Note: Even if physical problem is really of type 1, finite computational
resources » finite spatial domain » approximate as type 2; will hereafter
loosely refer to either type as an IVP.

e Working Definition: Initial Value Problem

e State of physical system arbitrarily (usually) specified at some initial time
{ !“.

e Solution exists for t > t;; uniquely determined by equations of motion
(EOM) and boundary conditions (BCs).
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Preliminaries

o Approximate solution of initial value problems using any numerical method,
including finite differencing, will always involve three key steps

1. Complete mathematical specification of system of PDEs, including boundary
conditions and initial conditions
Discretization of the system: replacementpof continuous domain by discrete

domain, and approximation of differential equations by algebraic equations
for discrete unknowns
. Solution of discrete algebraic equations

o Will assume that the set of PDEs has a unique solution for given initial
conditions and boundary conditions, and that the solution does not “blow up”
in time, unless such blow up is expected from the physics

o Whenever this last condition holds for an initial value problem, we say that the
problem is well posed

e Note that this is a non-trivial issue in general relativity, since there are in
practice many distinct forms the PDEs can take for a given physical scenario

(Ir‘l l"\!‘lr‘\(‘!ﬁl IH;!I’\I" l\l {nal h\f\

» [Update Ma... T[] ubuntu-user... &) Downloads I Lec1.pdf W Lec1-1.pdf

Page 14/97



@ ISR EE TS ¢ ¢ Ubuntu_11.04 - VMware Pla...  File = Vitual Machine v Help ~ .Y 11:47AM @ ubuntu-user O
OO0 Leci-1.pdf
File Edit View Go Help

" Previous f Next (8 of 83) Fit Page Width

Thumbnails + % Preliminaries

e Approximate solution of initial value problems using any numerical method,
including finite differencing, will always involve three key steps

1. Complete mathematical specification of system of PDEs, including boundary
conditions and initial conditions
. Discretization of the system: replacement of continuous domain by discrete
domain, and approximation of differential equations by algebraic equations
for discrete unknowns
. Solution of discrete algebraic equations &

Will assume that the set of PDEs has a unique solution for given initial
conditions and boundary conditions, and that the solution does not “blow up”
in time, unless such blow up is expected from the physics

Whenever this last condition holds for an initial value problem, we say that the
problem is well posed

Note that this is a non-trivial issue in general relativity, since there are in
practice many distinct forms the PDEs can take for a given physical scenario
(in principle infinitely many), and not all will be well-posed in general
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e Approximate solution of initial value problems using any numerical method,
including finite differencing, will always involve three key steps

1. Complete mathematical specification of system of PDEs, including boundary
conditions and initial conditions
. Discretization of the system: replacement of continuous domain by discrete
domain, and approximation of differential equations by algebraic equations
for discrete unknowns
. Solution of discrete algebraic equations [y

Will assume that the set of PDEs has a unique solution for given initial
conditions and boundary conditions, and that the solution does not “blow up”
in time, unless such blow up is expected from the physics

Whenever this last condition holds for an initial value problem, we say that the
problem is well posed

Note that this is a non-trivial issue in general relativity, since there are in
practice many distinct forms the PDEs can take for a given physical scenario
(in principle infinitely many), and not all will be well-posed in general
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it % e There are several general approaches to the numerical solution of time

dependent PDEs, including

Finite differences
Finite volume
Finite elements
Spectral

e Finite difference (FD) methods are particularly appropriate when the solution is
expected to be smooth (infinitely differentiablf) given that the initial data is

smooth

e This is the case for many classical field theories including those for a scalar
(linear/nonlinear Klein Gordon), vector (electromagnetism [Maxwell]), rank-2
symmetric tensor (general relativity [Einstein])

e In cases where solutions do not remain smooth, even if the initial data is—as
happens in compressible hydrodynamics, for example, where shocks can
form—the finite volume approach is the method of choice (next week)
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Why Finite Differencing?

e Accessibility: Requires a minimum of mathematical background: if you're
mathematically mature enough to understand the nature of the PDEs you need
to solve, you're mathematically mature enough to understand finite differencing

Flexibility: Technique can be used for essentially any system of PDEs that has
smooth solutions, irrespective of

e Number of dependent variables (unknown functions)

e Number of independent variables (a.k.a. “dimensionality” of the system:
nomenclature “1-D" means dependence on one spatial dimension plus time,
"2-D", "3-D" similarly mean dependence on two/three dimensions, plus
time, respectively)

Nonlinearity

Form of equations: technique does not require that the system of equations
has any particular/special form (contrast with finite volume methods where
one generally wants to cast the equations in so-called conservation-law form)
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e Error analysis:

e Mathematically rigorous: Quite difficult

e Practical/empirical: Extremely straightforward—basic principle is to compute
multiple solutions using same initial data and problem parameters, but
differing fundamental discretization scales. Comparison of solutions provides
direct estimate of error in solutions

[

Adaptivity: Can combine basic method with changes in

e Local scale of discretization

e Order of approximation

in order to maximize increase in solution accuracy as a function of
computational work invested (e.g. adaptive mesh refinement, week 3)

Parallelization: Due to “locality of influence” in finite difference schemes, it is
relatively easy to write FD codes than run efficiently on large distributed
memory computer clusters having 1000s or cores (these days 10,000s or even
100,000s!)
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The 1-D Wave Equation

e Consider the following initial value (Cauchy) problem for the scalar function
ot x)

)

Dyt C" Qpqy , X0 S - X ,
()(“ .l'} (_‘J“(J'}
O(0, ) = Iy(z)

where ¢ is a positive constant, we have adoptgcl the subscript notation for
partial differentiation, e.g. oy = 0%¢/0t*, and we wish to determine ¢(f, ) in
the solution domain from the initial conditions (2H3) and the governing
equation (1)

Note the following:

e Since the spatial domain is unbounded, there are no boundary conditions

e Since the equation is second order in time, two functions-worth of initial data
must be specified: the initial scalar field profile, ¢,(x), and the initial time
derivative, 11,(x)

e This system is well posed, and if the initial conditions ¢y () and II(x) are
smooth—which we will hereafter assume—so is the complete solution ¢(t, )
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The 1-D Wave Equation

e Consider the following initial value (Cauchy) problem for the scalar function
o(t, x)

)

Dyt C" Qpqy X0 S - X ,
(0, ) ¢ola)
D (0, 2) = y(2)

where ¢ is a positive constant, we have adoptgcl the subscript notation for
partial differentiation, e.g. &y = 0%¢/0t*, and we wish to determine ¢(f, ) in
the solution domain from the initial conditions (2H3) and the governing
equation (1)

Note the following:

e Since the spatial domain is unbounded, there are no boundary conditions

e Since the equation is second order in time, two functions-worth of initial data
must be specified: the initial scalar field profile, ¢, (x), and the initial time
derivative, 11,(x)

e This system is well posed, and if the initial conditions ¢(x) and II(x) are
smooth—which we will hereafter assume—so is the complete solution ¢(t, x)
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hancebdumna i e Consider the following initial value (Cauchy) problem for the scalar function

o(t, )

)
C™ Dy s X ST S 00,

(0, ) Polxr)
D (0, ) = Iy(x)

where ¢ is a positive constant, we have adopted the subscript notation for
partial differentiation, e.g. oy = 0%¢0/0t%, and we wish to determine ¢(f, ) in
the solution domain from the initial condition (2—-3D and the governing
equation (1))

Note the following:

e Since the spatial domain is unbounded, there are no boundary conditions

e Since the equation is second order in time, two functions-worth of initial data
must be specified: the initial scalar field profile, ¢y(x), and the initial time
derivative, I11,(r)

e This system is well posed, and if the initial conditions &,(x) and 1l,(x) are
smooth—which we will hereafter assume—so is the complete solution ¢ (1, r)
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R The 1-D Wave Equation

e Eqn. (1)) is a hyperbolic PDE, and as such, its solutions generically describe the
propagation of disturbances at some finite speed(s), which in this case is ¢

e Without loss of generality, we can assume that we have adopted units in which
this speed satisfies ¢ = 1. Our problem then becomes

Ot = Pua x << 00,

(0. 2) = Po(B)
Oy (0, ) [o(x)

e In the study of the solutions of hyperbolic PDEs, using either closed form
(preferred to “analytic”) or numerical approaches, the concept of characteristic

is crucial

e Loosely, in a spacetime diagram, characteristics are the lines/surfaces along
which information/signals propagate(s).
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The 1-D Wave Equation

"olt- directed” characteristics X+l constant Iix +

right- directed” characlenstics O | constant , r(x

t
A

-
X

e General solution of (4] is a superposition of an arbitrary left-moving profile
(v & 1), and an arbitrary right-moving profile (v = +¢ = +1); i.e.

pt,xe)=0x+1t)+r(x—1)

constant along “left-directed” characteristics
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The 1-D Wave Equation

"olt- directed” characteristics X+ constant Iix +

‘right- directed” characlenstics I | constant , r(x

t
A
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X

e General solution of (4] is a superposition of an arbitrary left-moving profile
(v & 1), and an arbitrary right-moving profile (v = +¢ = +1); i.e.

pt,e)=0x+1t)+r(x—1)

constant along “left-directed” characteristics
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The 1-D Wave Equation

"elt- directed” characteristics X+l constant lix +

right- directed” characlenstics I | constant , r(x

t
A

-
X

e General solution of (4] is a superposition of an arbitrary left-moving profile
(v & 1), and an arbitrary right-moving profile (v = +¢ = +1); i.e.

d(t,x) = 0x+t)+r(x—1t)

constant along “left-directed” characteristics
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Observation provides alternative way of specifying initial values—often
convenient in practice

Rather than specifying u(x.0) and u,(x.0) directly, specify initial left-moving
and right-moving parts of the solution, #(x) and r(x)

Specifically, set

O, 0) ((x)+ r(r) b
dl dr

(e, ) C(x)—1r(r) :i.r('r} ri.r{‘r]

For illustrative purposes will frequently take profile functions ¢y (), £(x), r(x)
to be “gaussians”, e.g.

dolr) Aexp ((x — x0) /"S).J (10)

where A, x, and & are viewed as adjustable parameters that control the overall
size/height of the profile (A), its centre point () and its effective width (4)
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Thumbnails v % Rather than specifying u(x.0) and u,(x,0) directly, specify initial left-moving
and right-moving parts of the solution, () and r(x)

Specifically, set

o, 0) ((x) + r(x)

dl dr

¢ (x,0) O(x) = r'(x) = ——(x) = —(x)

. . . ¥ . .
For illustrative purposes will frequently take profile functions ¢y (), €(x), r(x)
to be “gaussians’, e.g.

o(x) = Aexp |- ((x — x0) /6) (10)

where A, x, and 0 are viewed as adjustable parameters that control the overall
size/height of the profile (A), its centre point () and its effective width (4)
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For illustrative purposes will frequently take profile functions ¢y (x), ¢(x), r(x)

to be “gaussians’, e.g.

do(z) = Aexp |- ((z — x0) /6)* (10)

where A, 1, and 0 are viewed as adjustable parameters that control the overall
size/height of the profile (A), its centre point () and its effective width ()

2. Discretization
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Deriving Finite Difference Formulae

e One-dimensional, uniform finite difference mesh.

e Note that the spacing, Ax = h, between adjacent mesh points is constant.

o Will tacitly assume that the origin, ¢, of coordinate system is &g = 0.
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Deriving Finite Difference Formulae

e One-dimensional, uniform finite difference mesh.

e Note that the spacing, Ax = h, between adjacent mesh points is constant.

o Will tacitly assume that the origin, ¢, of coordinate system is & = (.
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Deriving Finite Difference Formulae

e One-dimensional, uniform finite difference mesh.

e Note that the spacing, Ax = h, between adjacent mesh points is constant.

e Will tacitly assume that the origin, ¢, of coordinate system is &g = 0.
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Deriving Finite Difference Formulae

o Given the three values u(x; — h),u(x;) and u(x; + h), denoted u;_,u
;4 respectively, can compute an O(h?) approximation to wu,(xr;) = (u,), as
follows

» Taylor expanding, have

[

[, . I "
1/’I{l f,‘l'.f'.f' )’ } .) lf" l[ 'f.l".f' J'.l'}j ’ ()( f‘,)

§}

[, [ . l
wj + h(ug); + 5h*(waee); (,h"(u,._,,,.), l 51

- ) F4

W (Upres); + O(°)

o Now seek a linear combination of u; y,u;, and u; 4 which yields (u,); to
O(h?) accuracy, i.e. we seek ¢_. ¢y and ¢, such that

Wj—1 + CoUj + Cqp Ujy (ug); ()(hg)
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Deriving Finite Difference Formulae

Given the three values u(x; — h),u(x;) and u(x; + h), denoted wu;_,, u
;4 respectively, can compute an O(h?) approximation to wu,(xr;) = (u,), as
follows

o Taylor expanding, have

[

| . 1 .
)i “/:'{lu‘,..,..,.), f _)lhl[u.,..;.,..,.}, = O(h”)

-

1, | . |
wj + h(ug); 4 .’h'(u_,.,.), f “f.r"(u,,,,,.), f 51

— -

hl(”.r'.r.r.r}; t ()(ha)

e Now seek a linear combination of w;_,u;, and ;4 which yields (u,), to
O(h?) accuracy, i.e. we seek ¢_. ¢y and ¢, such that

Coj_1 + couj + cquj = (ug); + O(h*)
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Deriving Finite Difference Formulae

Given the three values w(x; — h),u(x;) and u(x; + h), denoted u;_,, u
;4 respectively, can compute an O(h*) approximation to wu,(r;) = (u,), as
follows

Taylor expanding, have

[

(llh"{ Uzex ) +O(h")
: .

I |
f 9 lh [ Uppra };

[, L. I
wj + h(ug); + 5h*(waee); (,f.*"(u,,,,,.), l 51

Fa ) F4

hl(”.r'.r.r.r}; t ()(hs)

e Now seek a linear combination of ;. u;, and u;,; which yields (u,), to
O(h?) accuracy, i.e. we seek ¢_. ¢y and ¢, such that

Wj—1+ couj+cypujpy = (ug); ()(hz)
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Deriving Finite Difference Formulae

e Given the three values u(x; — h),u(x;) and u(x; + h), denoted u;_,u
;4 respectively, can compute an O(h*) approximation to wu,(xr;) = (u,), as
follows

o Taylor expanding, have

[

l,. I .
)i = gl () j + 570 (Uaraa)j + O(H)

-

[, [ . 1 .
wj + h(ug); 4 .’h'(u_,,,.), } “h"(u,,,,,.), f I)lhl(u,,..,._,._,.}l FO(h?)

— -

o Now seek a linear combination of wu; y,u;, and u; 4 which yields (u,); to
(O(h?) accuracy, i.e. we seek ¢_. ¢y and ¢ such that

wj—1 + couj 4+ cquje = (ug); + O(h*)
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e Taylor expanding, have

l .
W' (Uyrre) i + O(R)

24 d

[ ., [, . I
wj + h(ug); 4 _,/i“(r:,,,,.), f (ih"(fh‘.r‘.r‘)_; f 91

[

e Now seek a linear combination of w; ,u;, and ;4 which yields (u,); to
O(h?) accuracy, i.e. we seek ¢_. ¢y and ¢, such that

h*(upews); + O(R®)

CoWjp + CoUj + Cyp Uy (uz); + ()(hﬁ)

O

Deriving Finite Difference Formulae

e Results in a system of three linear equations for u; . u;, and u;4:
W™ &) psiExplorat... ™ [Update Ma... [7] ubuntu-user... &) Downloads M Lect.pdf W Lec1-1.pdf

Page 61/97



@ PO ITEGL BN A EESSH O 7 ¢ ubuntu_11.04 - VMware Pla...  File ¥ Vittual Machine « Help ~ LY 12:16PM @ ubuntu-user O
OO0 Leci-1.pdf
File Edit View Go Help

" Previous «f Next 21 (22 of 83) Fit Page width

) LU IVINIE § IIILL IITLLrILL  wUrnnnTuiuo
Thumbnails+ %

e Results in a system of three linear equations for u; 1, u;, and u;:

which has the solution

t
2h

e Thus, O(h?) FDA (finite difference approximation) for the first derivative is

u(z + h) z—h) = uy(z) + O(h*)
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e Results in a system of three linear equations for w; .y, u;, and wu;:

which has the solution

t
2h

e Thus, O(h?) FDA (finite difference approximation) for the first derivative is

w(x +h) —u(x —h)

5 = uz(x) + O(h*)
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e Results in a system of three linear equations for w; 1, u;, and u;1:

which has the solution

t
2h

e Thus, O(h?) FDA (finite difference approximation) for the first derivative is

w(x +h) —u(x —h)

57 = ugz(x) + O(h?)
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which has the solution

+ 2h
R

e Thus, O(h®) FDA (finite difference approximation) for the first derivative is

u(x + h) we(z) + Oh?) (11)

Deriving Finite Difference Formulae

e May not be obvious a priori, that the truncation error of approximation is Q(h?)

¢ Naive consideration of the number of terms in the Taylor series expansion

which can be eliminated using 2 values (namely u(x + h) and w(x — h))
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Deriving Finite Difference Formulae

May not be obvious a priori, that the truncation error of approximation is O(h?)

Naive consideration of the number of terms in the Taylor series expansion
which can be eliminated using 2 values (namely u(x + h) and u(x — h))
suggests that the error might be O(h). N

Fact that the O(/) term "drops out” a consequence of the symmetry, or
centering of the stencil: common theme in such FDA, called centred difference
approximations

Using same technique, can easily generate O(h?) expression for the second
derivative, which uses the same difference stencil as the above approximation
for the first derivative.

w(x + h) = 2u(x) + u(x —h) w (2) + O(h?) (12)

[ ] [] (] ~ ) Pl I A * .
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Deriving Finite Difference Formulae

May not be obvious a priori, that the truncation error of approximation is O(h?)

Naive consideration of the number of terms in the Taylor series expansion
which can be eliminated using 2 values (namely u(x + h) and u(x — h))
suggests that the error might be O(h). N

Fact that the O(/) term "drops out” a consequence of the symmetry, or
centering of the stencil: common theme in such FDA, called centred difference
approximations

Using same technique, can easily generate O(h?) expression for the second
derivative, which uses the same difference stencil as the above approximation
for the first derivative.

w(ae + h) = 2u(x) + u(x - h) w (2) + O(h?) (12)

[ ] [] (] ~ ) FaWa I A * *
W™ &) psiExplorat... ™ [Update Ma... [7] ubuntu-user... &) Downloads M Lec1.pdf W Lec1-1.pdf

Pirsa: 12040038 Page 72/97



@ ISR EE S # ' Ubuntu_11.04 - VMware Pla...  File = Vitual Machine v Help ~ .Y 12:21PM @ ubuntu-user O
OO0 Leci-1.pdf
File Edit View Go Help

| Previous f Next ) (23 0f 83) Fit Page Width
Thumbnails v % suggests that the error might be O(h).
Fact that the O(/) term “drops out” a consequence of the symmetry, or

centering of the stencil: common theme in such FDA, called centred difference
approximations

Using same technique, can easily generate O(h?*) expression for the second
derivative, which uses the same difference stencil as the above approximation
for the first derivative.

w(e + h) —2u(x) + u(r h)h

Y () + O(h?*) (12)
2

Exercise: Compute the precise form of the ()(h?) terms in expressions Cll\)
and (12).

Sample FDA for the 1-D Wave Equation

e Let us consider the 1-D wave equation again, but this time on the finite spatial

/ 1 | [ -

. | J [ 1 [ 4
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e Let us consider the 1-D wave equation again, but this time on the finite spatial
domain, 0 < x < 1, where we will prescribe fixed (Dirichlet) boundary
conditions

e [hen we wish to solve

Dt

M0, 1)

l"”(“..f')
@t 0)

o We will again require that the initial data functions, ¢g(xr) and 1l(x) be
smooth

e Moreover, in order to ensure a smooth solution everywhere, the initial values
must be compatible with the boundary conditions, i.e.

r)“(“) (")“(l) ||(|(“) ”“(I] ()
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‘ o Let us consider the 1-D wave equation again, but this time on the finite spatial
domain, 0 < x < 1, where we will prescribe fixed (Dirichlet) boundary

conditions

e [hen we wish to solve

Dt

f'J((l..i')

l"”(“..f')
@t 0)

o We will again require that the initial data functions, ¢g(xr) and ll(x) be
smooth

e Moreover, in order to ensure a smooth solution everywhere, the initial values
must be compatible with the boundary conditions, i.e.

00(0) = ¢o(1) = 11p(0) = 1Ip(1) = 0

W™ ) psiExplorat... ™ [Update Ma... [7] ubuntu-user... &) Downloads W Lec1.pdf B Lec1-1.pdf

Pirsa: 12040038 Page 75/97



Pirsa: 12040038

@ ISR EE TS <  Ubuntu_11.04 - VMware Pla...  File = Vitual Machine v Help ~ .4 12:23PM @ ubuntu-user O
OO0 Leci-1.pdf
File Edit View Go Help

| Previous f Next 24 (25 of 83) Fit Page Width
WO\WV ) — Y i) — 11p\v) — 1ipg\Lr) — u

Thumbnails+ ¥

Sample FDA for the 1-D Wave Equation

e As always, we begin the discretization process by replacing the continuum
solution domain with a finite difference mesh, whose typical element
(point /event) we will denote by (., t"):

n/\t . 1 (l.I[l.'.!.
(J—1) Az, j=12,
dpnit,(j—1)Ax)

(J-1)""
At WAV A = "Courant number”

o We note in passing that the quantity A defined above is often called the
Courant number or Courant factor, after the great 20th century mathematician
Richard Courant who was a pioneer in the study of finite difference solutions of
time dependent PDEs (in particular, in the use of FD techniques to establish

existence and uniaueness of such PDFEs) )
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e When solving wave equations using FDAs, typically keep A constant when Auxr
varied.

¥) psi:Explorat... ™ [Update Ma... [] ubuntu-user... ) Downloads M Lec1.pdf M Leci-1.pdf [

Pirsa: 12040038 Page 77/97



@ PO ITEGLH BN EESH O 7 0 ubuntu_11.04 - VMware Pla...  File ¥ Vittual Machine « Help ~ B 'd 12:24PM @ ubuntu-user O
OO0 Leci-1.pdf
File Edit View Go Help

" Previous o Next 26 (27 of 83) Fit Page width

Thumbnails+ ¥

h
A

Stencil for “Standard” O(h?*) Approximation of 1-D
Wave Equation

[
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h
A

Stencil for “Standard” O(h?) Approximation of 1-D
Wave Equation

[
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FDA for 1-D Wave Equation

e Discretized Interior equation

(At) ) ({_'JT k: 2(,');! - I)

J

r

‘ 2 no 4
(Pxa) 1 ILZ/\J (Pzaazx) j + O Axr’)

(6es) |+ O(h?)

]

Putting these two together, get O(h*) approximation

20" + "
] 7=1

/\.,. 2

o Scheme such as (16) often called a three level scheme since couples three “time
levels” of data (i.e. unknowns at three distinct, discrete times ¢~ 1, ¢" "1,
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FDA for 1-D Wave Equation

e Discretized Interior equation

(At) ”((_-):*" 26" 4

]

n l 2 n
(Drr) ‘I ¢ 19 FAY (Prrrr) ; | f)[ Axr ]}

(des) |+ O(7)

]

Putting these two together, get O(h*) approximation

20" + "
] 7=1

/\.,. 2

» Scheme such as (16) often called a three level scheme since couples three “time
levels” of data (i.e. unknowns at three distinct, discrete times ¢~ 1, ¢" "1,
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e Discretized Boundary conditions

Thumbnails + %

e Discretized Initial conditions

e Need to specify two “time levels” of data (Ipffectively d(x,0) and ¢ (x,0)),
i.e. we must specify

ensuring that the initial values are compatible

e Can solve Qlﬁ[) explicitly for r'J:' bl
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Thumbnails v % e Need to specify two “time levels" of data (effectively ¢(x,0) and ¢, (x,0)),
: i.e. we must specify

ensuring that the initial values are compatible with the boundary conditions.

e Can solve QIGD explicitly for ¢ :

an
20
J

FDA for 1-D Wave Equation

e Also note that (17)) is actually a linear system for the unknowns

"= 1.2, .....J: in combination with the discrete boundary conditions
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rhumbnails v % e Need to specify two “time levels” of data (effectively ¢(x,0) and ¢ (x,0)),
: i.e. we must specify

ensuring that the initial values are compatible with the boundary conditions.

e Can solve (116D explicitly for ¢ :

Aaun
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]

FDA for 1-D Wave Equation

e Also note that (17)) is actually a linear system for the unknowns

o't =1.2 .....J:in combination with the discrete boundary conditions
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e Discretized Interior equation

I
12
() " + O(h*)

‘ " I 2
(her) 1 (9 Ax

FO(h*)

2 F1 I
(At) (r.'JT '.3(,');! - ) (Pee) t,! 1

J

At (b)) +O(ALY)

(Graax) | +O(L2 ")

rn

(‘-"J‘J') j

]

Putting these two together, get (/<) approximation

20" + "
] 7=1

/\.,. 2

e Scheme such as (16) often called a three level scheme since couples three “time
levels" of data (i.e. unknowns at three distinct, discrete times ¢~ 1, ¢" "1,
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e Discretized Boundary conditions

e Discretized Initial conditions

e Need to specify two “time levels” of data (effectively ¢(x,0) and ¢, (x,0)),
i.e. we must specify

ensuring that the initial values are compatible with the boundary conditions.

e Can solve (16) explicitly for ¢ "'
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e Also note that (17) is actually a linear system for the unknowns
n+1

P =12, 0 in combination with the discrete boundary conditions
can write

A¢"tl=b (18)

where A is a diagonal J x .J matrix and ¢" "I and b are vectors of length .J.

e Such a difference scheme for an IVP is called an explicit scheme.
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FDA for 1-D Wave Equation

[

Also note that ((17)) is actually a linear system for the unknowns
¢! L j=1.2,.--,.J; in combination with the discrete boundary conditions
can write

A¢"t=b (18)

141

where A is a diagonal J x .J matrix and ¢""" and b are vectors of length ./.

e Such a difference scheme for an IVP is called an explicit scheme.
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1) Insert the lines between the lines of '----' at the end of your
~/.bashrc file on your laptop

alias ls='ls -FC --color=auto’

export HOMEMANC=/nfs/solar/home/mchoptuik
export PATHs=:.:$HOME/bin:$PATH

export CC="gcc'’

export CXX='g++'

export CFLAGS='-I/usr/local/include -06'
export CFLAGS_NOOPT='-I/usr/local/include’
export CPPFLAGS="-DHAVE_STRDUP=1"

export CXXFLAGS='-I/usr/local/include -06'
export CCF77LIBS='-1gfortran -1m’

export CCFLAGS='-06'
export CCCFLAGS='-I/usr/local/include -I/usr/X11R6/include -DHAVE_STRDUP=1 -c'
export CCLFLAGS='-L/usr/local/l1ib’

export FC="gfortran'

export FFLAGS='-fno-sedahd-underscore -06'

export F77="gfortran’

export F77FLAGS='-fno-second-underscore -06'

export F77LFLAGS='-fno-second-underscore -L/usr/local/lib’
export F90='gfortran’

export FOOFLAGS='-06'

export FOOCFLAGS='-c¢'

export FOOLFLAGS='-L/usr/lecal/lib’

export RNPL_RNPL='rnpl’

export RNPL_F77="$F77 $F77FLAGS"

export RNPL_F77LOAD="$F77 $F77FLAGS $F77LFLAGS"
export RNPL_F77PP=touch

export RNPL_FLIBS="-lrnpl -lxvs"

export RNPL_CC="$CC $CCFLAGS -I/usr/local/include”
export RNPL_CCLOAD="$CC $CCFLAGS -L/usr/local/lib"
export RNPL_CLIBS="-1rnpl -1xvs -1lm"

export BBH CHECK DEjAULTS-"NONE“
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1) Insert the lines between the lines of '----' at the end of your
~/.bashrc file on your laptop

alias ls='ls -FC --color=auto’

export HOMEMANC=/nfs/solar/home/mchoptuik
export PATHs=:.:$HOME/bin:$PATH

export CC="gcc’

export CXX='g++'

export CFLAGS='-I/usr/local/include -06'
export CFLAGS_NOOPT='-I/usr/local/include’
export CPPFLAGS="-DHAVE_STRDUP=1"

export CXXFLAGS='-I/usr/local/include -06'
export CCF77LIBS='-1gfortran -1m’

export CCFLAGS='-06'
export CCCFLAGS='-I/usr/local/include -I/usr/X11R6/1nclude -DHAVE_STRDUP=1 -c'
export CCLFLAGS="-L/usr/local/l1ib’

export FC="gfortran'

export FFLAGS='-fno-sedahd-underscore -06'

export F77='gfortran’

export F77FLAGS='-fno-second-underscore -06'

export F77LFLAGS='-fno-second-underscore -L/usr/local/lib’
export F90='gfortran’

export FOOFLAGS='-06'

export FOOCFLAGS='-c¢'

export FOOLFLAGS='-L/usr/lecal/lib’

export RNPL_RNPL='rnpl’

export RNPL_F77="$F77 $F77FLAGS"

export RNPL_F77LOAD="$F77 $F77FLAGS $F77LFLAGS"
export RNPL_F77PP=touch

export RNPL_FLIBS="-lrnpl -lxvs"

export RNPL_CC="$CC $CCFLAGS -I/usr/local/include”
export RNPL_CCLOAD="$CC $CCFLAGS -L/usr/local/lib"
export RNPL_CLIBS="-1rnpl -1xvs -1lm"

export BBH CHECK DEEAULTS-“NONE“
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export CXXFLAGS='-TI/usr/Tlocal/include -06°
export CCF77LIBS='-lgfortran -1m’

export CCFLAGS='-06'
export CCCFLAGS='-I/usr/local/include -I/usr/X11R6/include -DHAVE_STRDUP=1 -
export CCLFLAGS='-L/usr/local/lib’

export FC="gfortran'

export FFLAGS='-fno-second-underscore -06'

export F77='gfortran’

export F77FLAGS='-fno-second-underscore -06'

export F77LFLAGS='-fno-second-underscore -L/usr/local/1ib’
export F90='gfortran’

export FOOFLAGS='-06'

export FOOCFLAGS='-c'

export FOOLFLAGS='-L/usr/local/lib’

export RNPL_RNPL='rnpl’

export RNPL_F77="$F77 $F77FLAGS"

export RNPL_F77LOAD="$F77 $F77FLAGS $F77LFLAGS"
export RNPL_F77PP=toucl

export RNPL_FLIBS-"%H& -lxvs"

export RNPL_CC="$CC $CCFLAGS -I/usr/local/include”
export RNPL_CCLOAD="$CC $CCFLAGS -L/usr/local/lib"
export RNPL_CLIBS="-lrnpl -lxvs -1m"

export BBH_CHECK_DEFAULTS="NONE"

export LIB_PATHS="/usr/local/l1b"

export INCLUDE_PATHS="/usr/local/include"”

export LDFLAGS="-L/usr/local/l1b*

export XVSHOST= hostname
export DVHOST= hostname
Note that whenever you make changes to ~/.bashrc (the bash startup file,

see '‘man bash' for more details), you must either

1) Start a new shell (terminal window)
A1) _Execute
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