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Y Wolfram CDF Player

dcory@igc.ca
Here we consider a physical system consisting of an electron bound in a 1-D well composed of an arbitrary potential.
= constants "‘;‘

c |

h= 6.626+10"-34;

a=10"-9; .
'(

m=9,11-10"-31; B
A

eV = 1.602+10"-19; -

= wave function and energy
For comparison we use the eigenfunctions of the infinite square well.
¥[n , x ] 1= 8qrt[2/a] Sin[nxx/a);

Energy[n ] := h*"2n"2 /(Bma”2)

= Numerical estimation of the wave function

For most potentials we do not know an analytic function for the eigenfunctions. However we can numerically approximate them. We do so by writing
down the Hamiltonian in a convenient basis and then numerically solving the eigenvalue problem. Of course the Hamiltonian will not be diagonal, but

usually we can find a representation where most of the Hamiltonian is zero. Here we use a basis of position. .
150% » | 9 4 »
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Pirsa: 12030020 Page 8/58



Q

Thu 9:19 AM  dcory

(Ol

o

YE DO W

Window Help

Edit

File

# Wolfram CDF Player

- Yals

© Arbitrary potential.cdf

Y Wolfram CDF Player

=

\==Jar =4

o —————— - ——

| S g B B |
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-

Ve Ve Ve Ve Ve Ve v Ve Ve Ve v Ve Ve v Ve v Ve v Ve v Ve Ve Ve ’
0. 0. 0. 0. 0. 0. 0 0. 0. 0. 0 0. 0. 0 0. 0 0. 0 0. 0 0. 0. 0. F;
0. 0. 0. 0. 0. 0. 0 0. 0. 0. 0 0. 0. 0 0. 0 0. 0 0. 0 0. 0. 0. "
0. 0. 0. 0. 0. 0. 0 0. 0. 0. 0 0. 0. 0 0. 0 0. 0 0. 0 0. 0. 0.
0. 0. 0. 0. 0. 0. 0 0. 0. 0. 0. 0. 0. 0 0. 0 0. 0 0. 0. 0. 0. 0. [;;}
. o0. ©0. 0. 0. 0. 0. oO0. 0. O0. ©O0. 0. ©0. 0. ©0. 0. ©O. 0. ©O0. 0. O0. 0. 0. *c"

val = Reverse [Eigenvalues [swH] // N]; "~

Reverse just swaps the order of the eigenvalues in the vector. Mathematica orders from largest to smallest, but we want the lowest energies first, 4

™~
ListPlot[val2,m/h /eV, {AxesLabel -» {"n", "E ev)"}}] P
Ep (eV)
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Energy([l] / (val[[l]]2»xm/h) // N
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¥ Wolfram CDF Player
!
iU Aes JJAUL A AV LeULVAIU A 4V J
19 2.17471x10 V7 1.78866 <10 !’ .
20 2.40965 <10 V7 1.97564 x 10 7 &
Show [ {ListPlot[val2 nm/h, (PlotStyle -» {RGBColor[1l, 0, 0]}, AxesLabel - {"n", "E."}}]., -"';f‘
ListPlot [Table[Energy([n], {n, 1, 100}]11}] (ﬁ
En Ly
2.x 10710 ,'. ",-0"'”‘ '."
r al [
I-'.- ﬁ
1.5x%10"16 3 ' -
1.x 10716 ~ ' \ 4
s.x10"17
o
”-"“I‘ A . - a L . . " L . . . A . “ “ 1 n
20 40 60 80 100

Red is numeric and blue is analytic. So for the first 20 eigenstates the approximation is good.

¢ = Table [If [Eigenvectors [swH] [[101-n]][[1]] <0, - Eigenvectors [swH] [[101 -n]] /Sqrt[a/100]) //N,
Eigenvectors [swH] [[101-n]] /Sqrt[a/100] // N], {n, 1, 100}];

Note that for each eigenfunction there are two choices, the first lobe can be either positive or negative. Since we selected for the analytic solution the
positive functions, the above code makes the same choice for the numeric solutions.

x = Tablelan/101. {n. 1. 100}1:

150% » | “»
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¥ Wolfram CDF Player J I’
Manipulate |ListPlot|Transpose[(x, u[[n]]}], {AxesLabel » {"x", "y;"""""“"}, PlotJoined + True} |, ¢
{n, 1, 100, 1}, SaveDefinitions - True| 5
[+
n 4y v,
X 3
u,{;:un:l:m [ '.'
40000 &
30 000
20000
10 000
. L " " " i . . . " " " " A " . " i ‘
2.x10°10  4.x107'0  e.x107'0  g.x10°10 1.x10"?

Manipulate|
Show [{Plot[¥([n, x], {x, 0, a}, {AxesLabel - {"x", "y,"}, PlotRange -+ All}],
ListPlot [Transpose([{x, ©U[[n]]}], {PlotStyle + {RGBColor(1l, 0, 0]}, PlotJoined -+ False}]}],

{n, 1, 100, 1}, SaveDefinitions - True]
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% Wolfram CDF Player

v
Manipulate |ListPlot|Transpose[(x, t[[n]]}], {AxesLabel » {"x", "y;"""""“"}, PlotJoined + True}|, ¢
{n, 1, 100, 1}, SaveDefinitions - True| %
¥
n i*. k!
£
U,J;:ll“:l'flt [I.
40000 :
| | Y
[ I A
|| |
| \ \ | | \ | .,
20000 . ' ' [ [
| . | .
| | I 2
[ . > 3
- N " it - e + - 11 . - 7 i ” - “ox .
21070 fx10m0 [ 6.xpom!]  8lx107' | 1x107? &
| | | | [ ‘ , | | |
20000 [ |
| | | |
\ | | I ‘ \
40000 \/ \ / \/ ¥i \/ \/

Manipulate|
Show [ {Plot [y [n, x], {x, 0, a}, {AxesLabel -+ {"x", "y,"}, PlotRange -+ All}],
ListPlot [Transpose[{x, ©U[[n]]}], {PlotStyle + {RGBColor[l, 0, 0]}, PlotJoined » False}]}],
{n, 1, 100, 1}, SaveDefinitions - True]
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ListPlot [Transpose[{x, ¥[[n]])}], {PlotStyle -+ {RGBColor([1l, 0, 0]}, PlotJoined -+ False}]}],
{n, 1, 100, 1}, SaveDefinitions » True]
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Looking at the analytic and numeric solutions together justify why the numeric eigenenergies grow more slowly than do the analytic ones. Suggest two
ways of improving the numeric energies.

Sloned notential -
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ListPlot [Transpose([{x, ©¥[[n]])}], {PlotStyle -+ {RGBColor([1l, 0, 0]}, PlotJoined -+ False}]}],
{n, 1, 100, 1}, SaveDefinitions » True]
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Looking at the analytic and numeric solutions together justify why the numeric eigenenergies grow more slowly than do th
ways of improving the numeric energies.
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ListPlot [Transpose|[{x, ©¥[[n]])}], {PlotStyle -+ {RGBColor([1l, 0, 0]}, PlotJoined -+ False}]}],
{n, 1, 100, 1}, SaveDefinitions - True]
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Looking at the analytic and numeric solutions together justify why the numeric eigenenergies grow more slowly than do th
ways of improving the numeric energies.
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% Wolfram CDF Player

ListPlot [Transpose([{x, ©¥[[n]])}], {PlotStyle - {RGBColor([1l, 0, 0]}, PlotJoined -+ False}]}],
{n, 1, 100, 1}, SaveDefinitions » True]
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Looking at the analytic and numeric solutions together justify why the numeric eigenenergies grow more slowly than do th
ways of improving the numeric energies.
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t0= h*"2/(Bn"2ma”2);
Hs (5 ] :=

t0 (DiagonalMatrix[Table[2+n s, {(n, 1, 100}]] + DiagonalMatrix [Table([-1, {99}], 1] +
DiagonalMatrix[Table[-1, {99}], -1]);

ve[s ] := Reverse [Eigenvalues [Hs[s]]];

Manipulate [ListPlot([vs[s] 2xm/h /eV, {PlotRange -+ (0, 3000},
AxesLabel » {"n", "E, (eVv)"}}], {5, 0, .05}, SaveDefinitions » True]
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% Wolfram CDF Player
MANLPULATE [LASTFLOT |V 5] £ 7T/ I 7/ €V, {FLOTRAUYE = (U, JUUU},
AxesLabel » {"n", "E, (eVv)"}}], (s, 0, .05}, SaveDefinitions - True]

s 49
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) Y S " v . 4. A A A A b A 4. A A A A A A n
0 20 40 60 80 100

ysS[s ] 1= Table[Eigenvectors [Hs[s]][[101-n]] /Sqrt[a/100] // N, {(n, 1, 100}];

Manipulate {List?lot[ Transpose[{x, ys5(s][[n]]}].,
{AxesLabel » {"x", "y;""*"*“"}, PlotJoined -+ True, PlotRange - {-100000, 100000}}],
{n, 1, 100, 1}, {s, O, .008, .0004}, SaveDefinitions -+ True]
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% Wolfram CDF Player
MANLPULATYE [LIASTFLUT VS [5] & 7T/ 0 / €V, {FLUTRAOYE - (U, JUUU},

AxesLabel » {"n", "E, (eVv)"}}], (s, 0, .05}, SaveDefinitions - True]
s 0
Ep (eV)
3000
2500
2000
1500 .
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aoe®

e
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. n
0 20
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40 60 80 100

ysS[s ] 1= Table[Eigenvectors [Hs[s]][[101 -n]] /Sqrt[a/100] // N, {(n, 1, 100}];

Manipulate [List?lot[ Transpose[{x, ys5(s][[n]]}].,
{AxesLabel » {"x", "y,""“"'“"}, PlotJoined + True, PlotRange -+ {-100000, 100000} }],
{n, 1, 100, 1}, {s, O, .008, .0004}, SaveDefinitions -+ Truel

== - —
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MANLPULEATE [LASTFLOT |V (5] £ 7T/ 0 7/ €V, {(FLOTRAUYE = (U, JUUV},
AxesLabel » {"n", "E, (eVv)"}}], (s, 0, .05}, SaveDefinitions - True]

shae

L

Ep (eV)
3000

2000

1000

500

A A n
100

ysS[s ] 1= Table[Eigenvectors [Hs[s]][[101 -n]] /Sqrt[a/100] // N, {(n, 1, 100}];

Manipulate [List?lot{ Transpose[{x, ys5([s][[n]]}].,
{AxesLabel » {"x", "y;""*"'“"}, PlotJoined -+ True, PlotRange - {-100000, 100000}}],
{n, 1, 100, 1}, {s, O, .008, .0004}, SaveDefinitions -+ Truel
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i
100

ysS[s ] := Table[Eigenvectors [Hs[s]][[101-n]] /8qrt[a/100]) // N, {(n, 1, 100}];

Manipulate [ListPlot [ Transpose({x, ¥sS(s][[n]]}],

{J\xesLabel - {"x" p Mg O "}, PlotJoined -+ True, PlotRange -+ {-100000, 100 000}}] #
{n, 1, 100, 1}, (s, O, .008, .0004}, SaveDefinitions -oTrue]
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L n
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50 000
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gxor'% | 1jx107?
|

50 000
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b= )
100

ysS[s ] := Table[Eigenvectors [Hs[s]][[101-n]] /8qrt[a/100] // N, {n, 1, 100}];

Manipulate [ListPlot [ Transpose([{x, ¥sS(s][[n]]}],

{J\xesLabel - {"x" p Mg R "}, PlotJoined -+ True, PlotRange -+ {-100000, 100 000}}] #
{n, 1, 100, 1}, (s, O, .008, .0004}, SaveDefinitions -oTrue]
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% Wolfram CDF Player

b= )
100

ysS[s ] := Table[Eigenvectors [Hs[s]][[101-n]] /8qrt[a/100] // N, {n, 1, 100}];

Manipulate [ListPlot [ Transpose({x, ¥sS(s][[n]]}],

{J\xesLabel - {"x" p Mg R "}, PlotJoined -+ True, PlotRange -+ {-100000, 100 000}}] #
{n, 1, 100, 1}, (s, O, .008, .0004}, SaveDefinitions -oTrue]

’,!HHl'.t'!lL
Wy

M

100000

50 000
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% Wolfram CDF Player

L L . 4 - -

{n, 1, 100, 1}, {s, O, .008, .0004}, SaveDefinitions - True|

aumeric
“ﬂ

100000

50 000

N -
-
8.x 1010 1.x 107

50 000

100000

Table [Eigenvectors [Hs (0]][[101-n]] /Sqrt[a/100] // N, {n, 1, 100}];

Table [Eigenvectors [Hs [0.0001]][[101-n]] /Sqrt[a/100] // N, {(n, 1, 100}];

TSV
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Ule¢ , Ic , ] 1= - [ - Cos [ ]]*31
Manipulate(Plot [U[4, 1, 1o (#, 0, 10m}]), {
Idc 4 %
120 k
118
1.0
W5
= : u{‘ll \"\-‘ ‘:\ N “'\

= numerical estimation of the eigenstructure

= constants

h= 6.626

10" -34;

« 0, 3}]

<
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& MM Phase qubit.nb

h‘ y

L ,

n .

. [

B

24 I ;"

L 2

"‘ \‘H 1“ "l'l “‘\ - ‘::

= numerical estimation of the eigenstructure
= constants

h= 6.626 10" -34;

m= 9.11x10"-31;

eV = 1.602-x10"-19;

t0= h"2/(Bn"2m);
» define finite difference Hamiltonian

fdH [ 1 ] 1=
t0 (DiagonalMatrix[Table[2 + U[(n-1) (10n/99), 1, 1 {n, 1, 100}]] +
DiagonalMatrix[Table[-1, (99)}], 1] + DiagonalMatrix[Table[-1, (99}], -1]);

ve [ ] 1= Reverse [Eigenvalues [fdH[Idc]]];

Manipulate[ListPlot(vs[Idc] 2mm/h /eV, {PlotRange - All,
AxesLabel -+ ("n", "I ev)"}}1, (1de, 0, 2}, SaveDefinitions -+ True]

Idc 4 » v

Pirsa: 12030020 Page 33/58



® Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help y W) O (m 4« @1 Thu940AM dcory Q

® NN Phase qubit.nb
t0= h"2/(Bn"2m); L y
= define finite difference Hamiltonian ¢
fdH ([ 1 ] t= “
t0 (DiagonalMatrix[Table([2 + U[(n-1) (10n/99), 1, 1, {n, 1, 100}]] + | <
DiagonalMatrix[Table[-1, (99}], 1] + DiagonalMatrix[Table[-1, {(99}], -1]); " o
|
vs [ ] 1= Reverse [Eigenvalues [fdH[Idc]]]; ("-
Manipulate[ListPlot(vs[Idc] 2nm/h /eV, {PlotRange -+ All, k |
AxesLabel -+ ("n", "I ev)"}}1, (1de, 0, 2}, SaveDefinitions -+ True] |
L M
r
Idc 4% "
En (eV)
11sx10 14 - :
Lixio M }..-""’ i
10sx10 -
a--: T ALY WU VLIS VY VLS WSOV RS SEUY WA WO YU SRS S — i n
- 20 40 o0 80 100
W[ ] t= Table [Eigenvectors [fdH[Idc] ] [[101 - n]] /8qrt[1/100] // N, {n, 1, 100}];
Manipulate[ListPlot [ Transpose((x, ¥[Idc][[n]]}],
{AxasLabel - { x", "V, "}, PlotJoined +» True, PlotRange - A.‘Ll}] y (n, 1, 100, 1}, .
r J rn nn alale ] e} 1 211 Cawafafinibinnes M......] ki :

125% »
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® NN Phase qubit.nb

120 k

110

W5

5 10 15 20 25 W)

= numerical estimation of the eigenstructure

= constants

he= 6.626 10" -34;

m= 9.11x10"-31;

eV = 1.602+10"-19;

matian of tha elganatnusture

t0= h"2/(Bn"2m);

® define finite difference Hamiltonian

£dH[1dc ] 1=
t0 (DiagonalMatrix(Table(2 + U[(n-1) (10x/99), 1, 1, {n, 1, 100}]] +

125% »
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® NN Phase qubit.nb
£0= h"2/ (Bn"2m); L
s define finite difference Hamiltonian
fdH [ 1 ] &=
t0 (DiagonalMatrix[Table(2 + U[(n-1) (10x/99), 1, Idc], {(n, 1, 100}]] +
DiagonalMatrix[Table[-1, (99)}], 1] + DiagonalMatrix[Table[-1, (99}], -1]); f'l
|
ve [ ] 1= Reverse [Eigenvalues [fdH[Idc]]]; | !
Manipulate[ListPlot(vs[Idc] 2 m/h /eV, {(PlotRange - All, I T
AxesLabel -+ ("n", "E eV)"}}), (1de, 0, 2}, SaveDefinitions - True]) k.'
lde 4 %
Eg (eV)
11sx10 14 -
Lixio ™ .‘__,,-"
10sx 10 14 i
a—-: ded Y VRS VAR NI TUNUR VAU VARMRNS VAR TS WS VRSN VRS WS W W— Vg 1
—_— 20 40 60 80 100

V(I ] 1= Table[Eigenvectors [fdH[Idc] ] [[101 -n]] /8qrt[1/100] // N, {n, 1, 100}];

Manipulate[ListPlot | Transpose((x, ¥[Idc][[n]]}],

{AxaaLabal - { x", ¥, "}, PlotJoined + True, PlotRange -+ All}] ¢ {n, 1, 100, 1},

Pirsa: 12030020 Page 36/58



® Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help Y ®) 0 4 @] Thu9:42AM dcory Q

® NN Phase qubit.nb
[ ] 1= Table [Eigenvectors [fdH[ 11[([101 -n]] /8qre[1/100] // N, {(n, 1, 100}];
Hanipulnta[LiutPlot[ Transpose|[(x, ¢[Idc] [[n]]}], L '}
{AxesLabel -» {"x", " “*“"}, PlotJoined -+ True, PlotRange - All}|, (n, 1, 100, 1}, s
{rde, {0, .001, .003, .2, 1, 2}}, SaveDefinitions - True 2
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® NN Phase qubit.nb
[ ] 1= Table [Eigenvectors [fdH[Idc] ] [[101 -n]] /8qrt[1/100] // N, {n, 1, 100}];

Hanipulnte[LintPlot[ Transpose [ (x, ¥[Idc] [[n]]}].,
{AxesLabel -+ {"x", "y;"""""“"}, PlotJoined -+ True, PlotRange - All}], (n, 1, 100, 1},
{(tde, {0, .001, .003, .2, 1, 2}}, SaveDefinitions + True
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® MM Phase qubit.nb
[ ] 1= Table[Eigenvectors [fdH[Idc] ] [[101 -n]] /8qrt[1/100] // N, {n, 1, 100}];
Hanipulnte[LintPlot[ Transpose|[(x, ¢[Idc] [[n]]}], L
{AxesLabel -+ {"x", "y;"""""“"}, PlotJoined -+ True, PlotRange »All}], (n, 1, 100, 1},

(tde, (0, .001, .003, .2,1, 2})}, SaveDefinitions + True
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® NN Phase qubit.nb
[ ] 1= Table [Eigenvectors [fdH[ 11[([101 -n]] /8qre[l1/100] // N, {(n, 1, 100}];
Hanipulnte[LiutPlot[ Transpose|[(x, ¢ [Idc] [[n]]}],

{AxesLabel -» {"x", " "}, PlotJoined -+ True, PlotRange - All}], (s, 1, 100, 1},

(rde, {0, .001, .003, .2, 1, 2}}, SaveDefinitions -+ True
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® MM Phase qubit.nb
[ ] 1= Table[Eigenvectors [fdH[ 11[([101 -n]] /8qre[l1/100] // N, {(n, 1, 100}];
Hanipulnte[LiutPlot[ Transpose|[(x, ¢ [Idc] [[n]]}], L '}
{AxesLabel -» {"x", " "}, PlotJoined -+ True, PlotRange - All}], {n, 1, 100, 1}, s
{rde, {0, .001, .003, .2, 1, 2}}, SaveDefinitions - True 2
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® NN Phase qubit.nb

Y[ ] 1= Table [Eigenvectors (fdH[Zdc] ] [[101 -n]] /Sqrt[1/100]) // N, {n, 1, 100}];

Manipulate[ListPlot | Transpose((x, ¥[Idc] [(n]]}],
{AzesLabel - {"-", " ) "}, PlotJoined -+ True, PlotRange - All}] y {n, 1,100, 1},
(1de, {0, .001, .003, .2, 1, 2}}, SaveDefinitions + True
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® NN Phase qubit.nb

Y[ ] 1= Table [Eigenvectors [fdH[Idc]) ] [[101 -n]] /8qrt[1/100] // N, {n, 1, 100}];

Manipulate[ListPlot | Transpose((x, ¥[Idc] [[n]]}],
{AxesLabel - {"\", " ' "}, PlotJoined -+ True, PlotRange - All}] y {n, 1,100, 1},
(1de, {0, .001, .003, .2, 1, 2}), SaveDefinitions +» True
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® M N Phase qubit.nb

W[z ] 1= Table [Eigenvectors (fdH[7dc] ] [[101 -n]] /Sqrt[1/100]) // N, {n, 1, 100}];

Manipulate[ListPlot | Transpose((x, ¥[Idc][[n]]}],

{Axes!..abel - {";", "y ' "}, PlotJoined «+ True, PlotRange -+ All}] s {n, 1, 100, 1},
(rde, (0, .001, .003, .2, 1, 2}}, SaveDefinitions +» True
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® NN Phase qubit.nb

[ ] 1= Table [Eigenvectors (fdH[Idc] ] [[101 -n]] /Sqrt[1/100]) // N, {n, 1, 100}];

Manipulate[ListPlot | Transpose((x, ¥[Idc][[n]]}],

{Axes!..abel - {"n", " ' "}, PlotJoined + True, PlotRange -+ All}] s {n, 1, 100, 1},
(tde, (0, .001, .003, .2, 1, 2}}, SaveDefinitions +» True
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® NN Phase qubit.nb

v ] 1= Table [Eigenvectors (fdH[Zdc] ] [[101 -n]] /Sqrt[1/100]) // N, {n, 1, 100}];

Manipulate[ListPlot | Transpose((x, ¥[Idc][[n]]}],

{Axen!..abel - {"m", " ' "}, PlotJoined «+ True, PlotRange -+ All}] s {n, 1, 100, 1},
(tde, (O, .001, .003, .2, 1, 2}}, SaveDefinitions +» True
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[ ] 1= Table [Eigenvectors (fdH([Idc] ] [[101 -n]] /8Sqrt[1/100)

Manipulate[ListPlot | Transpose((x, ¥[Idc][[n]]}],

{Axes!..abel - { x", " ) "}, PlotJoined + True, PlotRange -+ All}] y {(n, 1, 100, 1},

(tde, (0O, .001, .003, .2, 1, 2}}, SaveDefinitions +» True
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