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Abstract: First part: The research group in Y aounde (Cameroon), working on Mathematical Modelling and Applications is introduced. Second part:
Global existence of solutionsto the spatially homogeneous Einstein-Maxwell-Boltzmann system on a Bianchi type 1 space-timeis proved.
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EXISTENCE NUMERICAL
PROBLEMS H RS TR T ANALYSIS

v | \ J,

FEASIBILITY

PO Sasyy B TREPARATON > gealization
- w =
STEP of Highly theo- STEP where tools are STEP of con-
retical and Purely Ma- performed for Mathematical crete realiza-
hematical Study of Averaging in order to build tion with nume-
PDE. Here, one must equivalent systems suitable rical simulation
sum up properties to for Numerical Analysis. Leading to
guide Homogeniza- (Heterogeneous Media)> Practical Appli-
tion and Numerical (PDE with var. coefficients)> cations.
'Analysis (PDE with . coefficients)> (FINALIZATION
(CAPITAL STEP) (Homogeneous Media) STEP)
- -~ (INEVITABLE STEP) E -
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STUDY OF PDE

. FUNCTIONAL FRAMEWORK . STABILITY
\
. EXACT SOLUTIONS . ASYMPTOTIC BEHAVIOU
EXISTENCE (Local, Global)
. CONTINUOUS DEPENDENCE . GEODESIC COMPLETENES
PROBLEMS OF INITIAL DATA
(HADAMARD WELL- . ENERGY CONDITIONS
POSEDNESS) \L (HAWKING)
. HOMOGENIZATION . AVERAGING
BEYOND PERIODIC
HOMOGE - SETTING . GELFAND REPRESENTA-
TION THEORY
. DETERMINISTIC . SIGMA-CONVERGENCE
NIZATION HOMOGENIZATION
R4
. CONCEPTION OF SCHEMES . NUMERICAL RESOLUTION
. ALGORITHMS OF . NUMERICAL CONVERGENCE
RESOLUTION

NUMERICAL
. CONCEPTION OF SUITABLE SCHEMES

. HIGH-PERFOR -
MANCE CALCU- . ALGORITHMS OF RESOLUTION FO®
LATION LARGE SIZE LINEAR SYSTEMS.

ANALYSIS
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® HYDROLOGY (FLOWS IN POROUS MEDIA)

Nlustration : 1) Interactions between superficial water table and
e underground flow.
DOUALA( Cameroon) [modelization: Nonlinear PDE
o inted indusirial (elliptic in the case of rate of flow)
A s (hyperbolic in the case of rate of flow)]

town)

> Extension of shandy towns . , :
> Eivizomment Piobisas 2) Pollutions(chemical wastes, used, dirty water)

> > Transport Phenomenon

Re)curent sl soeos. > Measure the Concentration of pollutants. Modelization :
Nonlinear hyperbolic PDE
Scientists: Solve equations > Master the ground water
flow > Submit propositions to decision-makers
(Support?)

> Provide drinkable water

® METEOROLOGY
®GEOSEISMICS OF THE GROUND (Simulation of earthquake) (Remember Fukushima)

® IMAGE ASSIMILATION (TREATMENT) FOR GEOPHYSIC FLUIDS
(Oil prospection)

@® RESOLUTION OF LARGE SIZE LINEAR SYSTEM AX=B (A= nxn matrix with n very large)

® LOCALISATION OF EINGENVALUES FOR LARGE SIZE STRUCTURED MATRICES
(Solved det(A-AI) = 0, with A=nxn matrix with n verv large)
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WORK IN PROGRESS

@ ENSTEIN EQUATIONS @ YANG-MILLS EQUATIONS
(Basic Equations of GR ) (non abelian charge)
(primordial particles)
® VLASOV EQUATION ® HIGGS EQUATIONS ( )
(collisionless particles)
EXISTENCE ® WAVE EQUATIONS
PROBLEMS w2 (@ BOLTZMANN EQUATIONS (Curved Space-time )
? (collisional particles)
. (11 Researchers) @ ELLIPTIC, HYPERBOLIC and PA-
@ MAXWELL EQUATIONS RABOLIC PDE.
(Basic equations of Electroma-
gnetism (ordinary charge)) ® COUPLED SYSTEMS
¥
v ® AVERAGING ON LOCALLY @ HOMOGENIZATION ON
COMPACT SPACES MANIFOLDS
HOMOGENTI - ® STOCHASTIC @ REITERATED HOMOGENIZATION
ZATION =% |  HOMOGENIZATION
(5 Researchers)
. @ ORLICZ AVERAGING
STOCHASTIC
SIGMA-CONVERGENCE v
®CONVECTION AND DIFFUSION-CONVECTION PROBLEMS
NUMERICAL (Finite elements , finite volumes, new methods : MPFA, DDFV)
ANALYSIS == aNUMERICAL SIMULATION FOR SEISMIC WAVE PROPAGATION
(7 Researchers)
® HIGH-PERFORMANCE CALCULATION ON SUPER-COMPUTERS 8

WITH DISTRIBUTED MEMORY.
PUBLICATIONS = 15
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Einstein-Maxwell-Boltzmann system
on

a Bianchi type | space-time

By

N.Noutchegueme and R.D Ayissi

University
of Yaoundé |, CAMEROON

(A part is published in the Journal: Adv.Studies Theor.Phys.)
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~ PLAN

. The coupled System

. Study of the Boltzmann equation

. Study of the Einstein equations

. Local existence for the coupled Einstein-Boltzmann
system.

Global existence for the Einstein-Boltzmann system
. Conclusion et perspectives.

~N o
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The coupled Einstm\mi |t El ns in relativistic
kinetic theory, th e m]f mmst moving

massive and charged particles, under the action of both their
common gravitational field and auto-created electromagnetic forces.

Such physical phenomena occur in some media at very high
temperature such as: burning reators, nebular galaxies, solar winds...
where colliding particles of ionized gas evolve with very high
velocities, under the action of self-created gravitational and
electromagnetic forces.

We consider the Einstein equations with cosmological constant which is a
appropriate mathematical tool to confirm some astrophysical
observations.
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ThE systEm

( 1

i (11_2gr1‘)’H'1'_/\gr1‘)’ tBI(tli_‘_‘—f}‘f_‘_/)U“uJ‘) (1)
| v, Fo = J (2)
1) {. VaFss + VaFsa + VsFa3 =0 (3)

| ) f ) f

: p(l .( L P“ .( _ Q(f f) (4)

L ox° ap“

here:

W
R“.j’ = Ricci tensor, contracted of the curvature tensor;

R = Scalar curvature, contracted of the Ricci tensor;

/\ = Cosmological constant

Fn.)’ = electromagnetic field ( antisymetric closed 2-form )

f

Q) = Nonlinear (binary and elastic) collisions operator.

distribution scalar function of the charged particles;
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THE Eléments (1)

The geometric back-ground is a Bianchi typel space-time, which is
an immediate generalisation of the Friedmann-Lemaitre -Robertson-
Walker space-time considered to be the basic space-time in
Cosmology.

The unknown of the system are: the metric g of Lorentzian signature

with two unknown components a>0and b >0, subject to the Einstein

equations (1) , which are the basic equations in General Relativity (GR)
and which tell about gravitational effects; physically, a and b stand for

the

gravitational potentials.

g writes, in the canonical coordinates :
g = —dt® + @ (t)(dx")? + b?(1)((dx?)? + (dx®)?) (5)

where a > 0and b >0 are unknown functions of the single time coordinate t.
(We study an homogeneous phenomenon ).
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THE Elements (2)

Tas + Tag + PUq U3 is the stress-matter-energy tensor, with:
Tos = Tas(f), Tas = 7a3(F) pPUUS3

where T”j and Tas
( Maxwell tensor) are given by :

© p.psf(t.p)abcdp'dpdp3
Tm(f):/jappf( D)po p'dp=dp

IO (1) + FasFs (1

4
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THE Elements (3)

The Maxwell current in (2) is given by:

. if . 271 ‘Tfl 2113
me:/ p’f(t.p)ab dp’'dp=dp e’ (8)
JR® Po
The binary and elastic collision operator due to Lichnerowicz and Chernikov (1940) is:
Q(f.g)(t.p) = Q7 (f.g)(t.p) — L (f.g)(t.p). (9)
where: )
' ab l ' / / / /
Q" (r.9)tp) = [ 57 [ A(tP)g(t.q)o(t.ab.p.q.p. )
(10)
- ' ab2dq ' -~
O (to)tp) = [ T5 [ A(tP)a(t.q)o(t.ab.p.q.p.q)d.

(11)
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THE Eléments (4)

where p and g stand for the momenta of the particles before the choc, p’
and q’ stand for their momenta after the choc; the binary and elastic
properties saying that: only two particles collide at a given position and
time, without destructing each other, only the sum of their momenta
before and after the choc being preserved following the scheme:

p+q=p +q. (12)
\p /_’__,,»7 p’
| 30
(12) Split into: q

p0+q0 = p’0 + g’0 (conservation of the elementary energy) and

pi+gi =p'i+q’i  which could be interpreted, following R.Glassey by writing:
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THE Eléments (5)

pr=p+c(p.q.ww

T o w € 82 (13)
g =9g-¢cp.q.w)w

Recall that, the fundamental relation g(p,p) = - 1 gives:

p° = 1+ &(p")? + 12 ((02)2 + (0°)%) (14)

In the intégrals (10) and (11), the scalar function @ is a positive regular function of all

its arguments, called the kernel or the cross-section of the collisions.

u= (u“ ) is the material unit velocity ; In order to simplify , we consider the particles
spatially atrest (comoving coordinates), which implies u®=1, u'=0,

e > 0is an unknown scalar function ,the charge density,anc /’( t) > 0 .the matter density.
In (13), one computes C(/0. §. w) and the jacobian of that transformation(13),
in function of  P. {. W so that, finally, (10) and (11) express as functions of only

P
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ThE Elements (06)

The trajectoriesS (X“ (5) P”(S))of the charged particles are the solutions
of the following differential system , which shows that p becomes an auxilliary unknown:
( dx® -
ds B
: 15
{ dp" X ( )
lgs =7
ds
where
P = —I%,p'p" + ep’Fj§ (16)

This enables to write the Boltzmann equation as a differential equation. (2) gives:

e(t) = | f(t.p)dp (17)
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THE Eléments (6)

Assuming the invariance of the initial datum f°=f (0) of f with respect to a
specific subgroup of the special orthogonal group O, yieldsJ'=0,i=1,2,3,
from where we deduce the required conservation of the Maxwell current:

Vit =0 (18)
The Maxwell equations (2), (3), then solve at once to give:
2
. apb .
FOl(t) = O_FE'. Fi(t) = 0 = constant (19)
The conservation laws or Euler equations write:
VHT“-} _%_V“J_rl_')' _._v”(/)uuu‘i) :O (20)
which gives, since the first term is zero (See Jurgen Ehlers) and using (2):
podob? 51
p(t) = 5 (21)
ab=(t)
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fUnctionAl FRAWORK(1)

We are led to choose the function space:

LY(R3) := {f c L'(R%): |\/1 + |pf*f

1w
L 2( "-3) is endowed with the norm:

|\/1 - p2f

Set, for any real number r>0:

avec f € L)(R3)

Xr={feLy(R%): f>0pp.[f| <r}
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fUnctionAl FRAMEWORK(2)

Also set:
C(I.Ly(R%)) == {f: 1 — LY(R®): fcontinue et bornée} .
Endowed with the norm:

fl| = sup||f(t)]
tel

Finallvy set:

Cl1.X;] = {f e C(L.LY(R®)): f(t) € X,.vt € I
We have the following properties:
Lemme

(1) L1(R3) est un espace de Banach.
(2) X, est un sous-espace métrique complet et connexe de L}(R3).
(3) ( (1, LY(R3)); \) est un espace de Banach.

(4) C[I. X;]| muni de la distance induite est un sous-espace metrique
complet de I'espace de Banach C(I,L}(R®)).
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STUDY OF THE boltzmann
EQUATION (1)

Proposition

Soient f € LY(R3), a et b deux fonctions strictement positives,
P = (pj), j = 1.2. Alors pour tout entier k variantde 1 a 3, on a:

(|pf p5 |
| ~ <ciab)lpy—po |
i p(1} PS 1( ) 1P 2 (i)
AR P1 — P .

< cx(a. b) (i) (29
1 Py  pd o (29)
|| 1 ] 1 i P
L =5 QF.£.Py) — 5 Q(f.£.52)|| < ca(a. b)||f|* Py — Pl (iii)
U1 P] p;

ou p?, j = 1.2, est défini par (14) et
ci(a.b) =5(1+ 2), co(a. b) = 2(a+ b) et cs(a, b) = Srab?.
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STUDY OF THE boltzmann
EQUATION (2)

We deduce from the above proposition ,using the well-known CAUCHY-LIPSCHITZ theorem :

Théoreme

Soient a et b deux fonctions strictement positives de classe C' sur R,
coefficients de la metrique g. On suppose que le noyau de collisions o
verifie les hypotheses (27). Soient ty > 0 un reel et (p, . f;,) dans

R3 x LY(R3). Alors il existe un réel 6 > 0 tel que le systéme (28) en

(p. f) admette une unique solution locale
(P.1) € C([to- o +0]. B?) x C([to. fo + 6] LY(R®))avec

(P.f)(t) = (Pyy- frp)-
La fonction f satisfait en plus l'inegalité suivante:

Il =" sup [[f()I] < [Ifll- (30)

fC[fo.fg —ri]
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STUDY OF THE einstein
EQUATIONS (1)

Initial data and constraints

The compatibility of the Einstein Equations (1) requires the constraints:

1.T,3=0. a#*3 (31)

I
'

122

We study the initial values problem for the nonlinear second order differentiel system in
aand b, with the initial data: ay; by ; E; i ;) =1; 24, h2n ;@

{3(0) = ay. b(0) = by. a(0) = ay. b(0) = by.
FY(0) = E'. Fj(0) = oj.

Which , given the Hamiltonian Constraint (HC) are submited to :
c . . .

5 aobg bo

aobp b

"~

) — A =87 (Too(0) + m00(0) + po)
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STUDY OF THE EINSTEIN
equations (2)

We solve the constraints (31) on the Maxwell tensor as follows::

Proposition

Si les données initiales ag, by, E' et vy, i.j=1.2.3, ent = 0, vérifient:

( E'o; =0, (a)

{' Y ook — BLEE'E! = 0. (b) (34)

k

(0% — 0% — Bb§((E2)? - (E%?) =0. (o)

Alors le tenseur de Maxwell ~,; satisfait les conditions (31).
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.fgaoﬂ n (
i aobo
S

E Ej(.'),'j' — O
2

IL (_')$2 — (_)?3

STUDY OF THE equations
EQUATIONS (ﬂ42nstraints:

To summarize, the initial data are subject to the followihg ¢

bn\ 2 .
2)" A =8r [ 0°(0.0)h(p)acbip+
0 Jr3

4 ((20E")? + (BoE2)? + (BoEO P+

2

O ( 2 )
() * (apy) * (%) +2m)

Z(,'),'k(,')jk = agng"Ej = (

- &b ((E?)? - (E%)?) = 0.

(37a)

(37b)
(37¢)

(37d)
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STUDY OF THE d’einstein
EQUATIONS(5)

2 2\2 3)2
)= \/1+ B(p")2 + BB((P2)2 + (p)2)
Following the (3 + 1) formulation of the Einstein equations, interpreted as the time history
of the first and second fundamental forms of the slices of constant times, the (HC) writes:

(TrK)? — KyK" = 2N\ + 167 (Tog + 00 + p)- (41)

where (K; ) is the second fundamental form induced by the metric g on the imbedded
slices of constant time S, ={ t } X R%. In the considered case, K; is defined by:

1,

In (41), Trk = g K, , is the trace of K and stands for the mean curvature of the
space-tme (R4; g). Using (5) and (42) yields:

where:

TrK—(i+2g). (43)
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STUDY OF THE EINSTEIN
EQUATIONS (6)

The evolution system: Compactification of the variables

We set for the principal unknown aand b, following Rendall et Uggla in [15]:

H=—= (44)
e 21b—2 ny (45)
ST R i322,512 ol

e 1ty

H is often called the Hubble variable.
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STUDY OF THE einstein
EQUATIONS (7)

Now set , for the sources terms:

) 8m(Ty1 +
p=28m(Too + 100 +p). P1= ( 1;2 1)
(Tas + P, + Py P
P, 8 (Tez2 22) p_ ‘2P2 p P 1 (48)
b /) /)
Finally set:
_ P
0= (49)
. Q2
g=2%° + 2(1 + R). (50)

(2 is the normalized energy density and(:? The deceleration parameter.
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STUDY OF THE EINSTEIN
EQUATIONS (8)

We have the following properties:

Lemme
On a:
0<z<1:0<s<1: &= ‘ = ez :
| T os(1-2) T (1-s)(1-2)
A
N R
Q=1-3X% 32 (51)

0<Py+2P,<p—-8mp; 0<R<1,Q>0 (52)
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STUDY OF THE EINSTEIN
equations (9)

We obtain an equivalent first order system inH. S, Z, X
Proposition

Le systeme des equations d’Einstein (56)-(57) en a et b est équivalent
au systeme d’équations différentielles ordinaires non linéaires du
premier ordre en H. s. z. ¥ suivant:

([ dH 0ie = A

@ = —H2(1+3)+ 3, (58)

L 45 _6s(1 - s)TLH. (59)
(w.:){ ‘l”

| 37 =22(1-2)(1 + T4 — 3T, )H, (60)

T, , AT

= -(2- T H+QRH - (61)
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STUDY OF THE EINSTEIN
EQUATIONS (10)

We first use equation (58) in H to prove:

Théoreme (Non existence globale dans le cas A < 0)

Le systeme homogéne d’Einstein-Maxwell-Boltzmann avec la
constante cosmologique N\ strictement negative, dans l'espace-temps
de Bianchi de type 1, n’admet pas de solution globale sur [0 ; +o¢|.
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STUDY OF THE EINSTEIN
equations (11)

Finally , using once more the CAUCHY-LIPSCHITZ theorem we obtain:

Proposition

Soitf € C([0, T]; X;), T > 0. Alors le systeme (1V.2) avec les
données initiales (Hy, So. 20. £+() ent = 0, a une unique solution
(H,s,z,x.) sur|0, T].
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STUDY OF THE EINSTEIN
equations (12)

And, as a direct consequence, we have:

Theoreme (existence sur [0, T], T > 0 de la solution des
équations d’'Einstein)

Soitf € C([0. T];X;), T > 0. Alors le systeme des équations
d’Einstein (22)-(23)-(24), avec les données initiales

ao. bo. ao. bo. fy. po, vérifiant (38), (39), (40) et les contraintes initiales
(37), admet une unique solution (a.b) sur[0. T].
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STUDY OF THE couplED Einstein-
Boltzmann SYSTEM(1)

Local Existence: the coupled Einstein-Boltzmann system writes:

( dp' . 5 1
1 :(~2HM —2YX_)p — apb,E dg
l ki.i -
|
]
: 2552 (PP D12 + P° 13 fdq
1 - Mo@12 P13 g /¢ \
1 -
! . s — )
] _ \ — ) L 2 " & L Y4 212 L 3\2
1 s)(1 z)2 \/1 T (P') —— [D rp\}
1
]
! sz ) 2 0
: . = ( —2H(1 +Z_.)p° — SSDEIE fdqg
[] L‘.I —-‘J
(V.1) 3
Z2(p ¢®o1 + P~ 023) [_ﬂ‘\(}
] o 1 1 - )
: SC'T_"*E\/1*.: (p1)2 + 2z [‘D¢IL+IDE,L}
s(1— -8 -

]
i 3
: \.iD 3 2 3
: al ™)
: 1
i 22 (p' o4 +or:-q:|] . fdg
-
L | )
1 >, 2> A\ LR

2 —a . (n' 2 4+ (e e 4 £
k 52 (1 ) \/1 - 57 (P ) = ) |:,,D ) rpul}
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STUDY OF THE d’Einstein-
Boltzmann SYSTEM(2)

(97 _ ot

: at po
I
dH 3 Ps + 2P5 A
= _Z(1+T2)H - =+ =
| dt 2 6 2
fxr ds _
(V.2) — =068(1 —8)T_ H
dt
1 dz
| — =221 —2)(1+X_ — 38X _)H
: dt
1 dY_ 3 5 P, P» AT _
k = ——(1 = )HZL. + —(Z- = 2)+ —(Z+ +1) = —
dt 2 6H 3H 2H
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EINSTEIN-BOLTZMANN SYSTEM

We establish, by direct calculation, for(ta)lifferences in the r.h.s:

Lemme

Sify. fh e [.;(i}?@), $1,82.21.20 €10, 1[ et Hy, H» €10, Hyp], alors pour
i=1,20na:

Cl+ |lHII)Is — 82| + |29 — 22| + || fy = )
Pi(81.21, 1) — Pi(82.20. h)| < - - - - (78)
a*(8)a®(8 )a’(zy)a®(20)

Pi(s1.z1.1)  Pi(s2,22. 1)
H; Ho .
C(1+ [[All + [|Rl)(|1Hy — Ha| + |81 — Sa| + |21 — 22| + ||y — Fo)

I)
(}4(81 )(}4(32)(16(21 )(}4(22)H1 Hg

(79)
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VIV Ul I | S AN AW | ) B .

EINSTEIN-
and aiso. BOLTZMANN SYSTEM (4)

Lemme

Soitpy = (p}), Po = (Pb) € R3, f.fi, f, € LY(R3), 51,82,21.22 €]0. 1.
Alors:

1 CIt ( 8 — 8 z2, — 2, )
( - - — )Qtf £ )80, 25) || < - - (73)
O(sy, 2) pU(ss, 2 - i R
P L = 2 Cx -’[Sglei|7< }l'lp':-,‘?j’
1 (_,( 1l + |l ) T — B
(Q(fy, f1)(8n., 20) — Q(fs, f») . Z2)) < (74
DOme:;\J'&I" (S22, Z2) w22, I2)(S2, 22 S 3 5 )
M\92y <5 11-3(5;1%?91" )
- ]
1 C|f ( 8 = S|+ |8y — 22 )
- (Q(f, F)(81,2¢) — Q(f, f)(s2, 22))|| = = - (75)
DI[S'-Z'I “ - - . J ; o
/ ; a?(81)a 2 (sp)ad(z 2 (25)
2 i 2
ab“g"(sq, 21) 04 pP" ab=g"(sp. 2p)0 P
f g — - ’:ul{} <
pY(51.21, F 3 pY(s2, 22, Pp) .
C( f -‘fH.U - Po fy = b §1 — S Zy — 2o
(76)
11‘?(5-]r1?ij_:]r\':l'J‘-]upl:r"p}
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STUDY OF THE EINSTEIN-
BOLTZMANN SYSTEM (5)

And we prove:

Proposition

Il existe un reel | > 0 tel que le systeme differentiel (111.1), avec les
données initiales py. fo, Ho. So. 20, X+ en t = 0 satisfaisant Hy > 0,
0<z<1, —1<X.o<3ethe L) (R®) aitune unique solution
(p.f.H.s.z.X.) sur(0, ].
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STUDY OF THE Einstein-
Boltzmann SYSTEM(6)

As a direct consequence we have: ( Local existence theorem)
Théoreme

Soit ay. by. ao etbo E'. 05, i.j=1,2.3, verifiant (37),(38),(39)et (40).

Soient fy € LY(R®) et r > ||fy|| donnés, p, € R3. Alors, il existe un

nombre | > 0 tel que le systeme

d’Einstein-Boltzmann (22)-(23)- (24)-(28) ait une unique solution

(a.b.f) sur[0. I]. Cette solution fournit la solution (a. b. F% F;. f. p) du

systeme complet d’Einstein-Maxwell-Boltzmann (1.1) qui prend en

t = 0 la donnée (ay. by. E'. oji. fo. po) et verifie les proprietes suivantes:
( aobs
! ab?

Fij = oj

FO:' _ E!

(1)

—

i )_f)oaobé_
L/ ab® '
(i) fec(o. N:LYRY));
(i) (Il < llfoll-
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STUDY OF THE COUPLED

Einstein-Boltzmann (7)
Global Existence:

We now study the global in time existence i.e. the
existence on [0. +>c[ of the solutions of the

coupled Einstein-Boltzmann system which, as we saw, is

equivalent to the first order system in s,z,H,z_,p',f.

The strategy is the following:

Let [O; T[, with 0 < T < +oo, be the maximal existence

domain of the solution we denote :
U=(s.z.H.Z..p.f)

and whose existence is proved above.
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STUDY OF THE d’Einstein-
Boltzmann SYSTEM(8)

Si T = +oc, alors le probleme de I'existence globale est résolu
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STUDY OF THE COUPLED
EINSTEIN- Boltzmann SYSTEM (9)

Maintenant si on suppose que T < +oc, on prend fp € [0. T]. On
construit un cadre fonctionnel approprié dans lequel on prouve
'existence d'une solution locale u = (s.z. H. X .. p'. f) du
probleme de Cauchy pour le systeme différentiel du premier ordre,
avec la donnée initiale U(ty) en t = ty, sur un intervalle [ty. ty + 4],
ou ce qui est fondamental, 5 > 0 ne dépend pas de t.

En prenant alors suffisamment &, proche de T pour que I'on ait

ty + 6 > T, on en deduit I'existence d’'une solution du systeme sur
intervalle [O. ty + J] qui contient strictement l'intervalle [0, T], ce
qui contredit la maximalité de T. Conclusion T = +~c.

Nous pouvons alors énoncer le principal résultat de notre
travail:
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STUDY OF THE d’Einstein-
Boltzmann SYSTEM(10)

Théoreme
Le systeme homogene d’Einstein-Maxwell-Boltzmann

: H"\ 3 = 2gt'\ 1’q T ‘\gﬂ 3 = 8—( Tﬂ 3 T T3 T }"‘-"r\ui‘} ‘82:'
1 } 3
(V1.1 VaF®” - (83)
( )
VaFsgs + VaFsa + VsFans =0 (84)
I of of
I p° . po = Q. 1) (85)
L {‘.‘X” f-J,O:‘

avec la constante cosmologique positive ou nulle, dans I'espace-temps
de Bianchi type 1, admet une solution globale (a.b. F. p) sur[0. +o]
pour des données initiales ag. by. &y. by, E'. o et fy verifiant (37), (38),
(39) et (40).

Pirsa: 12020136 Page 53/55



Pirsa: 12020136

Conclusion et perspectives

The global existence of solutions to the coupled Einstein-Maxwell-
Boltzmann with a positive cosmological constant on a Bianchi type |
space-time is interesting since it should help for a better comprehension of
some phenomena in the universe . For instance, setting a=b, gives, as we
pointed out, the Friedman-Lemaitre-Robertson-Walker spacetime, which
is the basic space-time in Cosmology, in which a stands for the
cosmological expansion factor. We show that : a(t)>Cexp(Ct), C>0, which
proves an _exponential growth of a. This confirms mathematically, the
accelerated expansion of the universe, as revealed by astrophysical
observations, based on the study of some far away objects called
Supernovae .

Recall that the Nobel Price of Physics 2011 was awarded to three
Astrophysicists for their advanced work on the accelerated expansion of
the universe. They are Saul PERLMUTTER (American), who received the
half part of the Price, Brian P. SCHMIDT (American),

Page 54/55



Pirsa: 12020136

and Adam G. REISS ( Australo-American), who jointly received, the other part of
the price.

Also for a better understanding of this phenomenon of accelerated expansion of
the universe, the notion Dark Energy , was introduced by Cosmologists. That is a
kind of energy which is unknown in the laboratories , and whose hypothetical and
theoretical structure remains an open question in modern Cosmology ; sois the
notion of _Dark Matter. ( Remember Lavoisier)

The massive scalar fields we introduce in work in progress, is also a huge to
understand and to explain accelerated models, not only in inflation, which is a
variant of the Big-Bang theory, including a very short period of very high
accelerated expansion during the first moments of the cosmic evolution, but also
for a better comprehension of the structure the primordial universe.

(See the works of Neil Turok on the question).

Finally, to complete the study we presented above on the Einstein-Maxwell-
Boltzmann system, we are going to check the asymptotic behaviour, the geodesic
completeness , the Energy conditions : (weak, strong, dominant) dues to
Hawking, and also the well-posedness or continuous dependence of the initial
data, to master the question of stability.
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