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Abstract: The emergence of fractal features in the microscopic structure of space-time is a common theme in many approaches to quantum gravity.
In particular the spectral dimension, which measures the return probability of afictitious diffusion process on space-time, provides a valuable probe
which is easily accessible both in the continuum functional renormalization group and discrete Monte Carlo simulations of the gravitational action.
In this talk, | will give a detailed exposition of the fractal properties associated with the effective space-times of asymptotically safe Quantum
Einstein Gravity (QEG). Comparing these continuum results to three-dimensional Monte Carlo simulations, we demonstrate that the resulting
spectral dimensions are in very good agreement. This comparison also provides a natural explanation for the apparent conflicts between the short
distance behavior of the spectral dimension reported from Causal Dynamical Triangulations (CDT), Euclidean Dynamical Triangulations (EDT),
and Asymptotic Safety.

Pirsa: 12020088 Page 1/67



Pirsa: 12020088 Page 2/67




Pirsa: 12020088

Fractal space-times under the microscope:

a RG view on Monte Carlo data

Frank Saueressiq

Coroupr fur Thearetical High Energy Phgsics

J6lu

wis GUTENBERG
UNIVERSITAT 4

M. Reuter and S JHEP 12 (2011) 012, arXiv 1110.5224 [hep-th]
5. Rechenberger and F.S., work in progress

Quantum Gravity Seminar

Perimeter Institute, February 15, 2012

Page 3/67




Fractal space-times under the microscope:
a RG view on Monte Carlo data

Frank Saueressig
Group for Theoretical High Energy Physics (THEP)
Institute of Physics

JGlu

orannes GUTENBERG
UNIVERSITAT MAINZ

M. Reuter and F.S., JHEP 12 (2011) 012, arXiv:1110.5224 [hep-th]

S. Rechenberger and F.S., work in progress

Quantum Gravity Seminar

Perimeter Institute, February 15, 2012

Pirsa: 12020088 Page 4/67



Pirsa: 12020088

Outline

introduction
the gravitational renormalization group: a primer

quantifying properties of fractals

fractal dimensions in QEG
dimensional flow in the Einstein-Hilbert truncation
comparison to Monte-Carlo data

higher-derivative corrections

conclusions and outlook

Page 5/67



Introduction

standard model of particle physics:
describes: electromagnetic/strong/weak force + interactions with matter

theoretical basis: quantum field theory in four-dimensional Minkowski space
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works extremely well!
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Space-time is four-dimensional, n’est-ce pas?
[B. Mlller, A. Schéfer, Phys. Rev. Lett. 56 (1986) 1215]
[M. Haugan, C. Lammerzahl, Lect. Notes Phys. 562 (2001) 195]
[D. Mattingly, Liv. Rev. Rel. 8 (2005) 5]

Bounds on dimension from dimensional regularization
“’IJ,/ €

¢. probes fractional space-times which “misses points”

Experimental bounds on |e|:

anomalous magnetic moment of muon g — 2:

S ¢ ~ 10~ %m

le] < 10

Lamb shift in hydrogen:

lel < 2071, ¢~ 10" 11m

precession of planetry orbits:

le] < 10
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Space-time is four-dimensional, n’est-ce pas?

[B. Mlller, A. Schéfer, Phys. Rev. Lett. 56 (1986) 1215]
[M. Haugan, C. Lammerzahl, Lect. Notes Phys. 562 (2001) 195]

[D. Mattingly, Liv. Rev. Rel. 8 (2005) 5]
Bounds on dimension from dimensional regularization

(1{” €
¢. probes fractional space-times which “misses points”

Experimental bounds on |¢|:
anomalous magnetic moment of muon g — 2:
lel < 107°, £~ 10" 1%m
Lamb shift in hydrogen:
lef <00, £ 10

precession of planetry orbits:

el <10 ¢ ~ 10" m
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Spontaneous dimensional reduction of space-time: a survey
dimensional reduction: a common theme in many approaches to quantum gravity

Renormalization Group Analysis:
classical general relativity regime: four-dimensional space-time

non-trivial UV fixed point: theory behaves two-dimensional
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dimensional reduction: a common theme in many approaches to quantum gravity
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Spontaneous dimensional reduction of space-time: a survey
dimensional reduction: a common theme in many approaches to quantum gravity

Renormalization Group Analysis:
classical general relativity regime: four-dimensional space-time

non-trivial UV fixed point: theory behaves two-dimensional

Causal Dynamical Triangulations:
diffusion on long scales: effectively four-dimensional

diffusion on short scales: effectively two-dimensional

area-spectrum in Loop-Quantum Gravity:

) .
(7 for |:L]‘g1~;|f'('.‘1

A; \ f:[f: + %) o

(;¢p for small area
string theory at high temperatures

anisotropic scaling models (Horava-Lifshitz Gravity)

Strong coupling limit Wheeler-de Witt equation . ..
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the gravitational renormalization group

a primer
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Wilson’s modern picture of renormalization

central idea: integrate out quantum fluctuations shell-by-shell in momentum-space

classical
P UV S action
A
=
@
«©
: o
| P g
(@]
' =1
quantum
IR I effective action
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Wilson’s modern picture of renormalization

central idea: integrate out quantum fluctuations shell-by-shell in momentum-space

classical
i Uv S action

=

@

(o]

: g

¥ 5

o)

' .

quantum

IR I effective action
implementation:
action with scale-dependent couplings (G'n, A, ...): gi (k)

scale-dependence governed by 3-functions: kOrgi = Bg;({9:})
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Functional Renormalization Group Equation for gravity

[C. Wetterich, Phys. Lett. B301 (1993) 90]

[M. Reuter, Phys. Rev. D 57 (1998) 971, hep-th/9605030]

scale-dependence of ', governed by exact RG equation

") 1= ]
pggiaial . b kg L A
ﬂ‘.‘{ ).".'I k(@ @) —_ | I - - 1 l’\ I3 ,""r)“. /\ L
2 FoXesloler)

R (p?) = IR momentum-cutoff at scale &

y
P
20

Page 15/67



Pirsa: 12020088

Functional Renormalization Group Equation for gravity

[C. Wetterich, Phys. Lett. B301 (1993) 90]

[M. Reuter, Phys. Rev. D 57 (1998) 971, hep-th/9605030]

scale-dependence of [';, governed by exact RG equation

<) 1 1
e S RN A
ﬂ‘.‘{ ).".'I k(@ @) - | I - - 1 /\ I3 ,""r)“. /\ L
2 NhHdoh

limits of the RG-flow:

k = A:initial (boundary) condition Cp=p = '
k = 0: all guantum fluctuations integrated out Mo =T
v k o \‘
[ =T4 4 ‘lnfllh/\ dk O, T;, ’1/!?;
in between:

flow receives contributions from momentum-shell 4 only
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Functional Renormalization Group Equation for gravity

[C. Wetterich, Phys. Lett. B301 (1993) 90]

[M. Reuter, Phys. Rev. D 57 (1998) 971, hep-th/9605030]

scale-dependence of [';, governed by exact RG equation

") 1
e . 1 G TR P
ﬂlﬁ{ )','I k(@ @) — | I - - 1 f\ L ,"“r);‘. /\ L
2 ADOD

flow equation: microscope for space-time structure with resolution &
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Solving the flow equation in the Einstein-Hilbert truncation

Einstein-Hilbert truncation: two running couplings: G/(k), A(k)

l

My = ——— [ diz/g[-R+2A(k)] + S5 + gsh
' 167G (k) / 'Vl l

project flow onto ¢;-A—plane
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Solving the flow equation in the Einstein-Hilbert truncation

Einstein-Hilbert truncation: two running couplings: G/(k), A(k)

l

N = ——— [ d'a\/g[— R+ 2A(k)] + S5 + &b
' 167G (k) / 'Vl l

project flow onto ¢;-A—plane

explicit 3-functions for dimensionless couplings g;. := k“G(k) ., A\ := A(k)k™*

Particular choice of R, (optimized cutoff)

ko) g (nnN + 2)gr,

kO Ap (2—=1nN) Ak Lk ’ 53 ‘. | —" “, NN

anomalous dimension of Newton’s constant:

9B
] .l'/frl)‘__i
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Einstein-Hilbert truncation: Fixed Point structure

-functions for g;. := k%G (k). A\ := A(k)k™*
ko )I. gy (nn 2 gL ,
i ‘ i - | o |
;""}f."\l'- f_) T'N 1«\} JI )ﬁ :ﬁf}\
microscopic theory <= fixed points of the 3-functions
Fal gt g ) =0, gt A*) =10
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Einstein-Hilbert truncation: Fixed Point structure

-functions for g;. := k2G (k). A\ := A(k)k™*
kOpgr = (NN + 2)gk
‘ P \ f - | 5 |
,""}JI."\!'- ‘_) T'N .I«\} JI ) | 5 \;’_ :ﬁ”\
microscopic theory <= fixed points of the 3-functions
o i e ) S gt A") =0

Gaussian Fixed Point:
at ¢* = 0, \* = 0 < free theory

saddle point in the g-\-plane
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Einstein-Hilbert truncation: Fixed Point structure

-functions for g;. := k*G(k), A\ := A(k)k™*
kOpgr = (NN + 2)gk
{ . . = | 5 |
;""’}J'."\l'- ‘__) TN ]\} L‘:I )ﬁ e ﬁl{_\
microscopic theory <= fixed points of the 3-functions
bt g A ) =0, hig®,A") =0

Gaussian Fixed Point:
at g* = 0, \* = 0 < free theory

saddle point in the g-A-plane

non-Gaussian Fixed Point (n} 2).
at g* > 0.\* > 0 <= “interacting” theory

UV attractive in g, A\i
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Einstein-Hilbert truncation: Fixed Point structure

-functions for g;. := k%G (k). A\ = A(k)k™*
ki )I. g (nn 2 gL ,
‘ p (7] - | 5 | |
,.‘n‘:';l_,\‘l. (_) TN 1«\} JI ) | 5 \f_ :ﬁ”\ |
microscopic theory <= fixed points of the 3-functions
Fat gt ) — O, (gt A*) =10

Gaussian Fixed Point:
at ¢* = 0, \* = 0 < free theory

saddle point in the g-\-plane

non-Gaussian Fixed Point (n} 2):
at g* > 0.\* > 0 <= “interacting” theory

UV attractive in g, A\i

Asymptotic safety: non-Gaussian Fixed Point is UV completion for gravity
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Einstein-Hilbert-truncation: the phase diagram

4

[M. Reuter, FS, '01]

Type Illa

T S

O, L Ut = 0-4 ol5

Type I1Ib
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quantifying properties of fractals
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Hausdorff or topological dimension

Determined by number N of balls necessary to cover a point-set:

V(R) oc R D

Hausdorff-dimension dy: loz N(R)
QP | L)
rf” !lhiru -

r0 |lnf_" R
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Hausdorff or topological dimension

Determined by number N of balls necessary to cover a point-set:

N(R) x R~V

Hausdorff-dimension dy;: loe N(R)
og | L1)
|

rf” |ir1 T
R—0 log R
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Hausdorff or topological dimension

Determined by number N of balls necessary to cover a point-set:

NV(R) x R~V
Hausdorff-dimension dy;: og N(R)
Qg | t)
d lim ——————
i R—0 log R
Examples:
real line: N(R) x R™! > dy =1

coast-line of England: d;; ~ 1.2
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Spectral dimension d,

Heat-equation: diffusion of scalar test particle on manifold with metric ¢
OrKqy(xz, 2", T) AgKq(z,2';T)
define averaged return probability
. R O e .
f’,,[."} \— /(f' T A _r,l[.r]f\u[r'_.r:fl
I

v I'r [exp(—T'Ag)

i i AnT™
0

T

’ ] d
( i7wT )
generalization: space-time dimension seen by diffusion process

S dIn Py (T)
i r.”ll/

Extension to finite random walks: D.(T)
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Walk dimension d,,

characterizes the fractal properties of the trail left by random walk

probability density for random walk in flat space

= r—a'|?
K(z,z';T) = (4=T) f/‘(\'})( |—>
1l

average square displacement characteristic for regular diffusion
(:.!'::) / rf”f!'.r': Kle.0:T)Yx T

On fractals: diffusion can be anomalous:

definition of walk dimension

Extension to finite random walks: D, (‘1"
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Alexander-Orbach relation
[S. Alexander, R. Orbach, J. Phys. Lett. (Paris) 43 (1982) L625]

on homogeneous fractals:

Fflk f»”}l“
.—} F"JJ' '

relation between spectral, walk and Hausdorff dimension
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fractal space-times

from the functional renormalization group
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Classical vs. quantum space-times
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

classical space-times from general relativity

Einstein equations

/])4'”’ ﬁ‘\”w,,
{

solution: metric ¢,,,, valid at all length scales

effective quantum space-time: replace s*!! — effective average action I';,g|

one-parameter family of equations of motion

‘)I./‘ (_’1’;”*} k

G

solution: metric (g,.,.),. seen by physical process with momentum k=

proper distance calculated from (g,,..);. depends on k=
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Diffusion processes on QEG space-times
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

basic idea: replace classical return probability by expectation value:
P(T) = (Py(T)) / D~DCDC P.(T) e barel7,C,C

average action I';.[¢]: description of physics at scale k

(g)1: approximate I';.[¢] by Einstein-Hilbert truncation

)

H:H’[ (:.’I'::’J. ) ‘\J.- {“J',Jri’}.fc

d

scaling relation between metrics at different scales k:
":.’hrr’ (2))k :‘\»’.-'. Ak {guv ( ]>J.-u

spectrum of Laplace-operators at different scales

Alk) :.\;I. .\;‘”} A(ko)
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Compute the spectral dimension D, (1)
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

1. spectrum of Laplace-operators at different scales

A(k) = [Ak/Ako| A(ko)

2. solve the k-dependent heat equation

OrK(xz,z":T) ARYK (xz,2":T)
assume A, small — flat-space approximation
- / 1 ‘ “'”!P tp( r"w ’-__.,r { Jl'j"f 1 .
Kz ) =k P ) e~} e Fi(p~) \(p)/A(ko)
(27)"

3. quantum return probability

' dp 2 2
P(T) / —— P F(r7)1
{27 )

4. spectral dimension for scaling cosmological constant: A, o k°:

D(T) = 24
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Diffusion processes on QEG space-times
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

basic idea: replace classical return probability by expectation value:
P(T) = (Py(T)) /'P-D( “DC P (T) e—Sbare[7.C.C

average action I';.[¢]: description of physics at scale &

(g)1: approximate I';.[¢] by Einstein-Hilbert truncation

‘)

"'jw’[{.’l';’f. ) \J.- (:“J',Jri’}.fc

d

scaling relation between metrics at different scales k:
'<.’ffrr’[" )) k :‘\»’.-', Ak (9w (a :'>J.-u

spectrum of Laplace-operators at different scales

A(k) :-\f.- .\j‘”} A(ko)
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Compute the spectral dimension D, (1)
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

1. spectrum of Laplace-operators at different scales

A(k) = [Ak/Ako| A(ko)

2. solve the k-dependent heat equation

OrK(z,z":T) ARK (z,z':T)
assume A, small — flat-space approximation
- / - i “’,[!f' (T ,"\ ,I"',f ( Jl‘jtf Y 2
Kz, z ;1) v 2 e} ) F(p©) \(p)/A(ko)
(27)"

3. quantum return probability

: d
dn 2 2
L) / [;f P F (7)1
f (2]

4. spectral dimension for scaling cosmological constant: A, o k°:

D(T) = 24
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Compute the walk dimension D, (71"

1. flat-space approximation of probability density

scaling regime F'(p) = (Lp)°

. / . ; [/[HJ” ipe(a ') ;r':.""”f"f
Klc,xz: ) 7 ¢ ¢ ;
(27)°

2. Rescaling q, = p, T/ 2+ ¢, = (z, — z!,)/T1/(2+9);

. !/ . I I [/'!l', X K- f’\r 240
Kilz,.z';: T) rd] (210 - 7 ¢ 'S ¢ b
FA ) (277 )¢

Q)

3. (x*) scales as 7%/

4. walk dimension for scaling cosmological constant: A o A°:

-
-

#D T 24
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Hausdorff dimension of effective QEG space-times
Volume of d-ball B¢ computed from (g,...)
Vi bw‘] / d?a \’T X\ T3 ]’f
J Bd

compare to definition of dy;:

(/I'Jl n‘/

Pirsa: 12020088 Page 39/67



Pirsa: 12020088

Hausdorff dimension of effective QEG space-times

Volume of d-ball B¢ computed from (g,...);

V(B / d?a Var o (T )
J B4

compare to definition of dy;:

(/I'Jl (/

Conclusion:

QEG space-times are not sponge-like
fractal properties: dynamical

QEG space-times satisfy the Alexander-Orbach relation

'p\ (/”

2 ‘Du'
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Spectral and walk dimension on theory space

Scaling law for cosmological constant
\j‘ X /‘,r‘

generalization: 4(k) as scale-dependent quantity

o(k) ko In(Ay)

2+ A7 Ba(g, )
Substitute into fractal dimensions
2
Ds(g, A)
L 4+ A l ';\!.r/.,\)
'P,,-U/.,\J {5 l'\lg_,\]

D. and D, are autonomous functions of theory space!
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Fractal dimensions on theory space

L1 =]

1.0

By>0,0>2

Ds <d/2, D, > 4
0.8 B =0,6=2

D, = d/2, D, =4

NGFP

0.6

0.4

ﬁ.l < (), 0 < 2

D, >d/f2, D, <4

00—
0.0 0.1 0.2 03 04 0.5
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Spectral dimension D, along a typical RG-trajectory

Di(k)
et
|
! 1 ' ' 1 ! 1 1 ! 1 1 ! ! log(k)
0 2 | 6 8
classical regime: D:(T) |
semi-classical regime: D(T)=4/3 > branched polymer
NGFP regime: D,(T)=2
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Spectral dimension D, along a typical RG-trajectory

1.0
Pig
0.8
P; o
0.6
— 0.4
i 02f PP
P, ]}|
0.0 P S W T S S S ST R S S S I S S S *»r————— l
------- e e T ST 0.05 0.10 0.15 0.20 0.25 0.30 0.35
classical regime: Ds(T) |
semi-classical regime: Ds(T) 1/3 > branched polymer
NGFP regime: Dy(T) =2
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Spectral Dimension

discrete vs. continuum results
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The spectral dimension puzzle

effective QEG space-times

classical regime (F(p?) = 1):

NGFP regime (F(p*) x p*):
Causal Dynamical Triangulations (d = 4)

classical regime:

short random walks:

[O. Lauscher, M. Reuter '05]

[J. Ambjorn, J. Jurkiewicz, R. Loll '05]
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The spectral dimension puzzle

effective QEG space-times

[O. Lauscher, M. Reuter '05]
classical regime (F(p?) = 1):
NGFP regime (F(p*) x p*):

D,

Causal Dynamical Triangulations (d

[J. Ambjorn, J. Jurkiewicz, R. Loll '05]
classical regime:

short random walks:

Causal Dynamical Triangulations (d

S [D. Benedetti, J. Henson '09]
classical regime:

Ds (1) 3
short random walks: Ds(T) =2
Euclidean Dynamical Triangulations (d = 4) [J. Laiho, D. Coumbe "11]
classical regime: De(T) = 4
short random walks: D,(T) = 1.5

Pirsa: 12020088
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Spectral Dimension measured in 3-dimensional CDT
[D. Benedetti, J. Henson, Phys. Rev. D 80 (2009) 124036]

Dy(T)
3.5
3.0}
L]
2.5 ¢
L
LK
L]
2.0 .
.
1.5
1.0 I ™
0.5
‘ B
| 10 100 1000 10
E < oscillations (discrete simplex structure)
20 - I' <500 gooddata
500 - I exponential fall-off (triangulation is compact)
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Determining the spectral dimension in CDT
[D. Benedetti, J. Henson, Phys. Rev. D 80 (2009) 124036]

1.0

0.5

00 e e et e e e e e e e e e e b et 1

Pirsa: 12020088 Page 49/67



Determining the spectral dimension in CDT
[D. Benedetti, J. Henson, Phys. Rev. D 80 (2009) 124036]

D;(T)
35

3.0

1.0

0.5

““ i I i i L i i i i 1L i i i i 1l i i i i 1l i i i i l ]
0 100 200 300 400 500

Fit-function I:
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Determining the spectral dimension in CDT
[D. Benedetti, J. Henson, Phys. Rev. D 80 (2009) 124036]

D;(T)
35

3.0

1.0

0.5

“(l i i i i L i i i i 1l i i i i 1 i i i i 1l i i i i l ]
0 100 200 300 400 500

Fit-function II:

DAT) =a + be—°T . a=305.b 1.02. ¢ = 0.02

Ds(T)|7=0 = 2.03, Dl Nrece = 3.06
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The RG-trajectory underlying the CDT-data

Matching the spectral dimensions of QEG and CDT:
1. integrate 3-functions: go, Ao — g5, Ak
2. substitute RG-trajectory into D&M (7):

PREC (1) DIEC(T. 5. Xp)

3. determine ¢/'*, Al'* by minimizing

o0

(AD,)2 = Y (DREC(T; o8, A8t) - DEPT(T))*
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Determining the spectral dimension in CDT
[D. Benedetti, J. Henson, Phys. Rev. D 80 (2009) 124036]

D;(T)
35

3.0

1.0

0.5

“(l i i i i L i i i i 1L i i i i L i i i i 1L i i i i l ]
0 100 200 300 400 500

Fit-function I;
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Determining the spectral dimension in CDT
[D. Benedetti, J. Henson, Phys. Rev. D 80 (2009) 124036]

Dy(T)
35

3.0

1.0

0.5

“(l i i i i L i i i i L i i i i 1l i I i i L i i i i l ]
0 100 200 300 400 500

Fit-function Il:

DAT) =a + be—°T . a=305.b 1.02. ¢ = 0.02

Ds(T')|T7=0 = 2.03, PRSI mEs e o.05
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The RG-trajectory underlying the CDT-data

Matching the spectral dimensions of QEG and CDT:
1. integrate 3-functions: go, Ao — g5, A\i
2. substitute RG-trajectory into D&M (7):

PRIEC (1 y DIEC (T 05, Xo)

3. determine ¢/l', Al'* by minimizing

o0

(AD,)2 = Y (DREC(T; o8, A) - DEPT(T))*
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The RG-trajectory underlying the CDT-data

Matching the spectral dimensions of QEG and CDT:
1. integrate 3-functions: go, Ao — g5, Ak
2. substitute RG-trajectory into D&M (7):
PREE (T y DIEC(T: 95, Xo)
3. determine ¢/'*, Al'* by minimizing

a0

(AD,)2 = Y (DFEC(T; o8, A8) - DEPT(T))*

Best-fit values for CDT-data with N simplices:

v gfit by (AD,)?
70k 0.7 x 10~3 7.5 % 10~° 0.680
100K 8.8 x 10~5 39.5 x 10~—° 0.318
200K 13 x 105 61 x 105 0.257
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Spectral dimension: comparison

Dy(T) Dy(T)

1 16

30 3.0

)

Mri nr

1.5 1

1.0 1.0

0 )

......................... I e e e e e Lt et et e e e
0 100 00 30( 400 500 ) 100 00 00 400

DyT)
3.5
30

DCPT (T for N = 70k, 100k, 200k-simplices

s
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Spectral dimension: fit-quality

relative error captured by residuals:

(3}5(

p 5 pousmtyed ' 5 o R 5 S
DREC (T, gfit, Afit)

relative error

0.10
70k
100k
v 200k
0.05
0.00
-0.05
,“_l(] i i i i | i i i i 1 i i i i | i i 1 i i J 1
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Comparing spectral dimensions in d = 3

‘l-:_.‘(ll

3.0 i

:-:, /

:n:-‘?rf

!
.x,...x....u....u...“.:\...Il,m'[')
-40 -30 =20 -10 ]

CDT and agree with data within 1% accuracy

no data-points on the semi-classical and NGFP-plateau

resolves puzzle between CDT data and QEG prediction!
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dimensional flow

higher-derivative corrections
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RG-flow of the R“-truncation
[O. Lauscher, M. Reuter, '02]

Includes “leading” higher-derivative corrections to Einstein-Hilbert truncation

| )
— R

. YT | ;}’i
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Conclusions ...

spectral, walk and Hausdorff dimensions

allow to compare quantum structure of space-time in different QG-models

QEG space-times carry multifractal structure

classical regime: D,(T) =4
semi-classical regime: D(T) 1/3 (3/2)
fixed-point regime: T — 2

connection to Causal Dynamical Triangulations

CDT-data agrees with QEG prediction to one percent accuracy

no CDT-data probing semi-classical and fixed-point regime
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Conclusions and open questions
QEG space-times carry multifractal structure:

inclusion of matter fields

spectral dimension on spatial slices

homework for Monte Carlo simulations:

extending simulations into semi-classical regime

Multi-fractal models of space-time?

Canclusions and open questions
CIEG spaanddimes oarey mullitactal statura:
* Inclusan of matte flsids
* wpaalral dirension on spatial slicas

“hemewatk for ente Carlo slimlations:

* auterding slmlations inbo sermiclass/cal rogime

Wilifraatal models of space:ime?
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Conclusions and open questions
QEG space-times carry multifractal structure:

inclusion of matter fields

spectral dimension on spatial slices

homework for Monte Carlo simulations:

extending simulations into semi-classical regime

Multi-fractal models of space-time?

M WORK AHEAD !!!
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Diffusion processes on QEG space-times
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

basic idea: replace classical return probability by expectation value:
P(T) = (Py(T)) / D~ADCDE P.(T) e barel7:C,C

average action I';.[¢]: description of physics at scale &

(g)1: approximate I';.[¢] by Einstein-Hilbert truncation

‘)

"'jw’[(:.’l',\’f. ) \J.- (:‘!;’W»};,

2—-d

scaling relation between metrics at different scales k:
(Guv (@))k = [Akg /Ak)(Guv (T)) kg

spectrum of Laplace-operators at different scales

A(k) = [Ax/Aky| A(ko)
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Compute the spectral dimension D, (7')
[O. Lauscher, M. Reuter, JHEP 10 (2005) 050]

1. spectrum of Laplace-operators at different scales

A(k) = [Ak/Ako| A(ko)

2. solve the k-dependent heat equation

OrK(xz,z":T) ARYK (xz,2":T)
assume A;, small — flat-space approximation
- / ! . “',[!P rp(x e’ ’-__;,r ( Jl'j"f 1 2
(s - P e ! i L F(p©) \(p)/A(ko)
(27)"

3. quantum return probability

' dp 2 2
P(T) / —— P F(r7)1
f (2]

4. spectral dimension for scaling cosmological constant: A, o k°:
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