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Abstract: | will first present a theorem based on the Decoupling Theorem of [1] which gives sufficient and necessary conditions for a quantum
channel (CPTPM) being such that it yields the same output for almost all possible inputs. This theorem allows us to reproduce and generalize results
oft [2,3], in which cornerstones of statistical physics are derived from first principles of quantum mechanics, in a very natural and easy way.
Specifically, we express them in a way which allows to apply results about random 2-qubit interactions [4]. Furthermore, we apply this theorem to
provide a criterion for whether different initial states of some subspace of a quantum mechanical system in contact with an environment have at
some given time already evolved to the same state or not. As it turns out, this question can be answered by examining a ssmple entropic inequality
evaluated for just one particular state [5]. Applying this criterion to realistic Hamiltonians with local interactions may lead to improved bounds on
the thermalization times of quantum mechanical systems.
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A result from quantum information theory
‘ ol ) Entropy measures
The theorem

One-shot entropy measures

Our theorem involves one-shot generalizations of the von Neumann
entropy (Renner et al., 2004-present).

anin(A‘ B)Ps H!rgnax(AlB)P
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) Entropy measures
The theorem

Smooth entropies

Key features of “one-shot” or “smooth” entropy measures:

@ “Smoothing parameter” £ = insensitive to small variations of
PAB

@ For e = 0 have
von Neumann entropy

Hoin(AlB)p < H(AIB), < Hix(AlB),

min

@ In an i.i.d. scenario H ;. (A|B)p, Hmax(A|B), — H(A|B),

min
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A result from quantum information theory
‘ Entropy measures

The theorem

Independence of channel input

When does a quantum channel (CPTPM) T4_,g yield outputs
which are the same for almost all possible inputs pa?
Define the Choi-Jamiotkowski representation of the channel

TaB = (Za @ TausB)Vara

where W44 is the maximally entangled state.
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A result from quantum information theory
. ) " ) Entropy measures

The theorem

Formal version

As a corollary of the Decoupling Theorem of Dupuis et al. , 2010
we find

1
Pr< (| Tass (UAPAUL) — Tasel — | h =222 +12: 1 &
Ua |A|

< 2exp (- |A|(52/16)
where

¢ = Heyin(A|B)r

min

£ £ 1
> Hi2(AB). — HZ(8). — 0 (106 )
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A result from quantum information theory
( ol Entropy measures

The theorem

Informal version

The channel output is the same for almost all inputs if
Hﬁ'ain(A,B)T % anax(B)T s

Converse: We also show that this is not the case if

anax(A,B)T é anin(B)T ’

Adrian Hutter

Pirsa: 12010120 Page 12/49



The postulate of equal a priori prubabilities Result

Random two-qubit interactions

Equal a priori probability postulate

@ “Given an isolated system in equilibrium, it is found with
equal probability in each of its accessible microstates.”
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Random two-qubit interactions

Equal a priori probability postulate

@ “Given an isolated system in equilibrium, it is found with
equal probability in each of its accessible microstates.”

o Let Ho C Hs ® HE describe the space of “accessible
microstates” .

@ S. Popescu, A. Short, A. Winter, 2006: Sufficient conditions
for almost all states from Hgq looking on S as if they fulfilled
the postulate.
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The postulate of equal a priori probabilities Result

Random two-qubit interactions

Applying our theorem

o Let Tqg,s = Trg.
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The postulate of equal a priori probabilities Result

Random two-qubit interactions

Applying our theorem

o Let Tqg,s = Trg.
@ We find: For any state pg and almost all unitaries U we have

1
TI'E (UQPQ ng) ~ TrE =2

2]

Adrian Hutter

Pirsa: 12010120 Page 20/49



The postulate of equal a priori probabilities Result

Random two-qubit interactions

Applying our theorem

o Let Tqg,s = Trg.
@ We find: For any state pg and almost all unitaries U we have

1
i Q
Tre (UQPQUQ) Tre — Q)

if anax(s) ‘: 3 mln(E)_ﬂ

@ This is not the case if HE (S)1q

min | |
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The postulate of equal a priori probabilities Result

Random two-qubit interactions

Applying our theorem

e Let Tqg,s = Trg.
@ We find: For any state pg and almost all unitaries U we have

1
R Q2
Tre (UQPQUQ) ~ Tre Ql

if H%ax(s)%% é anm(E)%%

min

@ This is not the case if H . (§) 1 £ HS. (E)1q.
92|

192
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The postulate of equal a priori probabilities Resulit
- ( Random two-qubit interactions

Approximate 2-designs

@ In order to apply our theorem we do not need the full Haar
distribution, but only need that the first two moments of the
distribution are approximated: approximate 2-designs are

sufficient.
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The postulate of equal a priori probabilities Result
i - Random two-qubit interactions

Approximate 2-designs

@ In order to apply our theorem we do not need the full Haar
distribution, but only need that the first two moments of the
distribution are approximated: approximate 2-designs are
sufficient.

@ A. Harrow and R. Low, 2009: “Random Quantum Circuits are
Approximate 2-designs”

@ — allows to replace the Haar distribution by something
constructive
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- ‘ ) Background
Initial state independence Result

Previous results

N. Linden, S. Popescu, A. Short, A. Winter, 2009:
Two aspects of thermalization of a system S:

@ The equilibrium state should not depend on the precise initial
state of the environment E, but only on its macroscopic
properties.
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Background
Initial state independence Result

Previous results

N. Linden, S. Popescu, A. Short, A. Winter, 20009:
Two aspects of thermalization of a system S:

@ The equilibrium state should not depend on the precise initial
state of the environment E, but only on its macroscopic
properties.

@ If S is much smaller than E, its equilibrium state should be
independent of its initial state

Sufficient conditions for this to happen are derived. These are only
concerned with the equilibrium state and not with the timescales
needed to reach it.
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ol ) Background
Initial state independence Result

Formal setting

Product initial state ¢s ® g with ¢s5 € Hz C Hs and
Ye € Hg € Hge, Hamiltonian Hsg.
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! ) Background
Initial state independence Result

Formal setting

Product initial state ¢s ® ¥ g with ¢s5 € Hz C Hs and
Ye € Hg € He, Hamiltonian Hsg. We are interested in the
following two questions:

o Given 1, how long does it take for almost all states from S
to evolve to the same state?

@ Given ¢s, when does the state of S not depend on the precise
initial state g € Hg?
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) Background
Initial state independence Result

The channel we are interested in

The state of S after some time t is given by

PS(t) - TrE [e—iHSEt (¢5 ® ",bE) e+iH55t:| '
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- [ Background
Initial state independence Result

The channel we are interested in

The state of S after some time t is given by

PS(t) - TrE [e—iHSEt (¢75 ® wE) e+iH55t] '

We can interpret this either as a channel S=S (taking ¢s as an
input) or as a channel E — S (taking % g as an input).
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( ) Background
Initial state independence Result

Independence of the initial state of S
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Initial state independence Result

Independence of the initial state of S

Tse(t) = e~ et (H—S ®¢E) et iHset

S|

o As long as Hf . (S)r(¢) & Hiax(E)r(r), different initial states

have not (yet) evolved to the same state.
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7se(t) = e et (1[_5 ®1/)E) et tHset

S|

o As long as Hf . (S)r(¢) & Hiax(E)r(r), different initial states
have not (yet) evolved to the same state.

o If at any time Hy ., (S)r(¢t) & Hiin(E)r(¢), almost all initial
states from S have evolved to 75(t).
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( Background
Initial state independence Result

Independence of the initial state of S

Tse(t) = e HE! (E ®ws) g

S|

o As long as Hf . (S)r(¢) & Hiax(E)r(r), different initial states

have not (yet) evolved to the same state.

o If at any time Hiax(8)7(¢) & Hiin(E)r(¢), almost all initial
states from S have evolved to 75(t).

e Note:

fnin(s)'r(t) - anax(E)'r(t) > Iog |'§| —~2 Iog |E|

— A verry small “environment” cannot erase the system.
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ol Background
Initial state independence Result

Independence of the initial state of E

Similarly, we can show:

o If log |E| > 2log |S|, almost all initial states yg € Hg C He
will yield the same time-evolved state ps(t), at any time t.
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Similarly, we can show:

o If log |E| > 2log |S|, almost all initial states ¢g € Hg C He
will yield the same time-evolved state ps(t), at any time t.

@ — The dynamics of S are the same for almost all initial
states of E with the same macroscopic properties.
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‘ Background
Initial state independence Result

Timescales

® How long can we guarantee that Hy; (S)-t) & Hnax(E)r(t)-

min
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Initial state independence Result

Timescales

® How long can we guarantee that Hy; (S)rt) & Hnax(E)r(2)-

min

@ In the most general scenario: for a time

1 1

O | max

4 ||Hint|| o’ Hﬁ ® VE, HSE] H
1
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Background
Initial state independence Result

Timescales

® How long can we guarantee that Hy; (S)rt) & Hmax(E)r(2)-

min

@ In the most general scenario: for a time

1 1

O | max

4| Hintl| o0 [ll_gl R Yk, HSE] H
1

@ This bound is basically tight, but we expect to find (much)
better bounds for realistic Hamiltonians with only local
interactions
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: Background
Initial state independence Result

Timescales

® How long can we guarantee that Hy; (S)rt) & Hnax(E)r(t)-

min

@ In the most general scenario: for a time

1 1

O | max

4| Hintlloo” [gi' ® Y, HSE] H
1

@ This bound is basically tight, but we expect to find (much)
better bounds for realistic Hamiltonians with only local
interactions

e —> Apply results of the Lieb-Robinson type to bound rates of
entropy-changes.
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