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Operational Quantum Theory

TORERTN,

Rk biatic) @
@ .:) B O @

Preparation Transformation Measurement
P B M

Trace-preserving

completely positive Positive operator-valued
linear map (CP map) measure (POVM)
P r {E}

Density operator

BPr(R|RHT, M) = Tr[EZ(o)]
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Operational Quantum Theory

Preparation
\ E

Effective preparation ™
F:'!;:

Update map

=11 (p)
T (D)

with probability Pr(k) = Tr(7.(p))
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Operational Quantum Theory

Preparation Measurement
B .

Y —

[
Effective preparation

P/;:

Update map
Trace-nonincreasing
75.(p)

— P = kA completely positive
g Ok Tr{7(p)] linear map

with probability Pr(k) = Tr(7.(p)) I

v
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Instrinsic characterization of transformation maps for selective mmts:

Tr(Zi wipi) = i wiTi (i)

T is convex-linear
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Instrinsic characterization of transformation maps for selective mmts:

RN 00 I=" widr (o)

T is convex-linear
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Instrinsic characterization of transformation maps for selective mmts:

Tl O 5 Woyee) = DRl (),

T is convex-linear

Tr(p) =1 — Tr(Tx(p)) <1

T s trace-nonincreasing
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Operational Quantum Theory

Preparation Measurement
\ P M

Vo

I
Effective preparation

Pf.‘.

Update map

=75 (o)
(V) = [0 = Tr[:ﬁ;m

with probability Pr(k) = Tr(7.(p))

Trace-nonincrs
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Operational Quantum Theory

Preparation Measurement
B o |

| e

I
Effective preparation

P!c

Update map

— — 7]\_(_9)
AT IS e

with probability Pr(k) = Tr(7.(p))
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Instrinsic characterization of transformation maps for selective mmts:

T wip) = Yo wi Tk (07)

T is convex-linear

T =1 = WEH) =

T s trace-nonincreasing
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Instrinsic characterization of transformation maps for selective mmts:

Tr(Ciwip:) = 3 wiTi (pi)

T is convex-linear

Tr(p) =1 — Tr(T(p)) <1

T is trace-nonincreasing

p Is positve  — 7}..(,0) IS positive

'7].. IS positive (i.e. positivity-preserving)
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Instrinsic characterization of transformation maps for selective mmts:

Ti (i wip:) = 3 wiTi (pi)

T is convex-linear

Ti@) =3 = @)=

T s trace-nonincreasing

p is positve — T.(p) is positive

T, is positive (i.e. positivity-preserving)

plsa)

is positive = —; (77(‘) ® _’i_'(*’f))(p(m-)) is positive

(even when p(“"“)is entangled)

T} is completely positive
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All trace-nonincreasing CP maps can be written as:
k k)y:
Ti(p) = T, AL p(AL)T

where the A are linear operators satisfying
= k) k
DUAEIAL < 1

(Krauss decomposition)
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All trace-nonincreasing CP maps can be written as:
- k)N
T(p) = £, AL p(AL)

where the A,(f"') are linear operators satisfying
k) k
DR CA A <IT

(Krauss decomposition)

Measure PVM {I1.} and obtain outcome k

— kel ‘ i Pr(k) = Tr(pn,
P — Ttory with probability Pr(k) (pNy)
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All trace-nonincreasing CP maps can be written as:
. k)N
Ti(p) = £, AL p(AL)

where the A,(f"') are linear operators satisfying
k)N k
S (AN TAPR < 1

(Krauss decomposition)

Measure PVM {I1;.} and obtain outcome k

with probability Pr(k) = Tr(pMy)
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All trace-nonincreasing CP maps can be written as:
k k)N
71*([’) = Zp AJ(I )f)(-Af(.' ))t

where the A;(f"') are linear operators satisfying
k) k
Su(AGN AP < 1

(Krauss decomposition)

Measure PVM {I1}.} and obtain outcome k

oy AR lity Pr(k) = Tr(pn,
P = =tory with probability Pr(k) (pMy)
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All trace-nonincreasing CP maps can be written as:
k k)~
T!-:(P) = Zp A;(t )P(A;(.- ))k

where the A,(f"') are linear operators satisfying
k) k
Su(AGN AR < 1

(Krauss decomposition)

Measure PVM {I1;.} and obtain outcome k

= % with probability Pr(k) = Tr(pMy)
ALY

Pirsa: 12010041 Page 108/150



All trace-nonincreasing CP maps can be written as:
k k)
7}:((}) = Z;: Aj(t )p(/\;(_. ))t

where the A,(f") are linear operators satisfying
E,L(Afzk))m,(;k) <

(Krauss decomposition)

Measure PVM {I1;.} and obtain outcome k

.y Mgply ity Pr(k) = Tr(pn,
A with probability Pr(k) (o)
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All trace-nonincreasing CP maps can be written as:
— k k)~
7_1:({)) == >_,;1 A;(t )f)(A;(r ))t

where the A;(f") are linear operators satisfying
E”(A’(LI.‘.))'[A!(‘!;) Z

(Krauss decomposition)

Measure PVM {I1;.} and obtain outcome k

_y [gplly Pr(k) = Tr(pn,
R with probability Pr(k) (pMy)
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All trace-nonincreasing CP maps can be written as:
Ti(p) = =, AP oAt
where the A,(f") are linear operators satisfying
S (AEN AR < 1

(Krauss decomposition)

Measure PVM {I1;.} and obtain outcome k

= % with probability Pr(k) = Tr(pMy)
LAY

Measure POVM { £ } and obtain outcome k

p — M Exev/Ei with probability Pr(k) = Tr(pE})
Tr(.ﬂb‘!r)

The outcome of a POVM measurement is not reproducip
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All trace-nonincreasing CP maps can be written as:
Ti(p) = £, AL p(Af)E
where the A,(["") are linear operators satisfying
A VA U< T

(Krauss decomposition)

Measure PVM {1} and obtain outcome k

= Tﬂ"(% with probability Pr(k) = Tr(pMy)
AR

Measure POVM { £ } and obtain outcome k

= v/ Exp/Ey with probability Pr(k) = Tr(pE})
T|'(f"EJ.')

The outcome of a POVM measurement is not reprodyci
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All trace-nonincreasing CP maps can be written as:
Ti(p) = 3, AR p(ASNH
where the A are linear operators satisfying
DA ) VA S U< T

(Krauss decomposition)

Measure PVM {1} and obtain outcome k

L? Myply =) = AR
pi—+ rklrks with probability Pr(k) (pMNg)

Measure POVM { £} } and obtain outcome k

b+ [Erp\/ Ll with probabili

P Tr(pky)

The outcome of a POVM measurement is not
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All trace-nonincreasing CP maps can be written as:
Ti(0) = £, AP p(AFNH
where the A,(f") are linear operators satisfying
S (AEN AR < 1

(Krauss decomposition)

Measure PVM {I;.} and obtain outcome k

—y Meply Pr(k) = Tr(pn,
pI=+ wrkbrks with probability Pr(k) (o)

Measure POVM { Ej } outcome k
; : Pr(k) = Tr(pE})

The outcome of a PO ent is not reproducible in general
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All'trace-nonincreasing CP maps can be written as:
T(p) = =, AL (AR
where the A,(f'") are linear operators satisfying
5, (AN TAR < 1

(Krauss decomposition)

Measure PVM {I;.} and obtain outcome k

= % with probability Pr(k) = Tr(pMy)
OV ke

Measure POVM { E}. } and obtain outcome k

= __(_vf-‘dﬂ V£ with probability Pr(k) = Tr(pE})
r f’bk)

The outcome of a POVM measurement is not reproducible in general
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All trace-nonincreasing CP maps can be written as:
k k)~
77:(/’) == Zp A}(t )P(A;(: ))i-

where the A,(.k) are linear operators satisfying
E"I(A‘(Ll.:))'rAI(‘k) <

(Krauss decomposition)

Measure PVM {I1.} and obtain outcome k

— gpl Pr(k) = Tr(pn
p —+ wikbmks with probability Pr(k) (M)

.} and obtain outcome k

th probability Pr(k) = Tr(pE})

The outcg M measurement is not reproducible in general
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All trace-nonincreasing CP maps can be written as:
Ti(p) = T, AR oA
where the A,(f") are linear operators satisfying
S (AFNHTAPR < 1

(Krauss decomposition)

Measure PVM {I,} and obtain outcome k

with probability Pr(k) = Tr(pMy)

prsure POVM { E1.} and obtain outcome k

_y V. Ekp\/Ex  with probability Pr(k) = Tr(pE,
Ch? Tripiz‘h) bk 4 ; 0 2

The outcome of a POVM measurement is not reproducible in general
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When a photon is detected in a mode ¢, the quantum state of
the EM field is updated as follows

|1) = alt)

Where @ is the annhilation operator associated with ¢

) (6] = al) ]al
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When a photon is detected in a mode ¢, the quantum state of
the EM field is updated as follows

|¥) — alv)

Where @ is the annhilation operator associated with ¢

() (| = @) (ah]at
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When a photon is detected in a mode ¢, the quantum state of
the EM field is updated as follows

|¥) — alv)

Where @ is the annhilation operator associated with ¢
1) (| = alv)(b]al
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {£,}. The probability of M yielding outcome k given a

preparation P is Pr(k|P,M) = Tr(pE})

Every transformation is associated with a trace-preserving completely-
positive linear map p— [)’ 3 T(p)

Every measurement outcome k is associated with a trace-
nonincreasing completely-positive linear map T, such that

T.(p 1
p— Pk = "TF[[TEL(?T)T where T1(1) = B

No mention of “physical states” or their evolution
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {£,}. The probability of M yielding outcome k given a

preparation P Is Pr(k|P,M) = Tr(pE})

Every transformation is associated with a trace-preserving completely-
positive linear map p — [)’ — 915

Every measurement outcome k is associated with a trace-
nonincreasing completely-positive linear map T, such that

I '
P=r P = mﬁ[%f(t)(_’ﬂ Where 'Tfi-(]) o E"’:

No mention of “physical states” or their evolution
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {£,}. The probability of M yielding outcome k given a

preparation P is Pr(k|P,M) = Tr(pEL)

Every transformation is associated with a trace-preserving completely-
positive linear map p — p’ =N(0)

Every measurement outcome k is associated with a trace-
nonincreasing completely-positive linear map T, such that

7. 1

No mention of “physical states” or their evolution
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {£,}. The probability of M yielding outcome k given a

preparation P Is Pr(k|P,M) = Tr(pEy)

Every transformation is associated with a trace-preserving completely-
positive linear map D — [)’ A T([))

Every measurement outcome k is associated with a trace-
nonincreasing completely-positive linear map Ty such that

Ti.(p 1
CE O _ﬁ[{j}f .)O) Where ,Tf;:t(l) = By

No mention of “physical states” or their evolution
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {£,}. The probability of M yielding outcome k given a

preparation P Is Pr(k|P,M) = Tr(pE)

Every transformation is associated with a trace-preserving completely-
positive linear map D — p’ =7 (o)

Every measurement outcome k is associated with a trace-
nonincreasing completely-positive linear map T, such that

T .
L= P = :I__F[{f%.)’)_)] where ,Tfl-([) = EI‘:

No mention of “physical states” or their evolution
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o) =3 pilwi®) ()|

=1 ;

Define the state of the die to be
6Dy = S VrilitD)

t

Define the unitary
UGd = 3 [i(Dy ;@ g ()
— \ 2 U

where UL () = |35

UL (o) @ [p)) = 3 v uD(i@) @ [u(©))

/150
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) = 3" pilw i) (™)

= ,

Define the state of the die to be
[6) =3 vAili'?)

t
Define the unitary
pled) — ¥ |,-(ffJ~)(,'(ff)| @ )
L A\ e Y.

where L"j(‘”)|zi-(*“)) =

/150
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o) = 3" il (9; )

£ ,

Define the state of the die to be
6y =3 /pli(D)
i

Define the unitary
[.(‘L,;f) — S—" |,P(d)><f(d)] .’:"l| L_ﬁ'(“")
Sl -~ ()

/150
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P =S pile ) e

5. 1

i

Define the state of the die to be
6y =3 /pli(D)

t

Define the unitary
pled) — » |,-(ff)‘)<,'(ff)| @ L:{(-‘-‘)

where UL () = [ ()

L,-(sd)(lcj(d)> @ |U(:;)>) ~ Z \/ﬁ}{_—(:-rl)(li(ci_

t

/150
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9 — S i) )

=1 ,

Define the state of the die to be
1649) = 3= vAilit®)

t

Define the unitary
L.(“]) AN |{-(rf)>“(d)] < [r(-"‘)
L \ gl

where UR() = [u)

t

D—(sd)(lo(d)> ® |.L.(t€)>) — Z \/.7’—” L'(td)(l((d)) ? |U(5)\.
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p® =S pilu{)(w{)

oL i

Define the state of the die to be
649) =3 vaili?)
i

Define the unitary
()._-(g.r!) — E |{-(({)-) {!‘((!)1 ? ['ff‘(}")

-

where US) () = )

t

L,T(Sd)(lo(d)> ® |.L.(ti)>) — Z \/E\/i'(‘d)(lr(d)) & |L'(‘ﬂ'

1
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-

{pi} lvl

" >

|%2)

Define the state of the die to be

Ir,'n("f)} — \"‘_: \/EI’I(”’)\)
i

UED((6D) @ [ ) = 3 U led(|i()

— 5 VA) o
i
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-

e} v p()_\ !)|L()> ()l

f‘(< =

)

Define the state of the dle to be

1“(#) —'}“ V/Pi lf

i

Define the unitary

where [-?:‘ =

(e ci)(|(,(d) R v , (8 )) = \ /57y

—.15(“’

— '
2. VP

('(“"f) — Z |,‘(”):-J ,:E'(‘f)l R (__rl(-"‘
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P =S pilu{) ()

oL i

Define the state of the die to be
6Dy =3 /7 i (D)
i

Define the unitary
‘r)lr(}.{f) — }: |r'((()‘j<i((0] -‘,:I’I Ls—f(.‘.‘)

where U9y — 19y
! {
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Define the state of the die to be
6y =% /pli(D)
i

Define the unitary
[:"(-"(!) — >‘"‘ |{((()\)<f((f)] @ LI’{(J-‘)

where Uf‘ | uf“')}

U (16 D) @ [y () = 2 ' [(D) @ [ (y)
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o) = 3 pilu ) ()

= ,

Define the state of the die to be

6y =3 /piiD)

1

Define the unitary
Uted) = 3 1@y ;@) g (o)
Ll £\ T

. | ¢ Q '|‘ \
where (_,:r(-)|!‘,(..)\) = !::f"))

D’(_";{I)(]C,((f)> .Z,I |L-‘(_‘«)>) — T \/,'F:/['(‘d)(l((d)) :', |L'(}'):})

e
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o) =3 pilv ) )|

3_ i

Define the state of the die to be
6®) =" \/FiliD)

t

Define the unitary
lsd) — }; |{‘(“’)><;(ff)1 ? (Mri(-‘-‘)

here {’f!‘(u)ltdl(\-):} — |t_‘f(.l)}
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1

{n} |Ul

D i S
) ) o [)(“') — }_ﬂp;]l,,‘i(‘ )>ft( )l

- ; |

Define the state of the die to be
02 =3 vauli®)

fir VY

t

Define the unitary
!:'(_‘-(f) e Sﬁ‘ |x’(d)>/P(dJ1 6 {,(n;)
Led \ e &

q ¢ s q
where Uf“')lz_-(")", — |t;«(' )‘)

t

UCD(6D) @ [8)) = 3= A Ut (i) @ [y

i
= }: \/EH({”) |t.'{-(‘”)}
i
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Operational formulation of quantum theory

S
©

Density operator
P

1)
‘],.nu};

8§

-
.

Trace-preserving
completely positive
linear map (CP map)

T

S B
@ =i}

Positive operator-valued
measure (POVM)

LE}

(u)\u _v-\‘
N f@ 0 (&
B (™'}

ol

Purification

[w[su)>

Stinespring dilation
I(/)(u) ), U (sa)

)

Naimark extension

|1,((u))‘ {n(.uu)}
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Operational formulation of quantum theory
~Clm,

© "

Density operator
P

s 1Y
. Q0 ”-'n:
)—l Il }
..],L'au#;

8§

Trace-preserving
completely positive Positive operator-valued
linear map (CP map) measure (POVM)
I (E}}

0m e —
,.‘(-ll;_ i i L . ‘U h
) ] S }’© —ONCA
| ()

©

Purification

[w[su)>

o

Stinespring dilation Naimark extension
Id)(u))’ U(:.-u) Ix(u)), {I—](Hu)}
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The church of the larger Hilbert space

It's best to think about quantum theory in terms of pure

states, unitary operations and projective measurements on a
larger Hilbert space

E.g. As in the Everett interpretation
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The church of the larger Hilbert space

It's best to think about quantum theory in terms of pure

states, unitary operations and projective measurements on a
larger Hilbert space

E.g.As in the Everett interpretation

church of the smaller Hilbert space

It's best to think about quantum theory in terms of mixed

states, CPTP maps, and POVM measurements on a smaller
Hilbert space

E.g. As in approaches wherein quantum theory is a
noncommutative generalization of classical probability theory
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The Church of the Larger Hilbert Space [: Join

http:/iwww.facebook.com/group.php?gicl=5658946617

Mzmbers

The Church of The Smaller Hilbert Space [

http:/iwww.facebook.comigroup.php?gid=59655331

* This Joke stolen from Matt Leifer
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Towards an operational

axiomatization of
quantum theory
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—y ’_b..,r-ar'ﬂ"'“-
Quantumtheory

' Classical theory

category Fheory

Framewo | Convex theories

L

raic theories

Convex theories

with- maximal dual cone
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s e e

Quantumtheony
P Classical theory

category Fheory
Framewo

raic theories

Convex theories

with maximal dual cone |
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Why are preparations represented by density operators?

Why are measurements represented by POVMs?

Why the Born rule? (Why a rule that's linear in the state?)

Why do systems combine by tensor product?
Why Hilbert space over the complex field?

Why Hilbert space at all?
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Why are preparations represented by density operators?

Why are measurements represented by POVMs?

Why the Born rule? (Why a rule that's linear in the state?)

Why do systems combine by tensor product?
Why Hilbert space over the complex field?

Why Hilbert space at all?
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
i — R —
) Q\

@ - ©

Preparation Measurement
P M
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