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First problem: the term “measurement” is not defined in terms of
the more primitive “physical states of systems”. Isn't a measurement
just another kind of physical interaction?

Two strategies:

(1) Realist strategy: Eliminate measurement as a primitive concept
and describe everything in terms of physical states

(2) Operational strategy: Eliminate “the physical state of a system” as a
primitive concept and describe everything in terms of operational
concepts
Elements of the formalism correspond to list of instructions of what
to do in the laboratory
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Operational Quantum Mechanics
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Is the operational interpretation satisfactory?
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The trace operation

Tr(A) = Z(k|Alk)

k
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The trace operation

Tr(A) = Z(k|Alk)

.
A useful identity Tr(A|y) (') = (W'|A|)
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The trace operation
Tr(A) =) (k|Alk)
k
A useful identity Tr(A|y) (') = (W'|A|)

Proof:  Tr(A|v) (') =D (k|Alp)(¥'|k)
A.
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The trace operation

Tr(A) = Y (k| Alk)
k
A useful identity Tr(A|w)(¢]) = (¢/| Al

Proof:  Tr(Aly)(¥'|) = Z( | Al) (¢ |k)
= L Y'|k) (k| Alv)

(Y] (LI’« )-/Htff)

= (¢'| A|y)
In particular Tr(|) (¥']) = (¥ |)
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The trace operation
Tr(A) = Z(k|Ayk)
k
A useful identity Tr( A|y)(¢'|) = (W |Al)
Proof:  Tr(Alv)(¥'|) —Z( | AlY) (¥ k)

_L 4|L

e

= (¢'| A|v)
In particular Tr(|) (¥']) = (¥ |)

Proof: Tr(|v) (@) = Tr(I|¥"){x|)
= (¥'|1|¥)
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Ensembles of quantum states
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Ensembles of quantum states

Pr(k) = X, Pr(k|i)Pr(3)
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Ensembles of quantum states

Pr(k) = X, Pr(k|i)Pr(7)
= >0 | Ny |v;) pi
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Ensembles of quantum states
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> i Wil Mg |v4) pi
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Ensembles of quantum states

P {HA:}
TR
©
Pr(k) = X, Pr(kli)Pr() Pr(k) = Tr(Myp)

= 2i{%i| N |vi) p;
= Z;Tr(”il-w;)(iﬁd)m where p = Z}.:pfw"’)(w""

= Tr [y (X; pil¥i) (Yil)]
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An ensemble of states {(P-i.; Wz))}

is a set of normalized vectors (¥;|¥;) = 1 (not necessarily orthogonal)

and probabilistic weights p; > 0 and ) _Pi = 1

(]

The ensemble defines a density operator

p =Y pilt) (¥
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p= Z’_:P«f|wi><wi|
For arbitrary |¢)
(Blely) = > pilelvi) (i)
= ,Z’_jp,-|<ww,->l2

>0
Therefore (¢|p|v) > 0 V|Y) € H
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p = Zp'i|wi><w-i|

Tr(p) = ZP;‘T"(W)(%D
= Zp-zt(%wzi)
=D _pi

—=] | Unit trace
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p=|Y){¥| & Pure state
p = 2ipilvi){(¥il & Mixed state
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p=|Y){¥| & Pure state
p = 2ipilvi){(¥il & Mixed state

Global phase factor

ely) — (1)) ((Yle™*) = [¥) (Y]

All parameters of the density operator are experimentally relevant
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A state with coherence

%) = a|0) + b|1)
[9) (1| = |a|?|0)(0|+|b|2|1)(1[|4+ab*|0)(1|4a*b|1)(0|

A state without coherence

p = |a|?|0)(0] + [b]%|1)(1|
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A state with coherence

) = a|0) + b|1)
[9) (1| = |a|?|0)(0|+|b|2|1)(1[|4ab*|0)(1|4a*b|1)(0)

A state without coherence

p = |a|?|0)(0| + [b]%|1)(1|

A state with coherence

|} = a|0) 4 b|1)

[} tuh] = [e|2 (D) (O] -F|BI2 (1) (1 [ab® |0} (1]-a*b|1)(0]

A state withoul coherence

p = |al205(0] + 621181
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A state with coherence

) = a|0) + b|1)
[9) (1| = |a|?|0)(0|+|b|2|1)(1|4+ab*|0)(1|4a*b|1)(0)

A state without coherence

p = |a|?|0)(0] + [b]%|1)(1|

Note: in the quantum mmt problem, we cannot interpret
a| T) ® | uupn> + b’ l) ® | udOWnn>

“up”)

“down”)  with probabilities |a|2 and |b|?
respectively

as meaning either | T) ®
or ||l)®
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Reduced density operators
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The partial trace operation

First recall the partial inner product
) € H,
W59y € H, @ H,
(WD) = x(V) e
For instance, it |W0G®) = T v [147) @ V)
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The partial trace operation

First recall the partial inner product

[p') € H,
|lIJ(SU')> = H.s,- X Ha,

<¢(5)|w(m)> = |X(u.)> c Ha
For instance, if |W(m)> = >k VA |;LL,E,S)) ® |I/A,”)>
Then (w0 = 54 Vg (@O1uf) ) 1)
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The partial trace operation

First recall the partial inner product
)y € H,
W59y € H, @ H,
WD) = x(v) e U
Forinstance, if | W) = T vAx [14”) ® ™)
Then (WD) = 54 X (@) 1)
The partial trace on Hs

TrS(A(S“)) — Z(k(-S)|A(Sa)|k(S)>
k:

irsa: 12010039 Page 44/51



Note that Trsa(A(S“)) =il [Tl’a(A(Sa'))]
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Reduced density operators

)> L:){I(n)}
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L
© - O

‘\Ij(-‘*”

— TI’,S-(;, (HES) ® I(u-))|\|;(su-)><\|}(sa-)|]

= Tr, [N [Tra () )]
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Reduced density operators

Pl’(k) - Trsa. (|—|£5) ® I((l))|\|}(‘s(!)><w(sa)|]

Reduced density operators

= T, [N [Tra(u ) o]
— —I—rs(l—lg")p(ﬁ))
where  p(®) = Tra(|Ww D) (wisa))y
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Every normalized state on the composite (sa) defines a
reduced density operator on s

p®) = Tra(|wisa)) (wisa)))

For arbitrary |1p(*")>
(] () = Tra () |wlsa)y (y(sa) |y ()y)
= Tra(Ix'“) (x¥))
e Y= (i uaea))
= (x®|x @)
>0

Therefore <'¢/J("')|p("")|fz/)("’)> >0 V\’;/J("')) € Hs Positivity
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Every normalized state on the composite (sa) defines a
reduced density operator on s

pl8) = Tra(|wisa)) (wisa)))

Trs(p*)) = Traa((WED) (W)
— (v (sa) W (sa) )

=1 Unit trace
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Example

|W(Sa)) —=

O(S)>

0(®)) +b

1(8)>

1(@))
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An intrinsic characterization of density operators

Suppose an operator p satisfies
Positivity  (¥|p[¢) >0 Vi) € H
Unittrace  Tr(p) =1

Then (1) there is an ensemble {(p;,|1;))} that has density operator p
-- every p admits of a convex decomposition into pure states

And (2) there exists a pure state on two copies of the system
Hilbert space such that the reduced density operator is p
-- every p admits of a “purification” on a larger system
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