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Plan of the talk

€) Motivation for canonical dynamics
© Discrete evolution in simplicial gravity

© Canonical discrete dynamics

& Constraints and symmetries

© Conclusions and challenges
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Discretizing General Relativity: Recap of Regge Calculus

@ Regge Calculus (rege 6111 replace smooth D—dim. spacetime (M. g, )
by piecewise-linear flat metric living on triangulation 7, comprised of
D—simplices o

(M, v )
h: 'hinge' ((D — 2)=subsimplex) - .
04 . interior dihedral angle at h in o 71 bt
Ay volume of h ‘ )
€h 27 D =k H;: deficit angle discretize

v 2 ek “;: exterior angle

Iy

@ configuration variables: edge lengths {/°}.c7, encode complete
geometry
@ (Euclidean) action Sgy -1 [ VERd*x — Sg

discretize

SF\’({/U}) = Z Apep — Z Aptp > Sr additive
hCT\OT

ha ol
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Canonical time evolution for triangulations

@ reproduce covariant solutions (get dynamics)

@ challenge: problem of foliations

@ hypersurfaces of different
numbers of o's which carry
variables = need mapping
between phase spaces of

‘time’

different dimension \ .
- - -

@ How to treat general situation where lattice evolves/changes? (as in

LQG)

@ Numbers of degrees of freedom may vary
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Canonical time evolution for triangulations

@ reproduce covariant solutions (get dynamics)

@ challenge: problem of foliations

@ hypersurfaces of different
numbers of o's which carry
variables = need mapping
between phase spaces of

‘time’

different dimension NS \ 3
- - -

@ How to treat general situation where lattice evolves/changes? (as in

LG

@ Numbers of degrees of freedom may vary
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Why bother to construct general canonical formalism?

classically: understand discrete dynamics and capture full space of
(discrete) solutions

possibly advantageous for several physical situations (e.g.
expanding/contracting universe) and their numerical implementation

in Quantum gravity

@ linking covariant and canonical approaches to quantum gravity (LQG
vs. Spin Foams, etc....)

understand Hamiltonian dynamics (geometrically) in regularized theory

@ subsequently question: constraints vs. discrete time evolution (in

LQG?)
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution

generated by set of evolution moves, not constraints

continuum discrete
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution

generated by set of evolution moves, not constraints

continuum discrete

@ at the outset M =R x X2
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution

generated by set of evolution moves, not constraints

continuum discrete

@ at the outset M =R x X @ at the outset 7 =17 x X
@ role of constraints threefold:

(a) generate time evolution
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution

generated by set of evolution moves, not constraints

continuum discrete
@ at the outset M =R x X @ at the outset 7 =27 x X
@ role of constraints threefold:

(a) generate time evolution
(b) ensure ‘correct dynamics'
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution
generated by set of evolution moves, not constraints

continuum discrete

@ at the outset M1 = R x X @ at the outset 7 =7 x X
@ role of constraints threefold:
(a) generate time evolution
(b) ensure ‘correct dynamics'

(c) generate symmetries
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution
generated by set of evolution moves, not constraints

continuum discrete

S @ at the outset 7 =7 x 2

@ at the outset M = [R x
@ role of constraints twofold:

@ role of constraints threefold:

(a) generate time evolution
(b) ensure ‘correct dynamics'
(c) generate symmetries
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution
generated by set of evolution moves, not constraints

continuum discrete

s @ at the outset 7 =7 x X

@ at the outset M = [R x
@ role of constraints twofold:

@ role of constraints threefold:

(a) generate time evolution
(b) ensure ‘correct dynamics'
(c) generate symmetries

(b) ensure ‘correct dynamics’
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution
generated by set of evolution moves, not constraints

continuum discrete

S @ at the outset 7 =7 < X

@ at the outset M = R x
@ role of constraints twofold:

@ role of constraints threefold:

(a) generate time evolution
(b) ensure ‘correct dynamics'
(c) generate symmetries (c)

(b) ensure ‘correct dynamics’
generate symmetries
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution

generated by set of evolution moves, not constraints

continuum discrete

@ at the outset M =R x X @ at the outset 7 =17 x X
@ role of constraints threefold: @ role of constraints twofold:

(a) generate time evolution
(b) ensure ‘correct dynamics' (b) ensure ‘correct dynamics'
(c) generate symmetries (c) generate symmetries

@ evolution hyperbolic
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Continuum vs. discrete

requirement: equivalence of canonical and covariant formalism

discrete time evolution

generated by set of evolution moves, not constraints

continuum discrete

@ at the outset M =R x X @ at the outset 7 =7 x X
@ role of constraints threefold: @ role of constraints twofold:

(a) generate time evolution

(b) ensure ‘correct dynamics' (b) ensure ‘correct dynamics'
(c) generate symmetries (c) generate symmetries

@ evolution hyperbolic @ evolution not necessarily
hyperbolic
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Algorithm to generate D—solutions

choose canonical initial data on (D — 1)—triangulated hypersurface
choose set of evolution moves
choose sequence of chosen evolution moves (and perform)

make sure constraints always satisfied (if constraints violated, choose
different sequence...)

end result: D—Regge solution

nontrivial task:

@ constraints always satisfied (these implement equations of motion)
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Further choices

Q fix evolution steps (ii) and sequences (iii) at the outset

restrict space of solutions arising from initial data (e.g. tent
moves....)

Q choose general set of evolution moves under (ii) and leave sequence
(iii) open

generate all triangulations arising from given initial data

allow for full freedom in evolution
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Example Option 1: tent moves [Barrett, Galassi, Miller, Sorkin, Tuckey, Williams '97; Bahr,

Dittrich '09, Dittrich, PH '09]

—> recover standard phase space picture (preserved spatial triangulations)

[Dittrich, PH '09]
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Option 2: evolution in discrete ‘multi-fingered’

step n

Idea:

glue single D-simplex,
to D — 1l-dimensional
triangulated
hypersurface 2, at
each elementary step
counted by n € Z

Future

= requires action to
be additive
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Option 2: evolution in discrete ‘multi-fingered’

step n + 4

Idea:

glue single D-simplex,
to D — 1l-dimensional
triangulated
hypersurface 2, at
each elementary step
counted by n € Z

Future

= requires action to
be additive
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Interpretation within D — 1 hypersurface: D — 1 Pachner
moves

3D Example: gluing of tetrahedron onto single triangle

3D perspective:
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Interpretation within D — 1 hypersurface: D — 1 Pachner
moves

3D Example: gluing of tetrahedron onto single triangle

3D perspective:

2D perspective:

= 1-3 Pachner move (other Pachner moves in 3D and 4D similarly)
= Pachner moves (pachner '86) are local, ergodic and topology preserving

= 7T =7 x X (as in canon. GR)
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Local evolution of the hypersurface with Pachner moves

step n
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Local evolution of the hypersurface with Pachner moves

step n + 1
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Local evolution of the hypersurface with Pachner moves

step n A
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How can one implement such evolution moves in a
canonical language?
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Canonical discrete dynamics

@ central idea: use Hamilton's principal fct. S(Xxjni. Xfin) as generating
fct. of canonical time evolution

assume additivity of action (A. B some ‘regions’)

S({x}au) = S({x}ta) + S({x}g)

convolution

g(Xf'm' . Xﬁn) - eXtrX',-,,,L., {g(xhn - Xinter ) + g(anrer . Xﬁn)]

{ Xini s Xinter ¥+ {Xinter » Xfin } boundary wariables of A, B
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Canonical discrete dynamics

@ central idea: use Hamilton's principal fct. S(Xxjni. Xfin) as generating
fct. of canonical time evolution

@ assume additivity of action (A. B some ‘regions’)

S({xtaus) = S(U{xta) + SHx}B)

convolution

g(Xf'm' . Xﬁn) — ext Cxirvar |:§(X1'IH" Xinter ) + g(xfnrer . Xﬁn)]

{ Xini s Xinter ¥+ 1 Xinter » Xfin } Doundary variables of A, B
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Canonical discrete dynamics

@ central idea: use Hamilton's principal fct. S(xjni. Xfin) as generating
fct. of canonical time evolution

assume additivity of action (A. B some ‘regions’)

S({x}taus) = S({x}a) + S({x}B)

convolution

g(Xf'n.r'- Xﬁn) — ext Uikiptar {S(Xfm'- Xinr'er) + S(Xf'nter . Xﬁn)]

{ Xini . Xinter }» {Xinter - Xfin } boundary variables of A, B
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Canonical momenta [Marsden, West '01; Gambini, Pullin '03; Dittrich, PH '09, '11]

discrete action S = ZN 1 Sp(Xn—1:Xn)

n
Sn . Qn L 7 ‘:?-n
incont. L: TQ — R, L(gq.g) e R

S, as generating fct.

f‘)S”(X” L - X”_)

( )Xr? 1

;)n |

P. pre—momenta, pP. post—momenta

defines time evolution map

o | (e — P )= (36, T8™)
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CanOﬂical momenta [Marsden, West '01; Gambini, Pullin '03; Dittrich, PH '09, '11]

discrete action S = ZN 1 Sp(Xn—1:Xn)

n
Sn . Qn 1 = (a..')-n - R
incont. L: TQ — R, L(gq.g) € R

S, as generating fct.

l")S”(X” L - X,,)

IXp—1

;)n |

P. pre—momenta, pP. post—momenta

defines time evolution map

Hin | (a1 ~ BT )= (X TR")
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Momentum matching [Marsden, West '01; Gambini, Pullin '03; Dittrich, PH '09, '11]

‘.)SH(XI? l-Xn)

‘.)Xn 1

pre—momenta, " p: post—momenta

similarly, use S, 1(x,. Xh+1) as gen.

“)SH -1

IXn

/)H

s o5 |
eom n _i'_ n-+-1 - O <~ /)

,)-_“ r‘ﬂ\”

n

momentum matching
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Discrete Legendre transformations Marsden, west ‘o1; Dittrich, PH '11]

@ incont. F: TQO — T*Q, (q.4) — (q. nL(q.c‘;))

1'3('{

@ Now in discrete: using action S,, define two Legendre transf. at each

pre— and post—Legendre transf

F =,

==n

#F Qn L
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Constraints piturich, PH '11]

in cont. ' not isomor. < det (.;ﬁ'{ﬂL..) = 0 > get constraints
[&fe] riq‘f

Now in discrete have two Leg. transf.:

F=5S,, fail to be isomorphisms <« det (,) -

Obtain two constraint surfaces:
Cor =Im(F+S,) € T*Q,: post—constraint surface

I

C._,:=Im(IF~S5,) C T*Q,_1: pre—constraint surface

clearly, dimC/ dimC__
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Constraints piturich, PH '11]

in cont. [ not isomor. < det (,.,g,:.fq,-) = 0 > get constraints

Now in discrete have two Leg. transf.:

F=5S, fail to be isomorphisms <> det ( 02 Sq ) = O

ot g J
1),\” lr)xn

Obtain two constraint surfaces:
C,r =Im(F+S,) € T*Q,: post—constraint surface

I

C._,:=Im(IF~S5,) C T*Q,_1: pre—constraint surface

clearly, dimC; =dimC__4
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Constraints picrich, PH '11]

r')(-]" ¢ i(-;f'

@ in cont. [F not isomor. < det ( oL ) = 0 > get constraints

@ Now in discrete have two Leg. transf.:

=S, fail to be isomorphisms < det (,) i
X

@ Obtain two constraint surfaces:

Cor =Im(FTS,) € T*Q,: post—constraint surface

I

C._ . =Im(IF~S5,) C T*Q,_1: pre—constraint surface

@ clearly, dimC; =dimC__4

@ post—constraints/pre—constraints automatically
satisfied by ‘past’/‘future’ region (but not vice
versa)
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Diagrammatically
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‘Problems’

In general, face ‘problems’:
(a) evolution step may involve bulk variables
(b) subsets of variables coincide at different steps, i.e. 2,1 M2X, #

(c) numbers of variables differ (phase space dim. varies) from step to step
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Solve ‘problem’ (a)

x! bulk variables at step n

‘generating function’

‘.)Su

)
\(H 1

r‘)S,,
;
n—1

n |
Pe

P
P =

@ momentum matching for internal variables x/,

O S0

n : 0 = . 4 n :

constraints as equations of motion =- obtain S,(x5.
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Solve ‘problem’ (a)

x! bulk variables at step n

‘generating function’

S, IS,
")X;r‘ 1
(‘)Sn
;
n—1

n—1

-]

P

()X
@ momentum matching for internal variables x/,

a5,

== n _ + g :

constraints as equations of motion = obtain S,(xg.

P. Héhn (ITF Utrecht) Canonical simplicial gravity

Pirsa: 11120050 Page 46/88



Solve ‘problem’ (b): momentum updating
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Solve ‘problem’ (b): momentum updating
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Solve ‘problem’ (b): momentum updating

@ make use of additivity of action:
S, — S, + S,4.1 = momentum updating

n—+1 '.)(S”(X:;"")** Sn.l(Xf;-"'))

Pe — =
()Xf}
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Solve ‘problem’ (b): momentum updating

@ make use of additivity of action:
S, — S, + S,4.1 = momentum updating

[)”' S '.)(S”(X::,' > (¥ e ) =y Sn. I(X;{;- . e ))
) Ox§
@ e.g. Pachner moves: for all edges occurring in both 2,

oS,

OXS

I=)

o o n+1
XH} | = X p{‘
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Solve ‘problem’ (c)

@ phase space extension: ‘add’ variables x7®" . x2/9 of edges occurring

only ‘to the future’ or only ‘to the past’ of hypersurface 2.,, = eoms
require constraints pp., = 0 = pJ,

perform momentum updating on this extended phase space

example x/¢'{ only appears at n + 1, but not n = extend phase space

| new n
at n by pair (x€W.ph_ ), get
¢ - . new
n ()S!? ) O ) o Iy | n {)S”""l f)S”'l'(X”{l""
Pnew = ()xnew Pnew = Pnew new new
n

()Xni 1 ()Xn- 1
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Solve ‘problem’ (c)

@ phase space extension: ‘add’ variables x7®" . x°/9 of edges occurring

only ‘to the future’ or only ‘to the past’ of hypersurface 2.,, = eoms
require constraints pp., = 0 = pJl,,

perform momentum updating on this extended phase space
example x/ '] only appears at n + 1, but not n = extend phase space
at n by pair (x7°¥,p".... ) get

7 f ! new
()S!? i | n {)S!;._l f)‘S”'l.(X”{l_""

n _ O X n '
pn 2w o pn W P,, S\ . o .
. row » . ( )X;:Tm{ ( )X,’:‘L‘)M{
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Phase space(s) picture for Regge Calculus

@ Psup: ‘covariant phase space’, contains
information about all Regge triangulations

@ Pror: 'totally extended phase space’ (Qior:
configuration manifold of entire (fixed) 4D
triangulation)

@ P,: phase space at evolution step n
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‘Canonical transformations’ pitwrich, pPH 11)

@ time evol. map only defined between constraint surfaces

Hox

(.)SH(’\(H L - Xn) . ) '7)-51;( Xn—1- \n)
OXp1 - . | IXp

@ [ heorem : sympl. form restricted to constraint surfaces preserved
under H, and momentum updating
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Solve ‘problem’ (c)

@ phase space extension: ‘add’ variables x7®" . x2/¥ of edges occurring

only ‘to the future’ or only ‘to the past’ of hypersurface 2.,, = eoms
require constraints pp., = 0 = pJ,,

perform momentum updating on this extended phase space
example x/¢'] only appears at n + 1, but not n = extend phase space
at n by pair (x¢W.ph_ ), get

a5
n n : ) n+1 n
pnew o o O prmw o pnpw

{' )X!f)? ew

i ‘ new
()S!T"l f)S’,.l_(X’.?*l....

(_1 . (_)
new ()X” w

()Xnil n<+1
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‘Canonical transformations’ pitwrich, PH 11)

@ time evol. map only defined between constraint surfaces

s TR

f‘)SH(XH Rl Xn) . ) ")-Sn( Xn—1- \n)
I Xp—1 - | X

@ [ heorem : sympl. form restricted to constraint surfaces preserved
under H, and momentum updating
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