Title: Topology in Real and Momentum Space: Vortex Majorana Modes and Weyl Semimetals
Date: Nov 18, 2011 02:30 AM
URL: http://pirsa.org/11110131

Abstract: Topology has many different manifestations in condensed matter physics. Real space examples include topological defects such as
vortices, while momentum space ones include topological band structures and singularities in the electronic dispersion. In this talk, | will focus on
two examples. The first isthat of avortex in atopological insulator that is doped into the superconducting state. This system, we find, has Majorana
zero modes and thus, is a particularly ssmple way of obtaining these states. We derive general existence criteria for vortex Majorana modes and find
that existing systems like Cu-doped Bi2Se3 fulfill them. In the process, we discover a rare example of a topological phase transition within a
topological defect (the vortex) at the point when the criteria are viol ated.

The second example is that of Weyl semimetals, which are three-dimensional analogs of graphene. Interestingly, the Dirac nodes here are

topological objects in momentum space and are associated with peculiar Fermi-arc surface states. We discuss charge transport in these materials in
the presence of interactions or disorder, and find encouraging agreement with existing experimental data.
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Topology in momentum space
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Majorana fermions in superconductors

' Majorana fermion: particle that is its own anti-
particle

-1 Bogoliubov-de Gennes Hamiltonian has inherent
E — — E symmetry )

Pirsa: 11110131

Page 27/155



1_ Viewing Pavan Hosur's applications F

Majorana fermions in superconductors

' Majorana fermion: particle that is its own anti-
particle

-1 Bogoliubov-de Gennes Hamiltonian has inherent
E — — E symmetry

k

Majorana zero mode e © O

(Protected by oAt “. i L S L

“particle-hole” symmetry)

Pirsa: 11110131

Page 28/155



1_ Viewing Pavan Hosur's applications F

Majorana fermions in superconductors

' Majorana fermion: particle that is its own anti-
pc:r’ricleh

-1 Bogoliubov-de Gennes Hamiltonian has inherent
E — — E symmetry

Majorana zero mode Do O

(Protected by Sl *. T

“particle-hole” symmetry)

Pirsa: 11110131

Page 29/155



Pirsa: 11110131

1 Viewing Pavan Hosur's applications : r

Systems with Majorana zero modes
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Majorana mode at superconductor-
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Towards main result: Analogy with p+ip

superconductor at fixed &,
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‘insulator
e Hk = A(r) ] Hp‘+."p‘. G
BdG = | *
© | A(r) u-H, &(r) AGid, -4,)
Vortex: A(r)=A,(x +iy) A@id, +4d,)  —&r)
=A@, - ‘5'&-, )
[ kor T

Fermi surface has (H,-u) = 0. Has Majorana zero mode

Expect a Majorana zero at w-flux if € (r,) = O for

mode at 7t-Berry phase some I,

PH, Ghaemi, Mong, Vishwanath, PRLU'11 Read-Green, PRB 2000
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Main result: SU(2) Berry phase and u.

PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u.

Bands doubly degenerate (Kramer’s degeneracy)

PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u.

Bands doubly degenerate (Kramer’s degeneracy)

Berry connection non-Abelian, 2x2 matrix

A, K) = i{u,k) 1 V,u,K); i,j € {12}
: R

PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u_

Bands doubly degenerate (Kramer’s degeneracy)

Berry connection non-Abelian, 2x2 matrix

A, K) = i{u,K) 1 V,u,®); i,j € {12}

) A PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u_

Bands doubly degenerate (Kramer’s degeneracy)

Berry connection non-Abelian, 2x2 matrix

A, K) = i(u,k)1V,u,K); i,j € {12}

At each k., Berry phase factor around
Fermi surface :

U, (k)= P[exp(igSA(k)- z)] € SUQ)

P = path-ordering;
U(1)-part vanishes due to time-reversal+tinversion;

A PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u_

eigenvalues(UB(k\_‘)) = {ei“"": ) gtk )}

PH, Ghaemi, Mong, Vishwanath, PRL'11

Pirsa: 11110131 Page 73/155



|| Viewing Pavan Hosur's applications

Main result: SU(2) Berry phase and u_

eigenvalues(U‘,,(k\_‘)) = {ei""": ) omintk, )}

k

Epick,)=E[CLn+ D —p(k )] | & ~A/u

[ PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u.

Bands doubly degenerate (Kramer’s degeneracy)

Berry connegtion non-Abelian, 2x2 matrix

A, K) = i(u,k) 1V,u,K); i,j € {12}

At each k., Berry phase factor around
Fermi surface

U, (k)= P[exp(igSA(k)- z)] € SUQ)

P = path-ordering;
U(1)-part vanishes due to time-reversal+tinversion;

PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u_

eigenvalues(U‘,,(k\_‘)) = {ei""": ) omittk, )}

Epic(k) =E[2n+Dmw - (k)] | & ~a/u

PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u_

eigenvalues(UB (k:)) = {ei""": ) omintk, )}

Epick,)=E[CLn+ D —P(k )] | & ~A/u

has zero mode if ¢k,) =n
k

\ E
=, .
- . ..
# . -
k.
w
&) a PH, Ghaemi, Mong, Vishwanath, PRL'11
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Main result: SU(2) Berry phase and u_

eigenvalues(U‘,,(k\_‘)) = {ei""": e )}

Epick,)=E[CLn+ D —P(k )] | & ~A/u

A
has zero mode if ¢(k,) =n

S E
= #(k,) = p(-k.) = F
m =0, 4,8.... zero modes at k_# () o &
" = sufficient to focus on k. =0, 7 f\':
W i ...

&) a PH, Ghaemi, Mong, Vishwanath, PRL'11
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Candidate Materials

) A PH, Ghaemi, Mong, Vishwanath, PRL'11
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Candidate Materials

Among doped topological insulators:

pl 4 PH, Ghaemi, Mong, Vishwanath, PRL'11
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Candidate Materials

Among doped topological insulators:

[l p-doped TIBiTe [Hein 70l

"l p-doped Bi,Te, under
pressure”‘ I..%hc:ng 1)

t ¢ Ta [Hor'10]
CJ n-doped Bi,Te,"™"

k

8 a PH, Ghaemi, Mong, Vishwanath, PRL'11
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Candidate Materials

Among doped topological insulators:

p-doped TIBiTe Hein 70]

p-doped Bi,Te, under
pressure“ I.%hc:ng 11]

n- doped Bi, Te,,(Hor '10)

Cis= BI Ses[Hor 10 Wray'10]

near phc:se transition for c-
axis vortex, but has
Majorana modes for ab-axis
vortex

Berry Phase eigenvalues

)
~

o

PH, Ghaemi, Mong, Vishwanath, PRL'11

Pavan Hosur
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Candidate Materials

Among doped topological insulators:

p-doped TIBiTe Hein 70]

p-doped Bi,Te, under
pressure“‘ I..%hc:ng 1]

n-doped Bi,Te,Hor 10!

_R; [Hor '10, Wray'10]
Cu-Bi,Se, “
near phase transition for c-
axis vortex, but has
Majorana modes for ab-axis

vortex

Berry Phase eigenvalues

)
~

o

PH, Ghaemi, Mong, Vishwanath, PRL'11

Pavan Hosur
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Candidate Materials

)
~

Among doped topological insulators:

] p-doped TIBiTe [Hein 70l
1 p-doped Bi,Te, under

o

Berry Phase eigenvalues
=
1

%haﬁ?'g ")

pressurel:
! i . [Hor '10] Vv
©] n-doped Bi,Te, 0 01 02iy e 0aHlV]
| _R; [Hor '10, Wray'10]
0 Cu-Bi,Se, g
near phase transition for c-

s ron UGS s Ehr bTeor Sl nd
| GeTe (PbTe has four band

vortex
inversions relative to SnTe
and GeTe)

PH, Ghaemi, Mong, Vishwanath, PRL'11
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Majorana modes summary
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Majorana modes summary

' Surface Majorana zero modes present in vortex of
superconducting doped topological insulator below
critical doping determined by Berry phase of normal
state Fermi surface
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Majorana modes summary

' Surface Majorana zero modes present in vortex of
superconducting doped topological insulator below
critical doping determined by Berry phase of normal
state Fermi surface

' Several existing superconductors expected to carry
vortex Majorana modes, possibly even non-
topological insulator-based ones
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Future questions
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Future questions

-1 What if parent insulator breaks inversion?
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Future questions

- What if parent insulator breaks inversion?

1 What about other geometries such as domain
walls? \
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Future questions

- What if parent insulator breaks inversion?

1 What about other geometries such as domain
walls?

- What if pairing is p-wave, as several papers
(Fu-Berg’10, Das et. al.’11) suggest?
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Qutline

3

-1 Focus example 2: Weyl semimetals — introduction
and transport
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Weyl semimetals

3D materials with linear band-touchings
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Weyl semimetals

3D materials with linear band-touchings
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Weyl semimetals

3D materials with linear band-touchings

X

v
A

> <
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Weyl semimetals

3D materials with linear band-touchings

Dirac equation

H=a,p +ap +a.p.+ Bm
¥,

Y,

Yy

q,-l

Y=
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Weyl semimetals

3D materials with linear band-touchings

Dirac equation k Weyl equation
H=a,p +ap +a.p.+ Bm H=6p +0,p,+0.p.
7 i (w.)

W - Y, [
Yy
Y,
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Weyl semimetals

3D materials with linear band-touchings

Dirac equation Weyl equation
H=a,p +ap +a.p.+ [}m H=6p +0,p,+0.p.
7 i (w.)

W - Y, Y, Ak

Y, No mass term possible
Y, in Weyl Hamiltonian!
=3 (unlike graphene)
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Weyl nodes ‘“topological objects” in
momentum space

k
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Why study Weyl semimetals?

X
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Why study Weyl semimetals?

Fermi arc surface states
" R

24 N

Woan ef. al. PRB 2011

L3

X
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Why study Weyl semimetals?

Fermi arc surface states Chiral Anomaly
R
V=__1
A 4 A
w
Wan et. al. PRB 2011 Nielsen-Ninomiya PLB 1983
v 2
. A
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Why study Weyl semimetals?

Fermi arc surface states Chiral Anomaly
e
4 v
V=__1
A 4 A
w
Wan et. al. PRB 2011 Nielsen-Ninomiya PLB 1983

v 2
A

Surface states of 4D
Chern insulator

Y 4
'\

th:ng-HQ Science 2001

A
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Why study Weyl semimetals?

Fermi arc surface states Chiral Anomaly
[ R,
4 v
) ¢
A 4 A
w
Wan et. al. PRB 2011 Nielsen-Ninomiya PLB 1983

v 2
A

Surface states of 4D —/\

Real material candidates:

=

Chern insulator
3 * Pyrochlore Ut

iridates
p{RED * TI-FM multilayer o2
7 * HgCr,Se,
Zhang-Hu Science 2001 Wan PRB’11, Burkov PRL'1 1, Fang PRL'11

A
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Transport in Weyl semimetals

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport in Weyl semimetals

With Coulomb interactions

w << &?T transport
collision-dominated

o Solve quantum
Boltzman equation
within ‘leading-log
approximation’

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport in Weyl semimetals

With Coulomb interactions

w << &?T transport
collision-dominated

1 Solve quantum
Boltzman equation
within ‘leading-log
approximation’

PH, Parameswaran, Vishwanath, arXiv:1109.6330

Pirsa: 11110131 Page 107/155



1 Viewing Pavan Hosur's applications F

Transport in Weyl semimetals

With Coulomb interactions

w << &?T transport . Assume point scatterers

collision-dominated ' Use Born approx. for

= Solve quantum self-energy
Boltzman equation
within ‘leading-log
approximation’

. Conductivity using Kubo
formula

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: mechanism
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Coulomb transport: mechanism

j=0, k=0

tor

No relaxation to Kk, , = 0 state
without disorder

=> No current!
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Coulomb transport: mechanism

-

tol

1ot

j#O, k =0 j#O’ k =O

No relaxation to K, = 0 state Interactions, even though they
without disorder conserve momentum, sufficient to
=> No current! relax current
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Coulomb transport: mechanism

tor

1ot

j#O, k =0 j;t()’ k =O

No relaxation to K, = 0 state Interactions, even though they
without disorder conserve momentum, sufficient to
=> No current! relax current
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Coulomb transport: calculation

0 jit)=evy Y, [ Akf (k)= oE(1)

)y' -

O QBE: (d,+¢E-V,)f(k,t)= er(k,t)] W = scattering rate; use

Fermi’s golden rule

7 A Fritz ef. al., PRB 2008
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Coulomb transport: calculation

0 j(t)=ev, Y [ Akf(K,0)=oE(r)

)y' -

J A Fritz ef. al., PRB 2008
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Coulomb transport: calculation

0 j(0=evp 3 [ Ak f k1) = oE()

)y' -

O QBE: (4, +eE-V,)f(k,t)= W[f(k,l‘)] W = scattering rate; use

Fermi’s golden rule

J A Fritz ef. al., PRB 2008
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Coulomb transport: calculation

0 jit)=evy Y, [ Akf (k)= oE(1)

)y' -

O QBE: (4, +eE-V,)f(k,t)= W[f(k,l‘)] W = scattering rate; use
Fermi’s golden rule

L XA LX)

I X4

Fritz ef. al., PRB 2008
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Coulomb transport: calculation

[0 Rewrite integral equation as variational problem.

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: calculation

[0 Rewrite integral equation as variational problem.

3 Ve @) — =2 small-g processes dominate

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: calculation

[0 Rewrite integral equation as variational problem.

1

w1 — => small-g processes dominate

Variational ansatz to ensure this.

k
O Leading-log approximation:

o T
f%"—> f‘%:]na'l , q = 0 elsewhere
0

Ta

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: calculation

[0 Rewrite integral equation as variational problem.

1

0 Vet (@)~ — => small-g processes dominate

Variational ansatz to ensure this.

0 Leading-log approximation:

00 Tl
f%" = f‘% =lna™' , g = 0 elsewhere
0

Ta

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: calculation

[0 Rewrite integral equation as variational problem.

1

B Ve e (@) — =2 small-g processes dominate

Variational ansatz to ensure this.

0 Leading-log approximation:x

00 7l
f%" — f‘% =lna’, g = 0 elsewhere
0

Ta

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: results

e’ 1.8 Knll
O=N—— e
h -i6.6% + No,Ino, \hv,.(T)

k"?‘

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport in Weyl semimetals

With Coulomb interactions

w << &?T transport . Assume point scatterers

collision-dominated ' Use Born approx. for

= Solve quantum self-energy
Boltzman equation
within ‘leading-log
approximation’

' Conductivity using Kubo
formula

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: results

e’ 1.8 Kl
O=N—— - =
h -i6.6% + Noa,Ino, \hv,.(T)

k"?‘
3

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: results

e’ 1.8 Kl
O=N—— - =
h -i6.6% + Na,Ino, \hv,.(T)

k"?‘

dn
du

k
0 o=e’D ...thermally excited electron-hole plasma

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: results

e’ 1.8 k,T
O =N TR
h -i6.6% + Na,Ino, \hv,.(T)

k"?‘

dn

0  o=e’D— ...thermally excited electron-hole plasma
du

A 2

0 D=vit, ht”' ~Na'T, SO

dw v

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: results

9

e 1.8 k,T
Oi=N—— e
h -i6.6% + Noa,Ino, \hv,.(T)

k"?‘

dn

U o= ede— ...thermally excited electron-hole plasma
u
2
0 D=vit, ht”' ~Na'T, dn - 2
aw. vy
gl T
: o Ud'(' i 2
i ag v ()
k

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport: results

e’ 1.8 Kl
O=/N=— e
h -i6.6% + No,Ino, \hv,.(T)

k"’l‘

dn

U o= ede— ...thermally excited electron-hole plasma
u
2
0 D=vit, ht”' ~Na'T, an - T—%
au vy
3 8
e i 0
. —_— Ud'(' o 2
k as v (D)

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Coulomb transport and experiments

L kT
“ hallna; \Av.(T)
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Coulomb transport and experiments

2
e 18 Kyl
G =
“ B tlhnet v (T
oy Ina;, \hv.(T)
10°
Rolr O, 1os
:_f_-m-l Noremet P
101 %103 u:_x F: Nd
L1020 ¥y
Y §101 - "“"‘;
UD dss o pl08 KX 115
\ \Ho i, DA L
o S .
1 D e il
10 \v Gd e k
S—* B —-
[EU Nd\’b IS —
- Pr

0 50 100 150 200 250 300

T (K)
Yanagishima-Maeno JPSJ 2001

Pirsa: 11110131 Page 130/155



|| Viewing Pavan Hosur's applications

Coulomb transport and experiments

Pavan Hosur
2
e 1.8 Kpl
Gd(' e h 2 l -1 r T
o Ina;, \hv.(T)
2
10 »
Roir 0, 1os
Bual e 0 I5-1, @a0=05,vp=2x 10°m/s 0.15
g Sm N 5
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i "SRG | - ) sl sy 0.
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Coulomb transport and experiments

oG 1.8 Kpld
“ hatne \ v, (T)

e
Rolr O, 1os
Bk i a 15:], @0 =05,vr=2x10"m/s 0.15
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Transport with disorder

A _ PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport with disorder

-1 Born-approximation for self-energy oy

k

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport with disorder

-1 Born-approximation for self-energy ’ oy

=1 Kubo formula for conduktivity W\©\M

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport with disorder

. . ’.\
-1 Born-approximation for self-energy o
Vi ' 5
=1 Kubo formula for conductivity @
1.0 T/on
0.8 w— () 032
s - (010
£ 06
s 0.032
= 04 cm= (.10
5
0.2 s
0.0 '
107" 107° 107 0.01 I
wfwy
A _ PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport with disorder

. . ’.\
-1 Born-approximation for self-energy Pl
Vi ' 5
=1 Kubo formula for conductivity W\©\M
: 1.0 Tien
0~ N - — ().0032
yh = Pyl w>T - 0010
Al 0.032
:\E’_ / emme () 10
w=T
00 ;
107° 107° 107 0.01 I
wfwy
A

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Transport with disorder

. F'-a'-.-iH;J_S:JI
-1 Born-approximation for self-energy PR
L ' a
=1 Kubo formula for conductivity W@,W

T/ Wy

e
o, = N— — ().0032
(NN [ T ———
?: MM RS ., - (010 (,3
= 0 =N—/w|
::.:" 12h
= 04
b
0.
0.0 8 ¢
10 107° 105" 0.01 I
wfwy

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Weyl semimetals transport summary

PH, Parameswaran, Vishwanath, arXiv:1109.6330
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Weyl semimetals transport summary

&

Quantum Boltzmann

equation solved within
leading-log approx.
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Weyl semimetals transport summary

With interactions

Quantum Boltzmann =1 Different behavior for
equation solved within Ww<<Tand w>>T
leading-log approx. 0 << T: ¥ Drude

0 0y~ T resembles peak of width ~ 77
experimental data 0 w>>To0~ |o|
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